Constructive Category Theory and
Tilting Equivalences via Strong
Exceptional Sequences

DISSERTATION

zur Erlangung des Grades eines
Doktors der Naturwissenschaften
(Dr. rer. nat.)

vorgelegt von
Kamal Saleh, M. Sc.

aus
Latakia, Syrien

eingereicht bei der Naturwissenschaftlich-Technischen Fakultét
der Universitat Siegen

Siegen 2022



BETREUER UND ERSTER (GUTACHTER

Prof. Dr. Mohamed Barakat, University of Siegen

ZWEITER GUTACHTER

Prof. Dr. Jeroen Sijsling, Ulm University

TACG DER MUNDLICHEN PRUFUNG
06. May 2022

gedruckt auf alterungsbestandigem holz- und saurefreiem Papier



Acknowledgements

I have now spent several years with this project, and during that time many people
have helped and supported me.

In the first place, I would want to express my deep gratitude to my supervisor, Prof. Mo-
hamed Barakat for his constant support and patience during my PhD study. Throughout
my academic career and daily life, his vast knowledge and wealth of experience have been
a great source of inspiration for me.

I would like to express my sincere gratitude to Prof. Jeroen Sijsling for agreeing to act
as a referee and for his valuable feedback regarding my work.

I thank my dear colleagues and former colleagues at the university of Siegen for their
contribution to my work and for always being very open and helpful. Special thanks goes
to Dr. Sebastian Gutsche and Dr. Sebastian Posur for their CAP software project and to
Fabian Zickgraf for updating and enhancing it over the last few years.

I also wish to thank all my friends in Syria and Germany for their continuous moral
support and for distracting me whenever I needed to be distracted.

Finally, I would like to thank my parents and siblings for without their unconditional
support and continuous encouragement this thesis would not be possible.

This work was partially funded by the German Research Foundation (DFG) grant
SFB-TRR 195: Symbolic Tools in Mathematics and their Applications.






Summary

In this thesis we establish a constructive framework for homological algebra with a special
focus on (complete) strong exceptional sequences in bounded homotopy categories and
their induced exact equivalences, alongside with a CAP [GSP22] and homalg [hom22]
based implementation of this framework in the computer algebra system GAP [GAP21].

First, we assemble the key concepts in homological algebra in a constructive style that
is suitable for a direct computer implementation. This includes constructing bounded
complexes, homotopy and derived categories in which we can perform computations like
projective and injective resolutions of bounded complexes and derived functors. Then, we
set the stage for performing computations in triangulated categories. This is accomplished
by stating all the existential quantifiers and disjunctions in the defining axioms of a tri-
angulated category as concrete algorithms. The two primary examples of a triangulated
category in this thesis are the stable category of a Frobenius category and the bounded
homotopy category of an additive category.

Given a field k, a k-linear Hom-finite additive category % and a strong exceptional
sequence & in the bounded homotopy category K°(%’), we develop an algorithm to check
the membership of objects in the triangulated hull &2 C Kb(%). In particular, if K°(%) is
finitely generated as a triangulated category, one can employ that to algorithmically decide
the completeness of the strong exceptional sequence &, i.e., decide whether &2 = K*(%).
For a complete strong exceptional sequence &, we use the so-called Postnikov systems to
provide an explicit construction of exact equivalences

DY (End Ty) ~ K*(&%) ~ KP(%)

where Ty == @pes E, D(End Ty) denotes the bounded derived category of the category
End Ts-mod of finitely generated End Te-modules, and &9 is the universal additive closure
category of &.

These techniques enable us to make the following special case of Happel’s theorem for
derived equivalences constructive: Let A be a finite dimensional k-algebra and T a tilting
A-module whose indecomposable summands form a complete strong exceptional sequence
in A-mod. Then we can compute the induced adjoint derived equivalences

— @“T:D"(EndT) = D°(A) :R Hom(T, —).

The categorical framework along with all algorithms presented in this thesis are imple-
mented in the GAP meta-package HigherHomologicalAlgebra [Sal21a].






Zusammenfassung

In dieser Arbeit wird ein konstruktiver Zugang fiir homologische Algebra mit einem Fokus
auf (vollstédndige) stark-exzeptionelle Sequenzen in beschrankten Homotopiekategorien und
ihre induzierten exakten Aquivalenzen entwickelt. Dieser Zugang wurde basierend auf CAP
[GSP22] und homalg [hom22| im Computeralgebrasystem GAP [GAP21] implementiert.

Zuerst werden die zentralen klassischen Konzepte der homologischen Algebra in einem
konstruktiven Rahmen entwickelt, der sich fiir eine direkte Computerimplementierung
eignet. Diese beinhalten die Konstruktion von beschrankten Komplexen, Homotopie- und
derivierten Kategorien, in denen zum Beispiel Berechnungen von projektiven und injek-
tiven Auflosungen von beschrankten Komplexen, derivierten Funktoren durchgefiihrt wer-
den koénnen. Danach wird die Grundlagen fiir die Durchfiihrung von Berechnungen in
triangulierten Kategorien entwickelt. Dies geschieht, indem alle Existenzquantoren und
Disjunktionen in den Definitionsaxiomen einer triangulierten Kategorie als konkrete Al-
gorithmen spezifiziert werden. Damit sind wir in der Lage, die stabile Kategorie einer
Frobenius-Kategorie und die beschrinkte Homotopiekategorie einer additiven Kategorie
auf dem Computer zu konstruieren.

Gegeben sei ein Korper k, eine k-lineare Hom-endliche additive Kategorie 4 und eine
stark-exzeptionelle Sequenz & in der beschrinkten Homotopiekategorie K°(%€). In der
Arbeit wird ein Algorithmus entwickelt, um die Mitgliedschaft von Objekten in der tri-
angulierten Hiille &2 C K%(%) zu entscheiden. Und falls k(%) als triangulierte Kat-
egorie endlich erzeugt ist, kann man insbesondere damit die Vollstandigkeit der stark-
exzeptionellen Sequenz & algorithmisch entscheiden, d.h. entscheiden, ob &2 = K*(%).
Fir eine vollsténdige stark-exzeptionelle Sequenz & benutzen wir sogenannte Postnikov-
Systeme, um folgende exakte Aquivalenzen auf dem Computer explizit zu realisieren

DP(End Ty) ~ K*(&%) ~ K(%),
wobei Ts = @pes E, D’(EndTs) die beschrinkte derivierte Kategorie der Kategorie
End Ts-mod der endlich erzeugten End Te-Moduln und &9 ist die universelle additive
Abschlusskategorie von & bezeichnen.

Diese Methoden ermoglichen den folgenden Spezialfall des Happel’schen Satzes fiir de-
rivierte Aquivalenzen konstruktiv zu machen: Sei A eine endlichdimensionale k-Algebra
und T ein Tilting A-Modul, dessen unzerlegbare Summanden eine vollstindige stark-
exzeptionelle Sequenz in A-mod bilden. Dann kénnen die in dieser Arbeit entwickelten
Software die induzierten adjungierten derivierten Aquivalenzen explizit ausrechnen:

— @ T:D"(EndT) = D°(A) :RHom(T, —).

Der konstruktiv-kategorielle Rahmen sowie alle in dieser Arbeit vorgestellten Algorith-
men wurden im GAP-Metapaket HigherHomologicalAlgebra [Sal21a] implementiert.
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Introduction and Scope

The Main Goal. Let k be a field, € a k-linear Hom-finite additive category, K°(%) the
bounded homotopy category of € and & C K’(%) a finite full subcategory consisting of
the n objects E1,. .., E,. Denote by &% the additive closure of & and by D’(End Ty) the
bounded derived category of k-finite dimensional left End Ts-modules' where T := @7 E;.

The main goal of this thesis is to design and implement an algorithmic framework to
tackle the following two questions:

(1) Can we check whether & defines a complete? strong exceptional sequence in K?(%)?
And if so,
(2) Can we construct exact equivalences

D'(End Ty) ~ K'(£%) ~ K*(%)?
We will, among other things, prove:

Theorem 1 (Lemmas 6.77 and 6.79 and Corollary 6.81). Let k be a field, € a k-linear
Hom-finite additive category and & a strong exceptional sequence in K°(€). Then

(1) & induces a fully faithful exact functor
F: K'(69) —» KN(%)

whose essential image is the triangulated hull & of &. Moreover, we can algorith-
mically decide whether an object A in K°(€) belongs to & or not. In particular,
if KY(€) is finitely generated as a triangulated category, then, using an explicit
set of generating objects, we can decide the completeness of the strong exceptional
sequence & .

(2) If & is complete, then F has a right adjoint functor G giving rise to quasi-inverse
adjoint exact equivalences

F:K'6%) = K'%): G,

Motivation. Although this thesis does not require any knowledge in algebraic geometry,
it was sparked by a question that arose in algebraic geometry. The story started by the

[k
.

IThe multiplication in End T is defined by the pre-composition of morphisms, i.e., fg = f+g:=
gof.
2We will use the notion “complete” for what is sometimes called “full”. We do this to avoid confusion

with the notion of a full subcategory.
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celebrated “resolution of the diagonal” theorem of Beilinson (cf. [Bei78]) which states that
the full subcategories €2 and O generated by the sequences

(% (n), ..., 2% (0))
and
(OPZ’ ceey OPZ (n)),

respectively, are complete strong exceptional sequences in the category Cob P} of coherent

sheaves over the projective space P}, where Q%Z (1),i = 0,...,n are the twisted cotan-
gent bundles over P} and Opz(’i),i = 0,...,n are twists of structure sheaf Opr. That
is, the associated tilting sheaves T = @, Q%PZ (i) and To = @iy Opr (i) induce exact
equivalences

D'(End Tp) ~ K*(Q%) ~ D'(P}) ~ K*(O®) ~ D (End To),
where

e D°(P}) is the bounded derived category of €ob P};

e 0% and O% and are the additive closure categories of the full subcategories of
Cobh P} generated by €2 resp. O;

e K°(Q%) and KP(O®) are the bounded homotopy categories of Q% resp. O%;

e D*(End Tg) and D?(End Tp) are the bounded derived categories of the categories
of the finite dimensional left modules over the endomorphism k-algebras End T,
resp. End Tp.

In particular, any bounded complex over €oh P? can be resolved (up to a quasi-isomorphism?®)
in terms of a complex which consists only of direct sums of objects in O; and also can be
resolved (up to a quasi-isomorphism) in terms of a complex which consists only of direct
sums of objects in €2.

This raises the following question: Suppose we know only how to resolve the objects of
Q and the morphisms between them in terms of objects and morphisms in K?(O9), i.e., we
are given the full embedding 2 <= K’(O?) whose image is a complete strong exceptional
sequence in K(OP). Can we algorithmically extend it to exact equivalences

Db(End Tp) ~ K*(Q%) ~ K*(0%)

without using geometric methods, i.e., without needing to pass through D°(Py)?

Theorem 1 answers this question affirmatively with Q = ((Q2) and +(Q2) C K*(O%) is a
complete strong exceptional sequence. (cf. Chapter 1).

Another application of Theorem 1 originates from the representation theory of finite
dimensional k-algebras. Given a finite dimensional k-algebra A over some field k£ and
a finite full subcategory & = (FEy,..., E,) in K’(A-proj) where A-proj is the category
of finitely generated projective left A-modules. If we have Homy(a-proj) (£i, ) ~ k for

i=1,...,nand Homys s proj) (Ei, £;) = 0 for j > 4, then checking whether & is a complete

3Cf. Definition 3.4
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strong exceptional sequence in K°(A-proj) is equivalent to checking whether Ty = @7 E;
is a tilting complex in K(A-proj), i.e., whether
(1) Homy(a-proj) (T, X(Tis)) = 0 for all i # 0 where ¥ is the shift automorphism on
]Cb(A—pI'Oj),
(2) The smallest thick triangulated subcategory in K°(A-proj) that contains Tj is
Kb(A-proj) itself.
In the affirmative case this means that A and End T, are derived equivalent. This follows
as a special case of the celebrated “Morita theorem for derived categories” of Rickard
[Ric89],[Kel07],[KZ98|, which states that if R and S are two rings, then the following
conditions are equivalent:
(1) R and S are derived equivalent?;
(2) K°(R-proj) ~ K’(S-proj) as triangulated categories;
(3) There exists a tilting complex T in K°(R-proj) such that S =~ EndT.

The Proof Strategy. Our proof of Theorem 1 mainly relies on constructing a fully
faithful exact functor

F:K'(69) - KN%),
and then proving that the essential image of F' is the triangulated hull £~ C K%(%). After
this, it is evident how to construct the desired right adjoint functor
G: K'(%) — K'(69)
of F in case the strong exceptional sequence & is complete, i.e., in case &2 = K%(%).
A Problem. The full embedding & — K(%) extends to a full embedding &¢ — K*(%),
which also extends to a full embedding K*(£%) — K!(K*(%)). That is, F' should map

some of the objects of K° (IC”(‘K)) to objects in K(%¢’). Hence, we need a construction
similar to the classical total compler construction which maps the objects of C® (Cb(‘g ))
to objects in C*(%). The objects of K° (Kb(%)) can not always be considered as objects
in C? (Cb(‘ﬁ)), hence the brute-force application of the total complex construction on the

objects of KC° (IC%%)) might not produce well-defined outputs in X°(%).

The Solution. Our construction of F' is based on the notion of a Postnikov system,
a construction which associates to a bounded complex U over a triangulated category T
a set of objects in T, usually called the set of “totalizations” of U. This construction
is a priori not functorial for arbitrary triangulated categories (cf. Section 6.3). However,
we will be able to circumvente this limitation in case T is a bounded homotopy category.
The proposed technique relies on computing chain-homotopies witnessing the equality
of morphisms in K%(%), i.e., for two equal morphisms a, 3: A — B in K°(%), we must be
able to compute a family (h': A” — B"'),_, of morphisms with

OB L B O = of —

4I.e., their bounded derived categories of modules are equivalent as triangulated categories.
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for all © € Z. Computing such a witness amounts to solving a system of two-sided
inhomogeneous linear equations:

82-;8“ 4 Xi.aiBfl — Oéi o 51

of morphisms in ¢ for unknown morphisms Y’ where i takes a finite number of values
dependent on the lower and upper bounds of A and B (cf. Corollary 3.26). The method we
will use to solve these systems will be explained later in this introduction (cf. Chapter 4).

The essential image of F. For each object A in K’(%), we construct an object R in
Kb(£®) and then prove that A = F(R) if and only if A € & (cf. Lemma 6.77). The
computation of R is based on an iterative construction which terminates because it relies
on computing what we call &-covers of objects in (%) (cf. Definition 6.65). The functor

Homyeo (o) (T, —): K'(¢') — End T-mod

reduces the computation of &-covers in K°(¢) to the computation projective covers
in the Abelian category End Ts-mod (cf. Remark 6.71). The computation of the afore-
mentioned isomorphism A = F(R) is mainly based on applying the octahedral axiom
(TR’ 4.) (cf. Section 5.2) in the triangulated category K°(%).

Constructing D°(End T¢). In Lemma 6.33, we provide an algorithm to compute a finite
acyclic quiver qs and an admissible set of k-relations p such that

&= Ay

where Ag is the finitely presented k-linear category defined by qe¢ subject to the set of
relations p. We call the category A g the abstraction k-algebroid of &. In fact, End Ty can
be recovered as the endomorphism k-algebra of A (cf. Definition A.29).

According to the theory of quiver representations, a k-finite dimensional right (resp.
left) module over End T, is nothing but a k-linear functor from As (resp. A3’) to the
category k-mat of matrices® over k (cf. Theorem 2.70). That is

End Te-mod = As-mod = [AZ’, k-mat)]

where [AS’, k-mat] denotes the Abelian category of k-linear functors from AZ’ to k-mat.
We denote by A g-proj the full subcategory of A s-mod generated by the projective objects.
Since q is acyclic and Ay is Hom-finite we can extend the Yoneda embedding

Ags — Asmod
to the following exact equivalences (cf. Section 6.2):
KP (é"@) =¥ (Aiﬁ) ~ K’(As-proj) ~ D°(Ay)

where D’(A) is the bounded derived category of A g-mod.

The role of homomorphism structures. We have already found that the functor F' is
based on computing chain-homotopies witnessing equalities of morphisms in K%(%), i.e., on
solving systems of two-sided inhomogeneous linear equations in the category 4. So, how
can we solve such systems? The concept of homomorphism structures provides a very good

5The category k-mat is equivalent to the category vecy, of finite dimensional k-vector spaces (cf. Def-
inition 2.11).
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answer. This concept was first formulated by Posur in [Pos21a] as a common generalization
of the external Hom functor and the internal Hom functor in a closed symmetric monoidal
categories. Let & be a category. A Z-homomorphism structure on a category % consists
of an object 1 € Z, a bifunctor

H(—,—):€"x€— 2
and a natural isomorphism
v: Homg(—,—) = Homgy(1, H(—, —)).
The naturality of v translates to the equality
vpc(X)* H(a, B) = vap(a-x-p)

for all triples of morphisms A % B % C % Ding (cf. Chapter 4).

The main computational advantage of having a Z-homomorphism structure is the
ability to convert any two-sided inhomogeneous equation

asx-f =7y
in ¢ for given morphisms «, 3, and an unknown morphism y to a one-sided inhomoge-
neous equation
X'+ H(a, B) = vap(7)

in 2. A solution x can be recovered from a solution y’ as x = I/E}C(X/ ). If € and 2 are
additive, then we can extend this advantage to convert any system of two-sided inhomo-
geneous linear equations over € to a one-sided linear equation over & (cf. Theorem 4.17).

We also employ the Z-homomorphism structure of a category % to compute the ex-
ternal Hom bifunctor Home (—, —) itself. In particular, the homomorphism structure
reduces computing a generating set of Homg (A, B) to computing a generating set of
Homgy (1, H(A, B)), which is usually much easier to perform. As a matter of fact, the
majority of triangulated categories considered in this thesis are k-linear, Hom-finite and
equipped with a (k-mat)-homomorphism structure for some field k. For instance, we use
this technique to compute the aforementioned functors:

e The Yoneda embedding (cf. Corollary 2.89)
Ay — Ags-mod;
e The Hom(7j, —) functor (cf. Lemma 6.35)
Homyeo ¢y (Tos, —): K*(%) — End Ts-mod.

The Computer Implementation. All the proposed techniques and methods of this
thesis are implemented in the GAP meta-package HigherHomologicalAlgebra [Sal21a] which
is mainly based on the CAP-project, a software project written in GAP for constructive category
theory [GSP22], [GP19] and [GPS18|.

From the viewpoint of CAP, every category is specified by data types for its objects and
morphisms together with two algorithms to compute identities of objects and compose morphisms.
We refer to a category € as computable if the mathematical equality of the morphisms is realized



14 INTRODUCTION AND SCOPE

by an algorithm. More generally, we say that € is computable as an instance of a doctrine® D if
all existential quantifiers and disjunctions in the defining axioms of the doctrine D are realized
by algorithms. The Appendix A provides a brief introduction to CAP.

In CAP, categories are constructed using so-called category constructors. The are special
functions which are applied to data structures or already existing categories. The category con-
structor uses the data of the input to derive all algorithms required by the specified doctrines of
the output category. For example, the category constructor MatrixCategory(-) takes as input
a field k£ and returns the Abelian category of matrices k-mat over k& whose objects are the non-
negative integers and whose morphisms are the finite dimensional matrices over k. The skeletal
category k-mat is computer-friendly and is equivalent to the category of finite dimensional k-
vector spaces. The category constructors used in this thesis are covered in details in Chapter 2
and Chapter 3. For instance, we discuss how the bounded homotopy category K?(%’) can be con-
structed as a stable category of the category of bounded complexes C*(%’), and how End Ts-mod
can be constructed as a functor category.

The HigherHomologicalAlgebra meta-package [Sal21a] is intended to provide an accessible
computing environment for performing all of the constructions proposed in this thesis. In the
subsequent chapter, we present a software demonstration and thereby explain the syntax. It
consists of various packages, the most important of which are

(1) TriangulatedCategories [Sal21f] provides a framework for triangulated categories.
Our basic examples for triangulated categories are bounded homotopy categories and
stable categories of Frobenius categories.

(2) StableCategories [Sal2le| provides a framework for stable categories associated to
classes of lifting or colifting objects.

(3) ComplexesCategories [Sal21b] provides a framework for categories of complexes. If
the ¥ is an Abelian category with enough projectives or injectives, then we can compute
projective and injective resolutions of complexes in C°(%). It enables us to perform many
homological constructions such as computing derived functors and total complexes of
double complexes.

(4) HomotopyCategories [Sal21d] provides a framework for bounded homotopy categories.
A homotopy category K?(%) is constructed as a stable category of C?(%) with respect
to the class of contractible objects. It also provides an implementation of the triangu-
lated structure of K°(%’). The computation of Postnikov systems and their associated
convolutions are also performed by this package.

(5) DerivedCategories [Sal21c| provides a framework for constructing derived categories
of Abelian categories with enough projectives or injectives. It also contains all implemen-
tations related to strong exceptional sequences and their associated exact equivalences.

Outline. This thesis is organized as follows. Chapter 1 gives a software demonstration to show
how our framework solves the question raised at the beginning of this introduction: How to extend
a given full embedding ¢: Q < K?(OP) to an exact equivalence K?(Q%) ~ K*(O®). Chapter 2
discuss in detail constructing the majority of preadditive, additive and Abelian categories that
are used in Chapter 1, e.g., finitely presented categories (cf. Section 2.2.5) and their (Abelian)
functor categories (cf. Section 2.2.7); and introduces also other categories for a later use, e.g.,

6We use the term “doctrine” to describe a class of categories with specified additional properties or
structures, e.g., additive, Abelian, monoidal, etc.
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Freyd categories (cf. Section 2.2.3). Chapter 3 summarizes in a constructive style the key con-
cepts in homological algebra that needed in this thesis. e.g., constructing bounded homotopy
(cf. Section 3.2) or derived categories (cf. Section 3.4), computing projective and injective resolu-
tions of complexes (cf. Section 3.3), computing derived functors (cf. Examples 3.67 and 3.71), etc.
Chapter 4 reviews the basic facts and examples on homomorphism structures (cf. Section 4.1) and
investigates creating new homomorphism structures from already existing onces. For example, we
discuss how to lift a homomorphism structure on a category % to the bounded homotopy category
K(%) (cf. Section 4.5) and the functor category [/, %] for some finitely presented category .7
(cf. Section 4.2). Chapter 5 provides a constructive framework in which we can perform com-
putations in triangulated categories. We provide two main examples: The bounded homotopy
category of an additive category (cf. Section 5.2) and the stable category of a Frobenius category
(cf. Section 5.3). Chapter 6 provides a constructive framework to perform computations on strong
exceptional sequences such as computing the abstraction k-algebroids and then lastly computing
their adjoint exact equivalences: The aforementioned adjunction F' 4 G. The Appendix is meant
to provide a software demonstration for the computational goals of this thesis.






CHAPTER 1

A Demo for a Tilting Equivalence Using
HigherHomological Algebra

The following is a software-demonstration for creating a complete strong exceptional sequence
in a bounded homotopy category. We use the associated tilting equivalences to resolve objects in
the homotopy category in terms of the objects of the sequence.

We use the HIGHER HOMOLOGICAL ALGEBRA meta-package [Sal21a] which is mainly based
on the homalg [hom22] and Car [GSP22] software projects.

The Juria [BEKS17] package CapAndHomalg [CAP21a] provides an interface to the above
and many other required GAP packages. We start by loading CapAndHomalg and the GAP package
DerivedCategories [Sal2lc]:

julia> using CapAndHomalg

CapAndHomalg v1.4.0

Imported OSCAR's components GAP and Singular_jll
Type: 7CapAndHomalg for more information

julia> LoadPackage( "DerivedCategories" )

As our running example, we consider the Beilinson k-algebroid over a field! k. We construct
it as the finitely presented k-linear category Ao generated by the Beilinson quiver

subject to the relations po = {z;y; — y;x;|i, j = 0,1,2}. This can be done in three steps:
(1) Construct the free category Fo generated by the Beilinson quiver go.
(2) Construct the k-linear closure category k[Fo] of Fo.
(3) Construct the quotient category Ay of k[Fp] modulo the two-sided ideal generated by
the relations po.

The name and the labels of the quiver reflect its geometric origin. The Beilinson algebroid
A is an isomorphic to the full subcategory of the category €oh Pi of coherent sheaves over the
projective space P? generated (as a k-linear subcategory) by the structure sheaf OP% =0 =0(0)
and two further twists Op2 (i) = O(i) for i = 1,2 (see, e.g., [Bei78]). However, none of this is
relevant to the following demonstration.

The package DerivedCategories uses the package QPA2 [Qt21] which provides the needed
infrastructure for quivers with relations:

Llor a nonzero commutative unital ring.

17



18 1. A DEMO FOR A TILTING EQUIVALENCE USING HigherHomologicalAlgebra

julia> g_O = RightQuiver(
"q_0(00,01,02) [x0:00->01,x1:00->01,x2: 00->01,y0: 01->02,y1:01->02,y2: 01->02]") ;

julia> SetLabelsAsLaTeXStrings( q_O,
[ "\\mathcal{0}(0)", "\\mathcal{0}(1)", "\\mathcal{0}(2)" ],
IIX_OII s ”X_l” , IlX_2I| s Ily_OH , Ily_lll s IIy_2ll ] )

julia> F_O = FreeCategory( q_O )
GAP: Category freely generated by the right quiver
q_0(00,01,02) [x0:00->01,x1:00->01,x2: 00->01,y0: 01->02,y1:01->02,y2: 01->02]

julia> Q = HomalgFieldOfRationals( )
GAP: Q

julia> k = Q
GAP: Q

julia> kF_O = k[F_O]
GAP: Algebroid( Q * q_O )

julia> p_O = [ PreCompose( kF_0.x0, kF_0O.y1 ) - PreCompose( kF_O.x1, kF_0O.y0 ),
PreCompose( kF_0O.x0, kF_0O.y2 ) - PreCompose( kF_0.x2, kF_0O.y0 ),
PreCompose( kF_0O.x1, kF_0O.y2 ) - PreCompose( kF_0.x2, kF_O.y1 ) 1;

julia> A_O = kF_O / p_O
GAP: Algebroid( (Q * q_0) /
[ -1*(x1xy0) + 1*(x0*yl), -1*x(x2*y0) + 1x(x0*y2), -1*(x2*yl) + 1*(xlxy2) ] )

julia> InfoOfInstalledOperationsOfCategory( A_O )

27 primitive operations were used to derive 74 operations for this category which
* IsLinearCategoryOverCommutativeRing

* IsEquippedWithHomomorphismStructure

julia> ListInstalledOperationsOfCategory( A_O )
GAP: [ AdditionForMorphisms, AdditivelInverseForMorphisms, BasisOfExternalHom, ... ]

julia> 2 + A_O."x0" + 3 x A_O."x1" - A_O."x2"
GAP: (0O0)-[{ -1x(x2) + 3*(x1) + 2%(x0) }->(O1)

julia> BasisOfExternalHom( A_O."O0", A_O."O1" )
GAP: [ (O0)-[{ 1*x(x0) }->(01), (O0)-[{ 1x(x1) }]1->(01), (O0)-[{ 1*(x2) }->(0O1) ]

Since the relations po = {z;y; = y;zili,j = 0,1,2} of the Beilinson quiver are categorical,
i.e., they can be expressed without reference to any coefficients ring k, one can equally construct
the associated k-algebroid Ao as the k-linear closure category of a finitely presented category
B, which we call the Beilinson category:

julia> p_O = [ [ PreCompose( F_0.x0, F_O.y1 ), PreCompose( F_O.x1, F_0.y0 ) 1,
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[ PreCompose( F_0.x0, F_0O.y2 ), PreCompose( F_0.x2, F_0.y0 ) 1,
[ PreCompose( F_O.x1, F_0O.y2 ), PreCompose( F_0.x2, F_O.y1 ) 1 1;
julia> B_O = F_O / p_O
GAP: Category generated by the right quiver
q_0(00,01,02) [x0: 00->01,x1:00->01,x2: 00->01,y0: 01->02,y1: 01->02,y2: O1->02]
with relations [ xO*yl = x1%y0, x0xy2 = x2*y0, xl*y2 = x2*yl ]

julia> InfoOfInstalledOperationsOfCategory( B_O )
7 primitive operations were used to derive 13 operations for this category which
* IsFinitelyPresentedCategory

julia> A_O = k[B_O]
GAP: Algebroid( (Q * q_0) /
[ -1x(x1xy0) + 1*x(x0*yl), -1x(x2*xy0) + 1*(x0xy2), -1x(x2*yl) + 1x(xlxy2) ] )

Since Ay is Hom-finite (i.e., has finite k-dimensional Hom-spaces), we get the YONEDA
embedding
Y : Ap — Hom(AY, k-mat)
where k-mat is the category of matrices over k, which yields a full embedding of Ay into a
k-linear Abelian category with enough injectives and projectives:

Ao =Y (Ao).
For this k-Abelian functor category we use the notation
Aop-mod = Hom(AY, k-mat)
and call it the category finite k-dimensional Ao-modules.
julia> A_O_op = OppositeAlgebroid( A_O )

GAP: Algebroid( (Q * q_O_op) /
[ 1x(y1*x0) - 1x(yO*x1), 1*(y2*xx0) - 1*(y0*x2), 1x(y2*x1l) - 1*x(ylxx2) ] )

julia> q_O_op = UnderlyingQuiver( A_O_op )
GAP: q_0O_op(00,01,02) [x0:01->00,x1:01->00,x2:01->00,y0:02->01,y1:02->01,y2: 02->
01]

julia> SetLabelsAsLaTeXStrings(
q_0O_op,
[ "\\mathcal{0}(0)", "\\mathcal{0}(1)", "\\mathcal{0}(2)" ],
[ ”X_l" , IIX_2l| s IIX_3|l s lly_oll s H-y_lll , lly_2ll ] )

julia> kmat = MatrixCategory( k )
GAP: Category of matrices over Q

julia> A_Omod = FunctorCategory( A_O_op, kmat )
GAP: FunctorCategory(
Algebroid( (Q * q_O_op) / [ 1*(y1#x0) - 1x(yO*xl), 1x(y2*x0) - 1*(y0xx2), 1x(y2*xl) -
1*x(y1*x2) ] ) -> Category of matrices over Q )
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julia> InfoOfInstalledOperationsOfCategory( A_Omod )

103 primitive operations were used to derive 365 operations for this category which
* IsLinearCategoryOverCommutativeRing

IsAbelianCategoryWithEnoughInjectives

IsAbelianCategoryWithEnoughProjectives

IsEquippedWithHomomorphismStructure

* ¥ ¥

We denote by
KP(Ao) = K*(Ap-mod)
and
DP(Ap) == D’(Ap-mod)
the bounded homotopy resp. derived categories of Ap-mod. Since the quiver is acyclic and
the relations are admissible, the category Ap-mod has finite global dimension?. And because
A p-mod has enough projectives (and injectives) we can decide equality of morphisms®in D°(Ap).
We denote by
L: K'(Ap) — D*(Ao)
the natural localization functor which maps quasi-isomorphisms in K?(Ae) to isomorphisms in
D*(Ao).
julia> KA_O = HomotopyCategoryByCochains( A_Omod )
GAP: Homotopy category( FunctorCategory( Algebroid( (Q * q_O_op) / [ 1*x(y1*x0) - 1x(yO*
x1), 1x(y2%x0) - 1*x(y0*x2), 1x(y2xx1l) - 1*x(y1l*x2) ] ) -> Category of matrices over
Q)

julia> DA_O = DerivedCategoryByCochains( A_Omod )

GAP: Derived category( FunctorCategory( Algebroid( (Q * q_O_op) / [ 1*x(y1*x0) - 1*(yO*
x1), 1x(y2*x0) - 1x(y0*x2), 1*(y2*x1) - 1*x(yl*x2) ] ) -> Category of matrices over
Q)

julia> CanCompute( DA_QO, "IsCongruentForMorphisms" )
true

julia> KnownFunctors( KA_O, DA_O )
1: The natural localization functor

julia> L = Functor( KA_O, DA_O, 1)
GAP: Localization functor onto bounded derived category

Since Ay is admissible* the YONEDA embedding Y identifies Ay with a skeletal model for
the full subcategory of Ap-mod generated by the indecomposable projective objects. Hence, the
additive closure category A% is equivalent to the additive full subcategory A p-proj of projective

?bounded by the number of vertices in the generating quiver.
3Referred to as IsCongruentForMorphisms in the code below.
4i.e., the relations of the quiver involve only paths of length at least two.
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objects in Ap-mod. The objects in A% are lists of objects® in Ay and morphisms are matrices
of morphisms in Ap:

julia> A_Qadd = AdditiveClosure( A_O )
GAP: Additive closure( Algebroid( (Q * q_0) / [ -1x(xl*y0) + 1x(xO*yl), -1*(x2xy0) +
1% (x0*y2), -1x(x2%yl) + 1x(x1xy2) 1 ) )

julia> A_Oproj = FullSubcategoryGeneratedByProjectiveObjects( A_Omod )
GAP: Full additive subcategory generated by projective objects( FunctorCategory(
Algebroid( (Q * q_O_op) / [ 1x(y1*x0) - 1x(yOxx1), 1x(y2*x0) - 1x(y0xx2), 1x(y2#*x1)
- 1x(y1*x2) ] ) -> Category of matrices over Q ) )

julia> KnownFunctors( A_Qadd, A_Oproj )
1: Yoneda embedding

julia> Yadd = Functor( A_Qadd, A_Oproj, 1)
GAP: Yoneda embedding

julia> KnownFunctors( A_Oproj, A_Qadd )
1: Decomposition of projective objects

julia> Dec = Functor( A_Oproj, A_Qadd, 1)
GAP: Decomposition of projective objects

The above equivalences can be extended to the equivalences
Kb (A%) ~ K°(Ao-proj).

julia> KA_QOadd = HomotopyCategoryByCochains( A_Qadd )
GAP: Homotopy category( Additive closure( Algebroid( (Q * q_O
y1), -1*(x2xy0) + 1*x(x0%y2), -1x(x2*yl) + 1x(xl*xy2) 1 ) )

) / [ -1*x(x1*xy0) + 1*(xO%
)

julia> InfoOfInstalledOperationsOfCategory( KA _Oadd )

61 primitive operations were used to derive 185 operations for this category which

* IsLinearCategoryOverCommutativeRing

* IsAdditiveCategory

* IsTriangulatedCategory
* IsEquippedWithHomomorphismStructure

julia> KA _Oproj = HomotopyCategoryByCochains( A_Oproj )

GAP: Homotopy category( Full additive subcategory generated by projective objects(
FunctorCategory( Algebroid( (Q * q_O_op) / [ 1*(y1xx0) - 1*x(yO*x1l), 1*(y2*x0) - 1%(
yO*x2), 1*x(y2*x1) - 1x(yl*x2) ] ) -> Category of matrices over Q ) ) )

julia> KYadd = ExtendFunctorToHomotopyCategoriesByCochains( Yadd )
GAP: Extension of ( Yoneda embedding ) to homotopy categories

julia> KDec = ExtendFunctorToHomotopyCategoriesByCochains( Dec )

5The lists represent formal direct sums of objects in Ao.
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GAP: Extension of ( Decomposition of projective objects ) to homotopy categories

Since Ap-mod has a finite global dimension, the composition
K (Ao-proj) — K'(Ao) & D'(Ao)
of the natural embedding functor with the standard localization functor defines an equivalence:

le(A@—proj) ~ Db(A@).

julia> KnownFunctors( KA_Oproj, DA_O )

1: PreComposition of the following two functors:
* Apply ExtendFunctorToHomotopyCategoriesByCochains on ( The inclusion functor )
* The natural localization functor

julia> V = Functor( KA_Oproj, DA_O, 1)
GAP: Composition of Extension of ( The inclusion functor ) to homotopy categories and
Localization functor in derived category

julia> KnownFunctors( DA_O, KA_Oproj )
1: Universal functor from derived category

julia> U = Functor( DA_O, KA_Oproj, 1)
GAP: Universal functor from derived category onto a localization category

That is, we get an equivalence
kb (AD) b
J:K'(Ag) = D'(Ao).
julia> J = PreCompose( KYadd, V );

julia> Display( J )
Composition of Extension of ( Yoneda embedding ) to homotopy categories and Composition
of Extension of ( The inclusion functor ) to homotopy categories and Localization
functor in derived category:
Homotopy category( Additive closure( Algebroid( (Q * / [ -1x(x1*xy0) + 1x(x0xyl),
-1x(x2%y0) + 1x(x0*y2), -1x(x2*xyl) + 1x(xlxy2) ]
I
v
Derived category( FunctorCategory( Algebroid( (Q * q_O_op) / [ 1x(y1xx0) - 1*x(yO*x1),
1% (y2*x0) - 1*x(y0*x2), 1x(y2*x1) - 1*(yl*x2) ] ) -> Category of matrices over Q ) )

q_0)
) ) )

We could have computed this equivalence as follows:

julia> J = EquivalenceOntoDerivedCategory( KA _Qadd )
GAP: Equivalence functor from homotopy category onto derived category
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Now consider the three objects Q2(2),Q(1), and Q°(0) in K (A%) defined by

x1 —x9 O
(5% =) (%)
3 0 z2 —x Y2

2= 0 0(0)" 5 o(1)? 0(2) 0,

QY1) = 0 0(0)3 5

Q0):= 0 O(0) - 0

The labels of the objects reflect their geometric origin. They represent the twisted cotangent
bundles pr,i (i) = Q'(i), i = 0,1,2 in CohP? (see, e.g., [Bel78]). Again, this interpretation is
irrelevant to the computations below.

julia> Q2.0 = [ A_O."00", A_O."00", A_0."00" 1 / A_Oadd;
julia> Q2.1 = [ A_O."O1", A_O."O1", A_0."01" 1 / A_Oadd;
julia> Q2.2 = [ A_O."02" 1 / A_Oadd

GAP: <An object in Additive closure( Algebroid( (Q * q_O) / [ -1x(x1*xy0) + 1x(xOxyl),
-1x(x2xy0) + 1*(x0%y2), -1x(x2*xyl) + 1*(xlxy2) ] ) ) defined by 1 underlying
objects>

julia> 0_0 = AdditiveClosureMorphism(
02 0,
[ [ A_O."x1", -A_0O."x0", ZeroMorphism(A_O."O0", A_0."O1") 1],
[ A_O."x2", ZeroMorphism(A_O."O0", A_O0."O1"), -A_O."x0" ],
[ ZeroMorphism(A_O."O0", A_O."O1"), A_0O."x2", -A_O."x1" 1 1],
02 1);

julia> J_1 = AdditiveClosureMorphism(
02 1,
[ LA O."yO" 1,
[ A_O."yi" 1,
[ A_O."y2" 11,
02.2)
GAP: <A morphism in Additive closure( Algebroid( (Q * q_0O) / [ -1x(xlxy0) + 1x(x0xyl),
-1x(x2xy0) + 1*(x0%y2), -1x(x2%yl) + 1*(x1xy2) ] ) ) defined by a 3 x 1 matrix of
underlying morphisms>

julia> Q2 = [ [ 0.0, .11, 01 / KA_Oadd

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_0) / [ -1x(x1
*y0) + 1k(x0*yl), -1x(x2%y0) + 1*(x0xy2), -1*x(x2*yl) + 1x(xlxy2) ] ) ) ) with
active lower bound O and active upper bound 2>

[ A_O."O0", A_O."O0", A_O."O0" 1 / A_Qadd;
[ A_O."O1" 1 / A_0Oadd;

julia> Q1.0
julia> Q1_1
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julia> 0_0 = AdditiveClosureMorphism(
010,
[ [ A_O."x0" 17,
[ A_O."x1" 1],
[ A_O."x2" 11,
Q1.1 );

julia> Q1 = [ [ 0_.01, 0] / KA_Oadd

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_0) / [ -1*(x1
*xy0) + 1k(x0*yl), -1x(x2%y0) + 1*(x0xy2), -1*x(x2*yl) + 1x(xlxy2) ] ) ) ) with
active lower bound O and active upper bound 1>

julia> Q0 = [ A_O."00" 1 / A_Qadd / KA_Qadd

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_0O) / [ -1*(x1
*xy0) + 1k(x0*yl), -1x(x2%y0) + 1*(x0xy2), -1*x(x2*yl) + 1x(xlxy2) ] ) ) ) with
active lower bound O and active upper bound 0>

In the following we use our software to perform the following computations:

e Verify that Q = (Q%(2),Q(1),Q°0)) is a complete strong exceptional sequence in
Kl (A%) (see Definition 6.14).
Verify that not all objects in J(£2) belong to the standard Abelian heart Ap-mod of
D'(Ao).
Compute an abstract k-algebroid Agq associated to €2, i.e., a finite presentation (given
by a quiver with relations) of the k-linear full subcategory of K° (A%) generated by €.
Construct the exact equivalences

D'(Ao) ~ K'(AG) ~ K*(Af) ~ D'(Aq).
Verify that the images of the objects (O(0), O(1), O(2)) in D’(Aq) live in the standard
Abelian heart Ag-mod.

We can now create the strong exceptional sequence ). The last two arguments are optional
and serve for a better accessibility and visibility as we will see later:

julia> Q = CreateStrongExceptionalCollection(
[ Q2, Q1, Q0 1,
[ "Q2", "Q1", "Qo" ],
[ "\\Omega~2(2)", "\\Omega~1(1)", "\\Omega~0(0)" ] )
GAP: <A strong exceptional sequence defined by the objects of the full subcategory {22,
Q1, Qo>

julia> T_Q = DirectSum( 92, Q1, Q0 )

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_0) / [ -1x(x1
xy0) + 1x(x0*yl), -1%(x2*y0) + 1x(x0%y2), -1x(x2xyl) + 1*x(x1lxy2) ] ) ) ) with
active lower bound O and active upper bound 2>

julia> Show( T_ )
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0(2)
T
Yo
U1
Y2

0(1)694
T
r1 —xo
To . —X0
x2 —I
Zo
€
T2

lo
087

By Definition 6.14, the sequence Q = (22(2), 2%(1),Q%(0)) is strong exceptional if
e Hom (Q°(i), Q(i)) ~ k for i = 0,1, 2.
e Hom (Q°(i), 7 (5)) =0 for i < j.
e Hom(Tq, X" (Tq)) = 0 for all r # 0 where ¥ is the standard shift automorphism of
Kb (A%). Due to the lower and upper bounds of Tq, it is sufficient to verify this
requirement only for r € {—2,—1,1,2}:

julia> Dimension( HomStructure( Q2, Q2 ) ) == 1 &&
Dimension( HomStructure( Q1, Q1 ) ) == 1 &&
Dimension( HomStructure( €0, Q0 ) ) == 1

true

julia> IsZero( HomStructure( Q0, Q21 ) ) &&
IsZero( HomStructure( Q1, Q2 ) ) &&
IsZero( HomStructure( Q0, Q2 ) )
true

julia> IsZero( HomStructure( T_2, Shift( T_Q, -2 ) ) ) &&
IsZero( HomStructure( T_€), Shift( T_Q, -1 ) ) ) &&
IsZero( HomStructure( T_€, Shift( T_Q, 1) ) )
IsZero( HomStructure( T_€, Shift( T_Q, 2 ) ) )
true

Of course, we can use the same operation to compute the dimension of End Tq:

julia> HomStructure( T_Q, T_Q )
GAP: <A vector space object over Q of dimension 12>
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By applying the equivalence J : K° (A%) =, DP(Ap) on the objects of Q and computing

the cohomology support we can verify which of the images J(Q(7)),i = 0,1,2 belongs to the
standard Abelian heart of D’(Ap) (cf. [GMO3, §5]):

julia> JQ2 = ApplyFunctor( J, Q2 )

GAP: <An object in Derived category( FunctorCategory( Algebroid( (Q * q_O_op) / [ 1x(y1
*xx0) - 1*x(yO*x1), 1x(y2*x0) - 1*(y0*x2), 1x(y2*xl) - 1x(y1l*x2) ] ) -> Category of
matrices over Q ) ) with active lower bound O and active upper bound 2>

julia> CohomologySupport( JQ2 )
GAP: [ 2]

julia> H2 = CohomologyAt( JQ2, 2 )
GAP: <(00)->0, (0O1)->0, (0O2)->1; (x0)->0x0, (x1)->0x0, (x2)->0x0, (y0)->1x0, (y1)->1x0
, (y2)->1x0>

That is, J(92(2)) does not belong to Ap-mod C D*(Ap).

julia> JQ1 = ApplyFunctor( J, Q1 )

GAP: <An object in Derived category( FunctorCategory( Algebroid( (Q * q_O_op) / [ 1*(y1
*xx0) - 1*x(yO*xx1), 1x(y2xx0) - 1*(y0*x2), 1*x(y2*x1) - 1*x(y1*x2) ] ) -> Category of
matrices over Q ) ) with active lower bound O and active upper bound 1>

julia> H1 = CohomologySupport( JQ1 )
GAP: [ 1]

julia> CohomologyAt( JQ1, 1)
GAP: <(00)->0, (O1)->1, (02)->0; (x0)->1x0, (x1)->1x0, (x2)->1x0, (y0)->0x1, (y1)->0x1
, (y2)->0x1>

That is, also J(2!(1)) does not belong to Ap-mod C D*(Ap).

julia> JQ0 = ApplyFunctor( J, Q0 )

GAP: <An object in Derived category( FunctorCategory( Algebroid( (Q * q_O_op) / [ 1x(y1
*x0) — 1*x(yO*x1), 1*x(y2*x0) - 1*(yO*x2), 1*x(y2*x1l) - 1x(y1*x2) ] ) -> Category of
matrices over Q ) ) with active lower bound O and active upper bound 0>

julia> CohomologySupport( JQO )
GAP: [ 0]

julia> HO = CohomologyAt( JQ1, 0 )
GAP: <(00)->1, (0O1)->0, (02)->0; (x0)->0x1, (x1)->0x1, (x2)->0x1, (y0)->0x0, (y1)->0x0
, (y2)->0x0>

That is, only J(22°(0)) belongs to Ap-mod C D?(Ap).
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As we will show later, the strong exceptional sequence 2 is even full. Since J is an equiv-
alence, the above computation shows that D’(Ap) is generated by the three nonisomorphic
simple objects H(J(Q)) :== (H'(J(Q(i))) | i = 2,1,0) of Ap-mod. However, H(J(Q2)) is not a
strong exceptional sequence in D?(Ap). Still, the above computation shows that the sequence
(H (J(QH(0)[—i] | i = 2,1,0) = J(Q) in D*(Ap) is strong exceptional.

One of the main constructions associated to a strong exceptional sequence is its abstraction
algebroid. The abstraction algebroid is a k-linear finitely presented category A which is iso-

morphic to the full subcategory Co C KP? (A%) generated by 2. In particular, it exhibits the
structure of € in terms of a quiver go and a set of relations pq.

julia> A_Q = Algebroid( Q)
GAP: Algebroid( end( Q2 @& Q1 & Q0 ) )

julia> q_€) = UnderlyingQuiver( A_Q )
GAP: quiver(2,01,020) [m1_2_1:02->0Q1,m1_2_2:02->Q1,m1_2_3:0Q2->0Q1,m2_3_1:021->Q0,
n2_3_2:01->Q0,m2_3_3:01->00]

julia> p_{) = RelationsOfAlgebroid( A_2 )

GAP: [ (Q2)-[1x(m1_2_1%m2_3_1)]1->(Q0),
(Q2)-[1*(m1_2 2*m2 3 1) + 1x(ml 2 1*m2 3 2)]1->(Q0),
(Q2)-[1*(m1_2_2*m2_3 2)1->(00),

(Q2)-[1*(m1_2 _3*m2_3_1) + 1x(ml_2_1*m2_3_3)]1->(Q0),
(Q2)-[1*(m1 2 3+m2_3 2) + 1x(ml1_2 2*m2_3_3)]1->(Q0),
(92)-[1*(m1_2_3*m2_3_3)]->(00) ]

That is, the algebroid Ag is defined by the following quiver

subject to the relations {méombs|i = 1,2, 3YU{miymls +miymisli,j = 1,2,3,i # j}. The arrows
of the quiver correspond to the irreducible morphisms of Cg. We can translate back and forth
via the abstraction and relatization functors:

abs : Co = Aq : rel

julia> C_Q) = FullSubcategory( 2 )
GAP: The full subcategory { 22, Q1, Q0 }

julia> abs = IsomorphismOntoAlgebroid( 2 )
GAP: Abstraction isomorphism

julia> rel = IsomorphismFromAlgebroid( 2 )
GAP: Realization isomorphism
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julia> m = A_Q."m1_2_1"
GAP: (Q2)-[{ 1*x(m1_2_1) }->(Q1)

julia> rel_m = ApplyFunctor( rel, m )

GAP: A morphism in full subcategory given by: <A morphism in Homotopy category(
Additive closure( Algebroid( (Q * q_O) / [ -1*x(x1xy0) + 1x(x0*yl), —-1x(x2*xy0) + 1x(
x0*y2), -1*(x2*yl) + 1*x(x1*y2) ] ) ) ) with active lower bound O and active upper
bound 1>

julia> rel_m == IrreducibleMorphisms( Q, 1, 2 )[ 1 ]
true

julia> Show( rel_m )

0(2) -0 = 0
) )
Yo
<?11> ()
Y2
1 1
0(1)
omn)* - ( . ) — O(1)
) )
xr1 —X . xo
(7 4
. X9 —X1 X9
lo lo
- 0(0) .
0(0)%3 - ( : 0(0)> - 00)*

The category K° (A%) is generated by O(0),O(1) and O(2), hence 2 is complete if and only
if ©(0),O(1) and O(2) are contained in the triangulated subcategory Tq = Q% C K? (A%).

julia> TS} = TriangulatedSubcategory( €2 )
GAP: The triangulated subcategory generated by {Q2, Q1, Q0}

julia> O0 = [ A_O."00" 1 / A_QOadd / KA_Qadd

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_0) / [ -1*(x1
xy0) + 1x(x0*yl), -1x(x2*y0) + 1x(x0*y2), —-1*(x2*xyl) + 1*(xlxy2) ] ) ) ) with
active lower bound O and active upper bound 0>

julia> IsWellDefined( OO0 / T2 )

true

julia> O1 = [ A_O."O1" ] / A_QOadd / KA_Qadd;
julia> IsWellDefined( O1 / TQ )
true



1. A DEMO FOR A TILTING EQUIVALENCE USING HigherHomologicalAlgebra 29

julia> 02 = [ A_O."O2" 1 / A_QOadd / KA_Oadd;
julia> IsWellDefined( 02 / T )
true

That is, O(0), O(1) and O(2) considered as objects in Tq are well-defined, hence they belong to
T and Q is indeed a complete strong exceptional sequence in A° (A%).

Since A% is k-linear Hom-finite additive category, the complete strong exceptional sequence
Q) induces a pair of exact quasi-inverses

G:K'(Ag) = KM(CE): F
which we call exceptional replacement resp. convolution functors.

julia> G = ReplacementFunctor( ) )
GAP: Replacement functor
julia> Display( G )
Replacement functor:
Homotopy category( Additive closure( Algebroid( (Q * g_0) / [ -1*(x1xy0) + 1x(x0x*yl),
-1 (x2%y0) + 1x(x0*y2), -1x(x2*yl) + 1x(xlxy2) 1 ) ) )
|
v
Homotopy category( Additive closure( The full subcategory {22, Q1, Q0} ) )

julia> F = ConvolutionFunctor( ) )
GAP: Convolution functor

julia> Display( F )

Convolution functor:

Homotopy category( Additive closure( The full subcategory {22, Q1, Q0} ) )
|
v

Homotopy category( Additive closure( Algebroid( (Q

* q_0) / [ -1x(x1*xy0) + 1*(x0xyl),
-1x(x2%y0) + 1*(x0%y2), -1*x(x2*%yl) + 1x(xlxy2) 1) ) )

)

Applying the functor G on the objects O,O(1),O(2) returns a representation of them in
K2 (Q®):
julia> G_OO0 = ApplyFunctor( G, OO0 )
GAP: <An object in Homotopy category( Additive closure( The full subcategory {22, 1,
Q0} ) ) with active lower bound O and active upper bound 0>

julia> G_O1 = ApplyFunctor( G, O1 )
GAP: <An object in Homotopy category( Additive closure( The full subcategory {22, 1,
Q0} ) ) with active lower bound -1 and active upper bound 0>

julia> G_0O2 = ApplyFunctor( G, 02 )
GAP: <An object in Homotopy category( Additive closure( The full subcategory {22, Q1,
Q0} ) ) with active lower bound -2 and active upper bound 0>
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For a better visualization of G(O(0)),G(O(1)) and G(O(2)), we translate the results via the
extension of abs: Cq — Agq to an isomorphism

Kb (C§) = K (AS).

julia> abs = ExtendFunctorToAdditiveClosures( abs );
julia> abs = ExtendFunctorToHomotopyCategoriesByCochains( abs );
julia> Show( ApplyFunctor( abs, G_OO0 ) )

Q%(0)
julia> Show( ApplyFunctor( abs, G_O1 ) )
QO(O)EBB
/l\
<—m%,3 —m%g —mz,s)
|-1
(1)
julia> Show( ApplyFunctor( abs, G_02 ) )
00(0)“°
T
—Mmj 3 —m%?, —Mma 3 ) 5
—Mmags —Mma3 *m§3
—Ma3 ’ —May3 —My3
-1
ol
/l\

Let us apply the comonad F o G: K (A%) =K (A%) on the object O(2):

julia> FG_O2 = ApplyFunctor( F, G_O02 )

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_0) / [ -1x(x1
xy0) + 1*x(x0*yl), -1*(x2*y0) + 1x(x0%y2), -1x(x2xyl) + 1*x(x1*y2) ] ) ) ) with
active lower bound -2 and active upper bound 1>

julia> Show( FG_02 )
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0
N
|()
02) 0(1)%93 ® 0(0)*
T
vo O@1) - :
v 0@ -
Y2 : ’ o(1) ’
. —xp . . —0(0) .
—a . . . —0(0) .
—29 . . . . —0(0)
. —z0 . . —0(0) . .
-1 . . . . —(’)(O) .
— 9 ) . . . . —0(0)
. —z0 . . —0(0) . .
1 . . . . —0(0) .
— 29 . | . . . —0(0)
01 & 0(0)**
T
1 —Xo . 0(0) —O(O) .
(CL‘Q -y - . O(O) —O(O) )
) —xrr - : | : 0(0) : —0(0)
0(6)2693

Since the comonad is an autoequivalence, the objects O(2) and (F o G)(O(2)) should be
isomorphic in A (A%). Such an isomorphism can be computed by applying the counit e: FoG —
idlcb(Ag) on O(2):

julia> € = CounitOfConvolutionReplacementAdjunction( 2 )

GAP: F( G( -) ) = Id

julia> €_02 = e¢( 02 )

<A morphism in Homotopy category( Additive closure( Algebroid( (Q * q_0) / [ -1x(x1¥y0)
+ 1k (x0*yl), -1x(x2*y0) + 1x(x0*y2), -1*(x2xyl) + 1*x(x1*xy2) 1 ) ) ) with active
lower bound O and active upper bound 0>

julia> IsWellDefined( e_O02 )

true

julia> Show( MorphismAt( e¢_02, 0 ) )
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0(2)
—Yo
—Y1
—Y2
ZoYo
ToY1
ZoY2
1Y
Z1Y2

0(2) & 0(1)% & 0(0)2° ~227, 0(2)

Let us check that €(O(2)) is an isomorphism and then compute its inverse:

julia> IsIsomorphism( ¢_O2 )

true

julia> inv_e_(2 = InverseForMorphisms( ¢_02 )

<A morphism in Homotopy category( Additive closure( Algebroid( (Q * q_0) / [ -1*(x1x*y0)
+ 1x(x0%yl), -1x(x2*y0) + 1x(x0*y2), -1*(x2xyl) + 1*x(x1*xy2) ] ) ) ) with active
lower bound O and active upper bound 0>

julia> Show( MorphismAt( inv_e_02, 0 ) )

0(2) ©® - - 02)® 0(1) & 0(0)%°

We can also verify that ¢(O(2)) is an isomorphism by checking whether J(e(O(2))) is an
isomorphism in D?(Ae). In fact, this is usually faster because checking whether a morphism ¢ in
the derived category is isomorphism amounts to checking whether the numerator of its defining
roof is a quasi-isomorphism.
julia> J_e_O2 = ApplyFunctor( J, ¢_02 )

GAP: <A morphism in Derived category( FunctorCategory( Algebroid( (Q * q_O_op) / [ 1*(
y1*x0) - 1x(yO*x1), 1*(y2*x0) - 1x(y0*x2), 1*(y2*x1) - 1x(yl1*x2) ] ) -> Category of
matrices over Q ) )>

julia> IsIsomorphism( J_e_O2 )

true

Since ICb(Cg) = ICb(Ag) via the abstraction functor and IC%A%) ~ D’(Aq) via the
YONEDA embedding, we get an equivalence

1:K(C§) = D(Aq).
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K (Kt (A5)) "t KH(CF) e K¥(a])
: -
L o ’Cb(AQ'prOj)
Kb (A%) DY(Aq)

Let us check that the images of O(0), O(1),O(2) under I o G belong to the standard Abelian
heart Ag-mod C D°(Ag).

julia> I = EquivalenceOntoDerivedCategory( €2 )
GAP: Equivalence functor onto derived category of endomorphism algebra

julia> Display( I )
Equivalence functor onto derived category of endomorphism algebra:
Homotopy category( Additive closure( The full subcategory {022, Q1, Q0} ) )
I
v
Derived category( The category of functors: Algebroid( End( Q2 @ Q1 & Q0 ) ) ->
Category of matrices over Q )

julia> IG_OO0 = ApplyFunctor( I, G_OO0 )

GAP: <An object in Derived category( The category of functors: Algebroid( End( Q2 ¢ Q1
@ Q0 ) ) -> Category of matrices over Q ) with active lower bound O and active
upper bound 0>

julia> CohomologySupport( IG_OO0 )
GAP: [ 0]

julia> IG_O1 = ApplyFunctor( I, G_O1 )
GAP: <An object in Derived category( The category of functors: Algebroid( End( Q2 ¢ Q1
@ Q0 ) ) -> Category of matrices over Q ) with active lower bound -1 and active
upper bound 0>

julia> CohomologySupport( IG_O1 )
GAP: [ 0]

julia> IG_O2 = ApplyFunctor( I, G_02 )
GAP: <An object in Derived category( The category of functors: Algebroid( End( Q2 ¢ Q1
@ Q0 ) ) -> Category of matrices over Q ) with active lower bound -2 and active
upper bound 0>

julia> CohomologySupport( IG_O2 )
GAP: [0 ]
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Since the cohomology is concentrated in degree 0, the objects HY((I o G)(O(i))),i = 0,1,2 live
in the standard Abelian heart of D?(Ag). In fact, their direct sum, say U, is a generalized tilting
object in Ap-mod. By HAPPEL’s theorem the derived functors

— @YU : DY(EndU) = D°(Aq) : RHom(U, —)

define an adjoint pair of exact equivalences. We refer to the Appendix E for a demonstration to
HAPPEL’s theorem.



CHAPTER 2

Category Constructors

One of the main design features of CAP [GSP22] is its support for:

e defining categorical doctrines;
e building category constructors which create instances of such doctrines.

We use the term doctrine, as already mentioned in the introduction, in a loose sense to describe
categories with specified additional properties or structures, e.g., additive, Abelian, monoidal, or
closed monoidal categories (cf. Appendix A).

A category constructor, as the name suggests, is a procedure which outputs a category as a
particular instance of a specific doctrine. Further we distinguish between

e doctrine-based category constructors;
e primitive category constructors.

A doctrine-based category constructor takes as input one or several categories 41, ...,%, of
specific doctrines Dy, ...,D, and outputs a category &/ as a particular instance of a specific
doctrine D according to the two following rules: The constructor

e specifies the data structure of the objects and morphisms in & in terms of objects and
morphisms of the input categories;

e expresses all defining categorical operations of the doctrine D (of its output category)
as algorithms written in terms of the categorical operations supported by the doctrines
Dy,...,D, (of its input categories).

In particular, these algorithms do not depend on the instances %7,...,%, but only on their
doctrines Dy, ..., D,.

For example, the category constructor AdditiveClosure takes as input a preadditive category
¢ and returns the additive closure €®, along with an embedding of € in ¢® which is universal
among all additive functors from % into an additive category (cf. Section 2.2.2). Another example
is the FREYD category constructor FreydCategory which takes as input an additive category &
and outputs another additive category A(%) along with an embedding of ¢ in A(%) which is
universal among all functors from % into a category with cokernels. In fact, A(%) is Abelian if
¢ admits weak-kernels (cf. Section 2.2.3).

We refer to category constructors that are not doctrine-based as primitive category con-
structors. For example, the constructor FreeCategory takes as input a quiver q and outputs
the free category Fy defined by q (cf. Section 2.1.1). Another example is the category construc-
tor RingAsCategory which takes as input a ring R and outputs the preadditive category %'(R)
consisting of a single object, say *, whose endomorphisms are the elements of R (cf. Section 2.1.2).

The attempt to implement doctrine-based constructors has led us to the development of new
categorical concepts:

(1) Our desire to develop a doctrine-based constructor for certain stable categories which
are described as quotients by two-sided ideals led us to the concept of classes of lifting

35
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and colifting objects (cf. Section 2.2.6). The two-sided ideal of such a stable category
consists of the morphisms that factor through an object in the class of lifting (reps.
colifting) objects. The central point is that the membership in such a two-sided ideal is
algorithmically decidable: Checking the membership translates to a lift or colift prob-
lem. This is essential for equipping the stable categories with a decidable equality of
morphisms (cf. Lemma 2.53). We use this stability notion to provide a unified construc-
tion for stable module categories by projectives or injectives (cf. Example 2.60), stable
categories of Frobenius categories (cf. Section 5.3) and for bounded homotopy categories
(cf. Theorem 3.29)'.

(2) Another example is the emergence of the concept of a Z-homomorphism structure of
a category %, which Posur proposed in his constructive approach to FREYD categories
[Pos21a]. Equipping a category % with a Z-homomorphism structure enables us to
translate two-sided equations in % into lift problems (i.e., one-sided equationsQ) in 9.
If ¥ is preadditive, then a Z-homomorphism structure enables us to reduce solving
arbitrary two-sided linear systems® in % to computing lifts in & (cf. Theorem 4.17).

Solving two-sided linear systems is essential for several category constructors, pri-
marily to ensure that the output category has decidable equality of morphisms. For
instance, the equality of morphisms in the FREYD category A(%) translates to a lift
problem in & (cf. Section 2.2.3); and the equality of morphisms in the bounded homo-
topy category KC°(%) translates to solving two-sided linear systems in %, which finally
reduces to computing lifts in the range 2 of the homomorphism structure on % (cf. Sec-
tion 3.2). Teaching a category constructor how to equip its output category with a
2-homomorphism structure is essential for almost all of the proposed approaches in
this thesis. This topic is covered in details in Chapter 4.

Meanwhile, the CAP universe* supports several categorical doctrines [CAP21b] and includes
various category constructors [CAP21c|. One can now compose the category constructors to
produce new instances of categories in which one can conduct the categorical operations supported
by their doctrines. A category that is created by composing two or more category constructors
will be referred to as a tower of categories. Such a tower necessarily starts by applying one or
more primitive category constructors on one or more data structures (e.g., sets, rings, quivers,
ete).

Let us illustrate the idea of towers by an explicit example: Let q a quiver (cf. Definition 2.1),
k be a field and k-mat the category of matrices over k (cf. Section 2.1.3). Then

(1) Fy = FreeCategory(q) outputs the universal free category F, generated by q. That is,
this category constructor adds formal identity morphisms and enables us to compute
composition of morphisms (cf. Section 2.1.1).

(2) kFq = LinearClosure(k, F,) outputs the universal k-linear closure kFq of Fyq. That
is, this category constructor adds formal k-linear combinations of morphisms in Fy
(cf. Section 2.2.1).

Let p be finite set of morphisms in kF;. Then

land even FREYD categories (cf. Corollary 2.65).

2Any lift morphism a: A — C along 3: B — C'is a solution to the one-sided equation X+ = a.

3Hence, a Z-homomorphism structure on a % can be used to derive methods for lifts and colifts
operations in ¥ as they are special linear systems.

4That is, all of the packages that are based on CAP [CAP21d].
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(3) & = kFq/(p) = Algebroid(kFy,p) outputs the k-linear finitely presented category
defined by q subject to the relations p, i.e., the quotient category of kF; modulo the
two-sided ideal of morphisms generated by p (cf. Section 2.2.5).

(4) mod-&/ = [&/,k-mat| := FunctorCategory(</,k-mat) outputs the category of k-
linear functors from &/ to k-mat, which is k-linear Abelian and equipped with a
(k-mat)-homomorphism structure (cf. Sections 2.2.7 and 4.2).

We can perform homological algebra computations over mod-.¢/. For instance,

(5) C’(mod-<7) = ComplexCategoryByCochains(mod-4/) outputs the bounded cochain
complex category of mod-«7, which is Abelian (cf. Section 3.1) and is equipped with a
(k-mat)-homomorphism structure (cf. Section 4.4).

(6) K(mod-<7) := HomotopyCategoryByCochains(mod-</) outputs the bounded homo-
topy category of mod-<7, which is triangulated (cf. Section 3.2), has decidable equality
of morphisms (cf. Corollary 3.26) and is equipped with a (k-mat)-homomorphism struc-
ture (cf. Section 4.5).

If o7 is admissible, then mod-47 is Abelian with enough projective and injective objects (cf. Corol-
lary 2.96). If, furthermore, mod-./ has finite global dimension®, then

(7) D’(mod-<7) = DerivedCategoryByCochains(mod-</) outputs the bounded derived
category of mod-./, which is triangulated (cf. Section 3.4), has decidable equality of
morphisms (cf. Theorem 3.63) and is equipped with a (k-mat)-homomorphism structure
(cf. Section 4.5). In particular, given two objects A, B in mod-</, we can employ the
(k-mat)-homomorphism structure of D?(mod-.<7) to compute a basis of

Ext" (4, B) = Homps (mod..z) (A 5" (B)).

A categorical computation at the top category of a tower is usually accomplished by (1)
incrementally unwrapping portions of the passed arguments until they are represented in terms
of the algebraic or combinatorial data structure at the bottom of the tower, (2) performing the
computation, and then, (3) wrapping the results all the way up to the top category to obtain the
result. In almost all cases, the categorical operation must compute several intermediate values
before returning the final result®. In these cases, the frequent wrapping and unwrapping adds
overhead to the computations, slowing them down. This overhead can be avoided by reworking
the algorithms of the top category to interact directly with the given data structure, bypassing
the categories underneath. In other words, we “compile” the composition of category constructors
forming the tower to a primitive category constructor. For instance, if we compile the preceding
tower forming the category mod-</, we recover the category rep(q, p) of finite dimensional p-
bounded quiver representations of q (cf. Section 2.2.7). The QPA2 [Qt21] provides a primitive
category constructor’ which creates this category. Another example for this idea is discussed in
Section 2.2.3.

Reworking the algorithms of the top category allows us to take advantage of some of the
features of the low-level data structure that would be inaccessible by a rigid categorical im-
plementation. Yet, as category constructors get more complex, compiling them as primitive
constructors becomes more cumbersome and error-prone, not to mention that the mathematics

For example, if q is acyclic (cf. Corollary 2.96).
SEspecially if the operation has been derived from other basic operations (cf. [Gut17]).
See Category0OfQuiverRepresentations
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behind the code becomes increasingly difficult to grasp, hence, making it harder to maintain the
code.

The primary goal of the GAP package CompilerForCAP [Zic22] is to automate such conver-
sions of high-level algorithms to low-level algorithms that operate directly on the provided data
structures. Additionally, the user can assist the compiler by providing additional rewriting rules
to enhance the generated code’s quality. In other words, one may keep building doctrine-based
implementations while the compiler handles the conversion of their composite to primitive con-
structors.

2.1. Primitive Category Constructors
In this section we list the primitive category constructors that are relevant to this thesis.

2.1.1. Free Categories Defined by Quivers. Finite dimensional k-algebras over some
field k are often studied in terms of quivers (see e.g., [DW17] and [ASS06]). Quiver are essen-
tial for defining finitely presented categories (cf. Section 2.2.5) and their categories of functors
(cf. Section 2.2.7), and to visualize strong exceptional sequences in k-linear triangulated categories
(cf. Section 6.2).

Let us first state the definition of a quiver:

Definition 2.1. A right quiver® q consists of the following data:

(1) A finite set qo (vertices).

(2) A finite set q; (arrows).

(3) Two maps §,t: q1 — (o, called the source resp. range maps.
A path p of length £ > 1 in a right quiver q is a sequence p = riry ... 7y of arrows in ¢; such that
t(r;) = s(rjyq1) for i = 1,...,4 — 1. We define s(p) by s(r1) and t(p) by t(r¢). For each vertex
v € qo, we define the trivial path e, of length 0 with s(e,) = t(e,) = v. The quiver q will be
called an acyclic if s(p) # t(p) for all nontrivial paths in q.

Given a quiver ¢, we can turn q into a category by formally equipping all objects with identity
morphisms and then defining the composition in term of a concatenation of paths:

Definition 2.2. Let q be quiver. The free category®’ Fy generated by q is defined by the
following data:
(1) The object class is qo.
(2) For two objects u,v, we define Homg, (u,v) by the set of all paths from u to v.
(3) Composition of morphisms is defined by the concatenation of the underlying paths.
(4) The identity morphism of an object u is the trivial path e,,.

2.1.2. (Graded) Ring as a Preadditive Category. Every ring can be interpreted as a
preadditive category:

Definition 2.3. Let R be unital ring. The ring category'’ of R, denoted by %(R), is
defined by the following data:
(1) The object class consists of a single object, say .

8The term right is adapted from the GAP package QPA2 [Qt21]. The distinction between right and left
quivers only affects the definition of a path in the quiver.

9The associated category constructor is FreeCategory(-) [BS21al.

0The associated category constructor is RingAsCategory [BP19a].
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(2) Homg (g)(*,*) = R.

(3) The composition of two morphisms r+s is defined by their multiplication rs as ring
elements.

(4) The identity morphism of x is defined by the unit of the ring.

Remark 2.4. The category ¢ (R) has decidable equality of morphisms if and only if R is con-
structable, i.e., we have an algorithm to decide equality of elements in R.

Remark 2.5. With this interpretation in mind, we can think of a right (resp. left) R-module
as an additive covariant (resp. contravariant) functor from %’(R) to the category Ab of Abelian
groups.

Remark 2.6. If R is k-algebra for some commutative ring k, then € (R) is a k-linear category.

The same can be done for graded rings:

Definition 2.7. Let G be an additively written Abelian group. A ring R is called G-graded
if there is a subring Ry C R and for every g € G an Rp-submodule R, such that

R=PR,
geG
and RyRy, C Rgyyp, forall g, h € G. A nonzero element € R, is called homogeneous of degree
g and we write degx = g.
Every graded ring defines a preadditive category:

Definition 2.8. Let R = @ ¢ Ry be G-graded ring. The graded ring category'! of R,
denoted by €' (R, G), is defined by the following data:
(1) The object class of € (R, G) is given by G.
(2) For two objects g and h we define Home (g, ¢)(g, h) = Rn—g.
(3) The identity morphism of an object h € G is given by 1 € Ry.
(4) The composition is inherited from the ring multiplication.

Remark 2.9. ¥ (R, G) has decidable equality of morphisms if and only if R is constructable.
Remark 2.10. If Ry is a commutative ring, then ¢’ (R, G) is an Ry-linear category.

2.1.3. Category of (Graded) Rows of a (Graded) Ring. The category of rows over
a ring R provides a model for category of free row R-modules with finite rank. This category is
useful because its FREYD category provides a computer friendly model for the category R-fpmod
of finitely presented R-modules (cf. Section 2.2.3).

Definition 2.11. Let R be a ring. The category R-rows of rows'? over R is defined by the
following data:

(1) The object class is Ny.

(2) For objects m and n, we define Homp yows(m,n) := R™*™.

(3) The composition is defined by the usual matrix multiplication.

(4) The identity morphism of an object n € Ny is given by the identity matrix I,, over R.

HThe associated category constructor is GradedRingAsCategory [BP19a].
12The associated category constructor is Category0fRows [BP19a].
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Remark 2.12. Similarly, we can define the category of columns R-cols. It is easy to check that
R-cols = (R-rows)°P.

Remark 2.13. Obviously, R-rows (resp. R-cols) has decidable equality of morphisms if and
only if R is constructable.

Remark 2.14. If R is a nonzero commutative ring, then it has the invariant basis number
property'®. In this case, R-rows provides a skeletal model for the full subcategory of R-mod'
that is generated the free R-modules of finite rank.

Remark 2.15. For an arbitrary ring R, the category R-rows is additive. If R is a k-algebra for
a commutative ring k, then R-rows is a k-linear category.

Example 2.16. For a field k, the category k-rows is Abelian. The majority of the required
algorithms (cf. Definition A.44) can be derived from (GAUSSIAN ALGORITHM. It is obvious that
k-rows is equivalent to the category vecy of finite dimensional k-vector spaces via:
k-rows — vecy,

m s klxm
klxm N klxn
9

T — x - A.

F:
A {
m—n

If we equip each object V' in vecy with an ordered basis B(V'), then a morphism f: V — W
in vecy, corresponds in k-rows to the morphism Ay: dimg V' — dim, W where Ay is the matrix
of f with respect to B(V) and B(W).

Notation 2.17. For a field k, we might use the notation k-mat (stands for category of
matrices over k) instead of k-rows.

The category of graded rows R-grrows over a graded ring R provides a model for the full
subcategory of R-grmod!® that is generated by the graded free R-modules of finite rank.

Definition 2.18. Let R be a G-graded ring. The category R-grrows of graded rows'® over

R is defined by the following data:
(1) The object class is U, ey, G", i-e., the objects are the finite tuples of elements in G.

(2) A morphism from d = [di,...,d,] € G" to e = [e1,...,e;] € G' is a matrix F €
R™! such that F has homogeneous entries and Fij = 0 or degF; j = ej — d; for all
j=1,...,t, ¢ =1,...,n. Two such morphisms F,G: d — e are considered equal in

R-grrows if they are equal as matrices.
(3) The identity morphism of an object d € G™ is the identity matrix I,,.
(4) The composition is given by the usual matrix multiplication.

Remark 2.19. R-grrows has decidable equality of morphisms if and only if R is constructable.

Remark 2.20. The category R-grrows is additive. Furthermore, if Ry is commutative, then
R-grrows is Ry-linear.

I3A ring R has invariant basis number (IBN) if for all positive integers m and n, R?*™ = R'*™ (as
left R-modules) only if m = n.

1R mod denotes the category of finitely generated R-modules.

15R—grmod denotes the category of finitely generated graded R-modules (cf. Remark 2.36).

16The associated category constructor is Category0fGradedRows [BP19a].
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2.2. Doctrine-based Category Constructors

In this section we list the doctrine-based category constructors that can be applied on the
categories introduced in Section 2.1.

2.2.1. Linear Closure Categories. Every category ¢ can be embedded in a k-linear cate-
gory for any commutative unital ring k.

Definition 2.21. Let k be a commutative unital ring. We define the k-linear closure!” k¢
of a category ¥ by the following data:

e The objects of k% are the objects of 4.

e For a pair A, B of objects in k% we define Homy4 (A, B) by the k-module freely gener-
ated by Homy (A, B), i.e., morphisms in k% are finite formal k-linear combinations of
morphisms in €. The identity morphisms are inherited from %.

e The composition is the k-bilinear extension of the composition in % to k%.

Remark 2.22. There exists a natural embedding of € in k% is defined by

& — k%,
L A — A,
a:A—- B —1;-«a.

Furthermore, this embedding ¢ is universal among the functors from % to a k-linear category.

Example 2.23. The main instance for ¢ we have in mind is the free category F; defined by
some quiver q (cf. Section 2.1.1).

2.2.2. Additive Closure Categories. Every preadditive category can be embedded in an
additive category.

Definition 2.24. Let € be a preadditive category. The additive closure'® €9 of ¢ is
defined by the following data:
a. An object in €'? is given by an integer m > 0 and a list (A1, ..., A,,) where A; belongs
to€ foralli=1,...,m.
b. A morphism from an object (41,...,A;,) to another object (Bi,...,By,) is given by a

matrix
a1 coe

am1l ... Qmn
consisting of morphisms «;;: A; = B; in €.
(1) We define the composition by the usual formula for matrix multiplication.
(2) The identity morphism of an object (Ay,..., A,,) is given by the diagonal matrix

ida, 0

0 idg

Equality for morphisms is checked entrywise.

m

1"The associated category constructor is LinearClosure in [BP19a] resp. Algebroid in [BHP*21].
18The associated category constructor is AdditiveClosure(-) in [BS21a] resp. [BP19al.
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Remark 2.25. Clearly, €% has decidable equality of morphisms if and only if ¢ has decidable
equality of morphisms.

Remark 2.26. There exists a natural embedding functor

4 — €9,
L: o
A% B —(4) Y (B

Furthermore, this embedding is universal among the additive functors from % to an additive
category.

Example 2.27. The categories of rows and graded rows are equivalent to additive closure
categories:
e If R is a unital ring, then R-rows = % (R)® (cf. Sections 2.1.2 and 2.1.3).
e If R a G-graded ring for an Abelian group G, then R-grrows ~ %(R,G)% (cf. Sec-
tions 2.1.2 and 2.1.3).

2.2.3. Freyd Categories and Finitely Presented (Graded) R-Modules. The FREYD
category constructor takes as input an additive category ¥ and outputs a new additive category
A(%) that is equipped with cokernels in a universal way. The category A(%) comes with a natural
functor ¥ — A(%) which is universal among all functors from % into a category admitting
cokernels. FREYD categories can be used to model the category of finitely presented (graded)
modules over coherent (graded) rings (cf. Definition 2.32). The original treatment can be found
in e.g., [Fre66] and [Bel00], while [Pos21a] and [Pos21b] offer a constructive approach to these
categories.
Let us first state the definition of FREYD categories:

Definition 2.28. Let € be an additive category. The Freyd category'? A(%) consists of
the following data:

(1) An object in A(%) is simply a morphism in €.
(2) A morphism in A(%) from (A1 LN Bl) to (A2 2, Bz) is given by a morphism B £> B
in ¢ for which there exists a morphism A; = A, rendering the diagram
¥1

Aq B
X O B
v
Az Y2 B

commutative. We call 5 the morphism datum and x a morphism witness. Two
morphisms Bj i Bs, By ’6% By from (A1 LN Bl) to (Ag RN Bg) are declared to be
equal in A(%) if there exists a morphism \: By — Aj such that 5 — 8/ = A« pa.

(3) Composition and identities are directly inherited from .

Remark 2.29. Clearly, A(%) has decidable equality of morphisms if and only if 4" has decidable
lifts (cf. Definition A.8).

9The associated category constructor is FreydCategory in [BP19a].
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FREYD categories provide a universal way to equip an additive category with cokernels
(cf. [Pos21al]). In order to equip it with kernels, we need to require more assumptions on %.

Definition 2.30. Let ¢: A — B be a morphism in €. A weak-kernel?® of ¢ consists of the
following data:

(1) an object K in ¥ (weak-kernel object),

(2) a morphism ¢: K — A such that ¢+p = 0 (weak-kernel morphism) and

(3) for any morphism 7: T — A with 7+¢ = 0, a lift morphism A: 7" — K of 7 along ¢
(weak-kernel lift).

A category % is said to have weak-kernels if we have an algorithm which for a given morphism
 computes a weak-kernel of ¢.

The following is the fundamental theorem in FREYD categories (see e.g., [Fre66] and [Pos21a,
Corollary 3.16]).

Theorem 2.31. Let € be an additive category. Then A(€) is Abelian if and only if € has
weak-kernels.

FREYD categories have a variety of applications (see e.g., [Pos21a] and [Pos21b]), but we
are mainly interested in using them to construct finitely presented (graded) categories over so-
called left/right computable rings. We will use FREYD categories in Section 5.3 to construct the
following two (FROBENIUS) categories:

e The category E-fpmod of finitely presented left F-modules over an exterior k-algebra
E = kleg, ..., ey] for some field k,

e The category E-fpgrmod of finitely presented graded left F-modules over a Z-graded
exterior k-algebra E = kleg,...,ey] for some field k. If we assume degey = dege; =
... =dege, = —1, then the stable category of E-fpgrmod modulo projectives is equiv-
alent to the bounded derived category D°(P?) via the BGG correspondence [BGGT78],
[EFS03].

The following definition characterizes the rings whose categories of rows have weak-kernels.

Definition 2.32. Let R be a ring. Then

(1) R is called left coherent if for any matrix A over R, we can compute a matrix L such
that LA = 0 and for any matrix T with TA = 0, there exists a matrix U such that UL = T.

(2) R has decidable lifts if there is an algorithm to decide solvability and construct a
particular solution of linear systems XA = B for given matrices over R.

(3) R is called left computable if it is left coherent and has decidable lifts.

(4) R is called right computable if R°P is left computable.

(5) R is called computable®! if it is left and right computable.

The following rings are (left) computable:

Example 2.33. (1) A constructive field k with the GAuUssian normal form algorithm,
i.e., an algorithm to compute the row reduced echelon form (RREF).
(2) An EucLiDean ring with a Hermite normal form algorithm, e.g., R = Z or R = k[z],
where k is a constructive field.

20The dual notion is weak-cokernel.
2lThe original axiomatization of computable rings can be found in [BLH11].
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(3) Any ring R with a GROBNER basis notion and equipped with an algorithm to compute
reduced GROBNER bases, e.g., the polynomial ring R = k[zo,...,z,] or the exterior
k-algebra R = klep, ..., en].

In particular, we get the following:

o A(R-rows) is Abelian if and only if R is left coherent.
o A(R-rows) is Abelian and has decidable equality of morphisms if and only if R is left
computable.
e Let R be commutative and computable. Then A(R-rows) is a closed monoidal Abelian
category with enough projectives. It is also equipped with an A(R-rows)-homomorphism
structure. In this case, the three functors
— the external Hom functor on A(R-rows),
— the internal Hom functor of the closed monoidal structure on A(R-rows) and
— the bifunctor of the A(R-rows)-homomorphism structure on A(R-rows)

are equivalent (see [Pos21a] and [BP19b]).

Example 2.34. Let R be a left computable ring and R-rows the category of rows over R
(cf. Definition 2.11). We can construct the FREYD category A(R-rows) as a tower of categories:
(1) R-rows := Category0fRows(R); (~ AdditiveClosure(RingAsCategory(R)));
(2) A(R-rows) := FreydCategory(R-rows).
If we manually compile?? this tower we recover the definition of the category R-fpres of finite
left R-presentations?®. This category is used in [hom22] to model the category R-fpmod
(cf. [BLH11], [Pos17] or [DLO06]). In the following we state the definition of this category:

Definition 2.35. Let R be a ring. The category R-fpres is defined by the following data:

(1) An object is simply a finite dimensional matrix over R.

(2) A morphism from an object M € R™*" to N € R**! is a matrix F € R™*! for which the
equation MF = XN is solvable for X. Two such morphisms F,G: M — N are considered
equal if the equation F — G = XN is solvable.

(3) The identity morphism of M € R"™*™ is the identity matrix I,.

(4) The composition is given by the usual matrix multiplication.

For a left computable ring R, the category R-fpres is Abelian and has decidable equality
of morphisms. If, furthermore, R is commutative, then R-fpres is a closed symmetric monoidal
category. See [Gutl7] and [Pos17] for details.

Let us illustrate this category by a concrete example. Let R = Q[x,y] and consider the
following two objects in R-fpres:

-2y 2z —T —z? -z
M—(x2—2y T ),N—( -3z 2x )
-y Y ?y—y  —y
Then the matrices

o (4 dmtd (320 +4 322° + 322% + 4z + 4
Tz 2242 )07yt oyt +yt+ 2t + o

221.6., turn it to a primitive category constructor.
23The associated primitive category constructor is LeftPresentations in [GP21b].
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define equal morphisms®* F,G: M — N in R-fpres because F — G = XN for

X — < 3223 . . )
%a:y4 %x2y4+%xy4—%y4 %xy?’—l—y:s ;

H:<x 1 )
y -y

does not define a morphism H: M — N in R-fpres because the equation MH = XN is not solvable?”
for X over R.

Let us take a closer look at the equivalence R-fpmod ~ R-fpres. For each module M in
R-fpmod there exists m,n € Z, a matrix py; € R™*™ and an exact sequence

while the matrix

T
M Rixn M

Rlxm M.

The matrix pjs in the above sequence is called a presentation matrix of M. Let N be
another module in R-fpmod with a presentation matrix py € R***. Due to the fact that free
modules are projective, any R-homomorphism ¢: M — N induces two morphisms p, and A,
which render the following diagram

Rl xXm PM Rl xXn ™ M
)\Lp O He O 2
Rl Xs PN Rl Xt ™ N

commutative. On the other hand, every pair of morphisms A, u with pasrep = A« pn gives rise to
a morphism ¢, : M — N defined by the cokernel colift of p+7xn along my;.

Denote by Qs n the set of all pairs (A, u) of morphisms with pprep = A+py. We define on
Qus,n the equivalence relation ~ s n as follows: (A, ) ~prn (N, @) if p— g/ lifts along py.

A straightforward verification shows that there exists a one-to-one correspondence between
Homp fpmod (M, N) and Qs n/ ~um,n. Furthermore, if (A, ) and (N, ') belong to Qas,n and
po= ', then (A, pu) ~yn (N, '), ie., the ~p n-equivalence class of (A, p) is independent of
the choice of . Hence, we can refine the above correspondence as follows: we define Q2 y by
the set of all morphisms p: R™™ — R such that pys-p is liftable along py and declare two
such morphisms p and ' as equivalent if  — p’ is liftable along py. Similarly, we can prove the
existence of a one-to-one correspondence between Hom R_fpmod(M ,N) and Qpar v/ ~mN-

That is, the object

—2y —2z
M=| 22—-2y =
-y Y

in R-fpres corresponds in R-fpmod to the R-module
coker(M) := coker(R1X3 LN R1X2> >~ RIX2 /RISy,
24They are syntactically different but semantically equal (cf. Remark A.5).

25This can be checked by the RightDivide operation in the GAP package RingsForHomalg
[BGK*21a].
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i.e., using the language of generators and relations, coker(M) has two generators mj, mo subject
to three relations
{—2ym; — 2xma, (2® — 2y)my + xma, —ymy — y>ma}.
Similarly, coker(N) has two generators ni, ng subject to three relations
{—any — (2* + 2)na, —3xny + 2209, (2%y —y)n1 — yna}.
Moreover, the morphisms F,G: M — N correspond in R-fpmod to the R-homomorphisms

coker(M) — coker(N)

frqam = 4dng + (4o + 4)ng
ma = xng + (22 + 2)na.
and
coker(M) — coker(N)
g: < my (3221 + 4)ny + (322° + 3221 + 4 + 4)ny
ma = (vt @)+ (eyt + oyt 2 a)ng

which are equal since

F-<Z;>:(G+XN)-(Z;):G-(Z;).

For an implementation of the above equivalent models for R-fpmod we refer to the GAP
packages [BP19a], [BS21c] or [GP21b]|. For a software demonstration we refer to their manuals
and to Appendix C.

Remark 2.36. Let R be a G-graded ring. A left G-graded R-module M is a left R-module such

that
M =P M,
heG
where every My, is an additive subgroup of M, and for every g, h € G we have
RyMy, C My p.

Since RoMj; C Mj we see that every Mj is an Rp-submodule of M. A nonzero element
x € Mjp, is called homogeneous of degree h and we write degx = h.

Let M, N be two G-graded R-modules. An R-homomorphism ¢: M — N in R-Mod is
called graded of degree d € G if p(M},) C Njyq for all h € G. The set of all graded morphisms
of degree d € G will be denoted by Homgy(M, N). Obviously, Homg(M, N) is a subgroup of
HOHlR_MOd<M, N)

We define R-grmod by the subcategory of R-mod whose objects are the G-graded R-modules
and whose morphisms from an object M to N are the graded R-homomorphisms of degree 0, i.e.,
Hompg grmod (M, N) := Homgy(M, N).

Let M be an object in R-grmod and h € G. We denote by M (h) the left G-graded R-module
whose homogeneous parts M (h)g := My, for all g € G. For instance, the element 1 € R(h) is
homogeneous of degree —h; and if ¢: R(g) — R(h),r — rz is a homomorphism of left G-graded
R-modules, then z is a homogeneous element with degz =h — g or x = 0.
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For instance, if R is the Z-graded polynomial ring Q[z,y] with degz = degy = 1, then

1'2
T 2
0: R(—2) @ R(—4) & R(=3) ——2 " R(0)

is a homomorphism of left Z-graded R-modules. Furthermore, v = (zy 1 y) € R(—2)® R(—4) &
R(—3) has degree 4 and ¢(v) = 23y + y* + zy® has also degree 4 in R(0).

Example 2.37. Let R be a G-graded ring and R-grrows the category of graded rows over
R (cf. Definition 2.7). Analogously to the above example, the simplified version of A(R-grrows)
is called the category of finite graded left R-presentations and is denoted by R-grfpres. In
the following we state the definition of this category:

Definition 2.38. Let R be a G-graded ring. The category R-grfpres is defined by the
following data:

(1) An object is a tuple M := (M,d) € R™*™ x G" for m,n > 0 such that
(a) M is a matrix with homogeneous entries and

(b) di —degM; 1 =dy —degMjp =---=dy —degM;, foralli=1,...,m and M; j # 0.
(2) A morphism from (M,d) € R™ " x G" to (N,e) € R**! x G* is a matrix F € R"*! such
that

(a) F is a matrix with homogeneous entries,
(b) the equation MF = XN is solvable for X and
(c) we have e; —degF;; =d; forall j=1,...,¢t, i=1,...,nand F; 5 # 0.
Two such morphisms F, G are considered equal in R-grfpres if F — G = XN is solvable for
X.
(3) The identity morphism of an object (M,d) € R™*"™ x G™ is the identity matrix I,.
(4) The composition is given by the usual matrix multiplication.

Similar to the nongraded case, if R is left computable, then R-grfpres is Abelian and has
decidable equality of morphisms. Furthermore, if R is commutative, then R-grfpres is a closed
symmetric monoidal category. See [Gutl7] and [Posl7] for details. Similarly, we obtain the
equivalences

R-fpgrmod ~ R-grfpres = A(R-grrows)
where R-fpgrmod is the category of finitely presented graded R-modules, i.e., the full subcat-
egory of R-grmod generated by the cokernels of morphisms between graded free R-modules of
finite rank.

Let us illustrate the above model for the Z-graded polynomial ring R := Q[z,y] with degx =
degy = 1. The following tuples

3zy + 5y2 —3x + 5y
(M, d) = —2x2 3z ,[1,0] |,

—x
. 922 — dxy —18x3 + 8x%y
(N e) = (( ldzy + 15y%2  —28z2y — 301> ) (2, 3]>
are well-defined objects in R-grfpres, and the matrix

-9z + 4y 1822 — 8zy
F= 2 2 3 2 2
—3z° — 8xy — 10y 6x° + 16x°y + 20y
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is a well-defined morphism from (M, d) to (N, e).
The object (M,d) corresponds in R-fpgrmod to

M := coker(R(~1)** & R(0) —"— R(1) @ R(0))

i.e., to a graded R-module generated by two elements m1, me with degm; = —1 and degmo = 0,
subject to the relations
{(Bzy + 5y2)m1 + (—3x + by)ma, —22%my + 3zma, —xmq}.

Similarly, (N, e) corresponds to
N = coker (R(0)*2 —"— R(2) & R(3))
which is generated by two elements nq,no with degn; = —2 and degne = —3, subject to the
relations
{(92% — 4zy)ny + (=182 + 82%y)ny, (14xy + 15y*)ny + (—28z%y — 30zy*)ns}.
The morphism F: (M,d) — (N, e) corresponds in R-fpgrmod to the morphism

M — N
fiAm1 = (=92 + 4y)ny + (1822 — 8xy)na,
my > (=322 — 8xy — 10y?)ny + (623 + 1622y + 202y )ns.

An implementation of the above models of R-grmod can be found in the GAP packages
[BP19a], [BS21b] and [Gut21].

2.2.4. Quotient Categories. Analogous to quotient groups, rings and modules, a quotient
category can be obtained from a category by identifying sets of morphisms. Many important
category constructors can be recovered as quotient categories:
e The finitely presented categories defined by quivers with relations as we will see in
Definition 2.47;
e The (bounded) homotopy categories as we will see in Theorem 3.29;
e The FREYD categories as we will see in Corollary 2.65.

In the following we state the definition of quotient categories:

Definition 2.39. Let € be a category. A congruence relation ~ on ¥ is an equivalence

relation ~ on morphisms of € such that

e o ~ (3 implies that o and S have the same source and range.

o If a1 ~ Q9 and 51 ~ 62, then 061'51 ~ 052°52.
For two object A and B in %, we denote the restriction of ~ to Homy(A, B) by ~4B. The
equivalence class of a morphism a: A — B will be denoted by [o]. We define the quotient
category %/ ~ by the following data:

(2) For two objects A and B in €/ ~ we define

Homg. (A, B) := Homg (A, B)/ ~*5,

i.e., the set of all equivalence classes in Homg (A, B) with respect to ~4B_ Hence, a
morphism in Homg (A, B) is of the form [a] for some a: A — B in %.
(3) Composition and identity morphisms are directly inherited from .
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Remark 2.40. The functor [|: € — €/ ~, a — [a] will be called the quotient functor
associated to ¢’/ ~. It can be shown that any functor Q: ¢ — & for which ¢ ~ 1 implies
Q(¢) = Q(¢) for all ¢, 1) in € colifts uniquely along [ |: € — €/ ~ (see e.g., [ML98, Proposition
11.8.1]).

The following is an immediate consequence of the definition:

Remark 2.41. The category 4’/ ~ has decidable equality of morphisms if and only if we have
an algorithm which for a given pair of morphisms «, 3: A — B decides whether o ~45 3.

Remark 2.42. Suppose % is a (pre)additive category equipped with a congruence relation ~. We
call ~ additive if following holds: For given objects A, B in €, if oy ~*P ay and 1 ~B Sy,
then a; 4+ 81 ~B ag + Bo. In this case, the quotient category %/ ~ is also a (pre)additive
category.

It turns out that the concept of additive congruence is equivalent to the concept of two-sided
ideal of morphisms in (pre)additive categories:

Definition 2.43. Let %€ be a preadditive category. A two sided ideal of morphisms [ in
% is a set of morphisms in % such that
a. For a given pair of objects A, B in € the set 14 p = I N Homy (A, B) is a subgroup of
Homy (A, B).

b. For a given pair of morphisms A = B 5 Cin C,ifaclorpBelthena-pgel.

Remark 2.44. Let € be a (pre)additive category.

(1) Let ~ is an additive congruence in ¢. Then the set of all morphisms « in & for which
[a@] =0 in €/ ~ defines a two sided ideal of morphisms.

(2) Let I a two sided ideal of morphisms in . Then we can define the following additive
congruence: For two morphisms «a, 8 in ¢, a ~ 8 if @ and § have the same source and
range and o« — 8 € I. The (pre)additive category %’/ ~ will be called the quotient
category of ¥ by I and will usually be denoted by € /I.

(3) By Remark 2.41, the category %’/I has decidable equality of morphisms if and only if we
have an algorithm which decides for a given morphism «: A — B in ¥ whether « € I.

Stable categories are special case of quotient categories:

Example 2.45. Let € be a (pre)additive category and L a class of objects in 4. We denote
by I the two-sided ideal of morphisms that is generated by the identity morphisms of objects in L.
In this case, we call /I the stable category of ¢ modulo £ (cf. Section 2.2.6). In particular,
a morphism « in € becomes zero in ¢'/1 if and only if « factors through some object in L.

2.2.5. Finitely Presented Categories Defined by Quivers with Relations. For a
quiver q, we can construct the free category Fq (cf. Section 2.1.1). For a field k, we can construct
the k-linear closure kFy of Fy (cf. Section 2.2.1). Sometimes we want to enforce equality between
certain paths in Fy, or more generally, we want to consider one or more k-linear combinations
of paths as zero morphisms in kF;. The right framework for achieving this goal is provided by
finitely presented categories. Finitely presented categories have many applications in this thesis:

e Their functor categories provide models for categories of left and right modules over
finite dimensional algebras (cf. Section 2.2.7).
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e They can be used to visualize k-linear subcategories with a finite number of objects. See
for example the abstraction k-algebroid of a strong exceptional sequences in Section 6.2.

e They can be used to test hypotheses which are based on a finite number of objects and
morphisms with relations. In certain cases, we can provide generic constructive proofs of
these hypotheses, particularly in the context of “equational proofs” that include checking
complicated equalities or solving two-sided inhomogeneous linear equations. See for
example Lemma 5.17. They can be even used to prove theorems in Abelian categories,
see for example [BK21] and [Pos22].

In the following we state the definition of finitely presented categories defined by “categorical
relations”:

Definition 2.46. Let q be a quiver and F; the free category defined by q (cf. Definition 2.2).
If we want to identify two paths p = rire...rp, p' = rirh ... r} with s(p) = s(p’) and t(p) = v(p'),
we might take the quotient category F;/ ~ where ~ is the smallest congruence relation on F for
which p ~ p’. The same procedure can be used to identify more paths. Such quotient categories
are usually called finitely presented categories.

The following is the definition of k-linear finitely presented categories defined by k-linear
relations:

Definition 2.47. Let k be a commutative ring and kFy the k-linear closure of F;. For a
finite set p of morphisms in kFy, we denote by (p) the two-sided ideal of morphisms generated by
p- The quotient category kFy/(p) will be called the k-linear finitely presented category (or
the k-algebroid) defined by q subject to the set of k-relations p. The set p is called admissible
if there exists t > 2 with m! C (p) C m? where m is the two-sided ideal of kFq generated by the
arrows of ¢. In this case, we say kF,/(p) is admissible as well.

Remark 2.48. If q is acyclic, then kFy/(p) is admissible if and only if every element in p is a
formal k-linear combination of paths of length at least 2.

Remark 2.49. The GAP package QPA2 [Qt21] provides, among other things, the basic interfaces
to quivers, paths algebras and their quotient algebras. It has been used for implementing the
finitely presented linear categories in Algebroids [BHP21].

Example 2.50. The endomorphism algebra End kF; of kFy is usually called the path k-
algebra of q. If p is a set of relations in kF; then

End(kFq/(p)) = (End kFq)/(p)
where End(-) is defined in Definition A.29.

Remark 2.51. If the category kFy/(p) is admissible, then it is Hom-finite. In this case, as the
endomorphism algebra End(kFy/(p)) is finite dimensional, we can use the theory of noncommuta-
tive GROBNER bases to decide the equality of morphisms in kFy/(p) (see for example [DMR99,
Section 2.4] and [Gre99)).

2.2.6. Stable Categories Defined by Classes of (Co)Lifting Objects. Let ¢ be a
preadditive category and let £ be a class of objects in 4. We have already seen in Example 2.45
that the stable category %/L is the quotient category of ¥ modulo the two-sided ideal of all
morphisms that factor through an object in £. The class £ might contain infinitely many objects,
hence the problem of deciding the equality of morphisms in % /L can not a priori be solved
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algorithmically. However, this changes if the class £ is equipped with “extra properties”: For
example, if € is Abelian with enough projectives and L is the class of projective objects in %,
then a morphism ¢: A — B in % factors through an object in £ if and only if it is liftable along
some epimorphism £4: P4 — A for an object P4 € L. In this section we introduce the concept of
classes of (co)lifting objects in preadditive categories as an abstraction of these “extra properties”.
Our approach provide the following two computational features:

e The decidability of the equality of morphisms in the stable category translates to a
(co)lift problem in ¥ (cf. Remark 2.56).

e Under relatively simple assumptions, we will be able to elevate a Z-homomorphism
structure from ¢ to the stable category (cf. Theorem 4.23).

In Theorem 3.29 and Corollary 2.65 we prove that homotopy categories and FREYD categories can

be constructed as stable categories associated to certain classes of colifing objects. The concepts

introduced in this chapter has been implemented in the GAP package StableCategories [Sal2le].
In the following we state the definition of classes of lifting objects:

Definition 2.52. Let € be an additive category. A class of lifting objects on ¥ consists
of the following data:

(1) A distinguished class of objects £ in €.

(2) Every object A in ¥ is assigned a distinguished morphism ¢4: L4 — A with L4 € L.
Furthermore, if A belongs to £, we require £4 to be a split-epimorphism.

(3) For every morphism ¢: A — B, there exists a lifting morphism L,: L4 — Lp that
renders the following diagram

14
La 4 A
L, O ®
L B
B '

commutative.
The following lemma is the key property of classes of lifting objects:

Lemma 2.53. Let € be an additive category equipped with a class of lifting objects L. A
morphism @: A — B in € factors through an object in L if and only if it is liftable along
th Lp — B.

PrROOF. Let P be an object in £ and u: A — P,v: P — B be morphisms with ¢ = u-v.
We denote the section morphism of {p: Lp — P by sp, i.e., sp+fp = idp. Hence, p = u-v =
usidpsv =u+sp*fp+v=u+sp+L,+fp and the claim follows. The converse is trivial.
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P O Lp
/ O \ N
A ® B

Lemma 2.54. Let € be an additive category. If L is class of lifting objects for €, then
Zr :={¢: A— B g is liftable along (B}
18 a two-sided ideal of morphisms in €.

PRrROOF. Suppose that ¢: A — B is a morphism in Zp;. We need to show that for any
morphism ¢': A — B in Z,, the difference ¢ — ¢’ also belongs to Z,; and that any composition
of morphisms with ¢ from left or right is again a morphism in Z;. Since ¢ and ¢’ belong to
Zr, there are two morphisms ,v¢’': A — Lp such that ¢ = £ and ¢’ = ¢'-£g. Hence,
o —¢ = (=) Lp, ie., ¢ — ¢ belongs to Zp. Let f: A — A be any morphism with
range equals to A. Then f+p = fe+1)+fp, i.e., the morphism f-p: A’ — B factors through
/B, hence it belongs to Zy. Let g: B — B’ be any morphism with source equals to B. Then
peg = Yelp+g = p+Ly+lp, ie., the morphism p-g: A — B’ factors through ¢ps, hence it
belongs to Zp. Hence Z, is a two-sided ideal of morphisms in %. 0

In the following we state the definition of the stable category associated to a class of lifting
objects:

Definition 2.55. Let ¢ be an additive category and let £ be a class of lifting objects for
€. The quotient category %'/L will be called the stable category?® of ¢ w.r.t. the class £. In
particular

(1) The objects class is the same as that of €.
(2) For two objects A, B in 4 we have

Hom‘f/ﬁ(A7 B) == Homg (A, B)/Z.(A, B)
where Z, (A, B) := Z, N Homg (A, B).

Remark 2.56. The stable category /L has decidable equality of morphisms if and only if we
have an algorithm which decides for a given morphism ¢: A — B in % whether ¢ lifts along /5.
In particular, if " has decidable lifts, then %’/L has decidable equality of morphisms.

Remark 2.57. An object A in /L is zero if and only if the morphism f4: Ly — A in € is
split-epimorphism. Consequently, the class £ collapses in ¢’ /L to only one object, precisely, to
the zero object.

26The associated category constructor is StableCategoryByClass0fLiftingObjects in [Sal21e].



2.2. DOCTRINE-BASED CATEGORY CONSTRUCTORS 53

Remark 2.58. It follows immediately from the definition that % /£ and the projection functor
[]: € — €/L are additive.

Example 2.59. Let % be an additive category.
(1) Let £ := Objy, and for every object A in &, set £4 :=ids: A — A. In this case, €/L
is equivalent to the full subcategory of € generated by the zero object.
(2) Let £ = {0}, and for every object A in €, set {4 to be the universal morphism from
the zero object to A. In this case, /L ~ €.

Example 2.60. Let ¥ be an additive category with enough projectives. That is, for any
object A in €, there exists an epimorphism ps: P4 —» A from some projective object P4 to A.
The class £ of all projective objects in € together with the morphisms £4 := pa: P4 —» A for all
A € € define a class of lifting objects in €. Let T3 be the set of all morphisms in € that factor
through some projective object. A straight verification shows that Zp = B, hence the stable
category € /L coincides with the classical stable category of € by projectives € := € /.

In the following we define the dual concept of a class of lifting objects.

Definition 2.61. Let % be an additive category. A class of colifting objects on % consists
of the following data:

(1) A distinguished class of objects Q in %

(2) Every object A in % is assigned a distinguished morphism g4: A — Q4 with Q4 € Q.
Furthermore, if A belongs to Q, we require g4 to be a split-monomorphism.

(3) For every morphism ¢: A — B, there exists a colifting morphism Q,: Q4 — Qg
that renders the following diagram

ga
A Q4
® O Qy
B 4B @p

commutative.

Analogously to the categories with classs of lifting objects, we can prove that a morphism
p: A — B in % factors through some object U in Q if and only if ¢ is coliftable along ¢4.
Furthermore, the set
Zo ={p: A — B | ¢ is coliftable along g4}

is a two-sided ideal of morphisms in . The quotient category % /Q will be called the stable
category of & associated to the class Q.

Example 2.62. Let € be an additive category with enough injectives. That is, for any object
A in %, there exists a monomorphism t4: A < [4 from A into some injective object I4. The
class Q of all injective objects in % together with the morphisms g4 :==t4: A — I4 forall A € €
define a class of colifting objects in %’. Let J be the set of all morphisms in % that factor through
some injective object. A straight verification shows that Zg = J, hence the stable category ¢’ /L
coincides with the classical stable category of € by injectives € := €/7.
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Example 2.63. Let € be an additive category and let Arr(%) be its arrow category. We
denote by Qay«) the class of all objects in Arr(%’) that are represented by split-epimorphisms

in €. For an object A= (A1 N Ag) in Arr(%) set

ida — {(ida, 0),id
Q;{ = ( 2) Ay | and a7 — A {(iday 0),ida,} QZ

The morphism (0ida, ): Ay — Ay @ Ay is a section morphism for (idczz ) A1 @ Ay — As.
Hence, the later is a split-epimorphism and Q7 € QA («)-
Let us prove that if A= (A1 = Ag) in Qar(%), then gz is a split-monomorphism. Since
Ay 2 A, is split-epimorphism in %, « has a section morphism As - A;. The morphism
{(id’;n ), ida, } R
ry=Qz ——— A

in Arr(%’) is well-defined and satisfies gz +r3 = id3, i.e., 7 is a retraction of ¢z and the claim
follows.

For a morphism {¢1, p2}: (A1 N Ag) — (Bl i Bg) in Arr(%), we define

(% o))
Qorp) = Q7 — Qg

The above data can be incorporated into the following commutative diagram:

e} A,
a, \802
B B,
Az idp,
2
B1 ® By By

(idz.)
Lemma 2.64. Let A be an additive category and Arr(€)/Q be the stable category of Arr(€)
w.r.t. the above class of colifting objects. For any two objects A= A1 S5 Ay and B = By LN By

in Arr(€), a morphism [K R ZIN §] in Arr(€)/Q is zero if and only if o is liftable along .
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PrROOF. The morphism [Z M E} is zero if and only if there exists a colift morphism

{(¥),w}: Qzﬁﬁofzwﬁalong qz:

A
; O {da, 2
By
/ %
A1 @ Ay - A
(i)
i.e., if and only if u = 1, w = g and v+ = w = Ps. O

Corollary 2.65. Let € be an additive category and let Arr(%€)/Q be the stable category of
Arr(%) w.r.t. the above class of colifting objects. Then

Arr(€¢)/Q = A(7)
where A(%) is the FREYD category’” of €.

2.2.7. Functor Categories and Quiver Representations. The natural generalization
of rings are small?® preadditive categories. For instance, a ring R corresponds to the pread-
ditive category %(R) which has just one object, say *, and which has the morphism space
Homg (g (*,*) == R. Under this viewpoint, an R-module is nothing but an additive functor
¢ (R) — Ab. In other words, the natural generalization of modules are additive functors from
small preadditive categories to Ab.

Throughout this section, k is always a field.

Definition 2.66. Let o/ be a small k-linear category and 2 a k-linear category. The cat-
egory of k-linear functors® from ./ to 2, denoted by [&/, ], is defined by the following
data:

(1) Objjy g is defined by the set of all k-linear functors from & to 2, i.e., every object in
[«7, D] is determined by its values on the objects and the generating morphisms of 7.

(2) For two objects F' and G in [«7, Z] the morphisms from F' to G are the natural trans-
formations®” from F to G, i.e., it is determined by its values on the objects of .27.

(3) The composition of two morphisms is given by their vertical composition as natural
transformations.

(4) For a given object F' in [«/, Z]| we define idr by the identity natural transformation of
F, i.e., it assigns to each object v in &/ the identity morphism of F(v).

The category of functors inherits its fundamental properties from its range category Z:
Theorem 2.67. Let [«7, D] be a category of k-linear functors as in Definition 2.66.
27See Definition 2.28.

28A category is called small both the collection of objects and morphisms are sets.

29The associated category constructor is FunctorCategory in [BS21a].
30See Definition A.16.
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(1) If 9 is Abelian, then [of , D] is Abelian.
(2) If o/ has finitely many objects and & has decidable equality of morphisms, then [<f, D]
has decidable equality of morphisms.

PrOOF. It is well known that if 2 has certain type of limits or colimits, then the category of
functors [«7, 2] has those limits or colimits and they can be computed “object-wise” in 2. For
more details we refer to [Pre09, Theorem 10.1.3], [Riel6, Section 3.3] or [Fre64, Theorem 5.11].
On the other hand, two morphisms in [/, 2] are equal if their values on the objects of o7 are
equal. The assertion follows because &/ has finitely many objects. O

In the following we state the definition of right modules over a k-linear finitely presented
category:
Definition 2.68. Let ./ be a small k-linear category. We call [«7, k-mat] the category of

k-finite dimensional right »/-modules and we denote it by mod-</. We denote the category
mod-<7°P by «/-mod and call it the category of k-finite dimensional (left) .</-modules®".

Notation 2.69. For a category % we denote by proj(%¢’) (resp. inj(%)) the full subcategory
of ¢ generated by all projective (resp. injective) objects in €. If <7 is a small k-linear category, we
will denote proj(mod-<7) by proj-</ and inj(mod-</) by inj-<7/. Analogously, we will denote
proj(«/-mod) by «/-proj and inj(</-mod) by 7-inj.

Let A be a k-algebra. The category of right A-modules will be denoted by Mod-A. The
full subcategory of Mod-A consisting of finitely generated right A-modules will be denoted by

mod-A. The full subcategory of mod-A consisting of finite dimensional right A-modules will be
denoted by fdmod-A. If A is a finite dimensional then fdmod-A = mod-A.

Theorem 2.70. Let o/ = kFy/(p) be a k-linear finitely presented category defined by a
quiver q subject to a set of relations p C kFy. Then mod-</ ~ fdmod-End .

PROOF. For detailed proofs we refer to [ARS97, Proposition 1.7] or [ASS06, Theorem
II1.1.6]. In the following, we sketch the construction of the asserted equivalences:

G: mod-«/ = fdmod-End &7 : F.

For an object F': &/ — k-mat in mod-.«/, we define G(F) := @, F(v). The endomorphism
algebra End &7 is generated by the morphisms of .7 (cp. Definition A.29). For a morphism a € &
and a vector z € F(v),v € &/, we define

g z-F(a) ifv=s(a),
0 otherwise.

This operation can be linearly extended to an action G(F') x End &/ — G(F') which equips
G(F) with a structure of a k-finite dimensional right End «/-module. For a morphism a: F' — G
in mod-./, we define the morphism G, = @,c, a(v): G(F) = G(G). It can be shown that G,
is a morphism in fdmod- End 7.

For a k-finite dimensional right End «/-module M, we define the object F(M): &/ — k-mat
in mod-/ by mapping an object v in &7 to dimy(M - id,); and by mapping a morphism a: u — v

3 e., o/ can be embedded in «/-mod by the YONEDA Lemma 2.86.
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to the matrix of the k-linear map
M -id, — M -id,,
x —T-a
with respect to some throughout fixed bases B(M -id,) and B(M -id,).
For a morphism a: M — N in fdmod- End &/ we define F(«): F(M) — F(N) by mapping
an object v in & to the matrix of the k-linear map
M -id, — N -id,,
x — a(x)
with respect to some throughout fixed bases B(M -id,) and B(N -id,). O
Definition 2.71. Let % be an Abelian category. We say 4" has enough projective objects
if we have an algorithm which for a given object A in ¥ computes a projective object P4 and an
epimorphism m4: P4 —» A. Furthermore, we say 4 has computable projective lifts if we have
an algorithm which for a given projective object P, a morphism «: P — A and an epimorphism

7: T —» A, computes a lift morphism of « along 7, i.e., a morphism A: P — T that renders the
following diagram commutative:

A

T A

T

Remark 2.72. Let ¥ be a category with enough projectives and computable projective lifts.
We can derive an algorithm to decide whether an object A in % is projective. We compute an
epimorphism 74: P4 — A from some projective object P4. An easy verification shows that A
is projective if and only if there exists a lift morphism A: A — P4 of id4 along w4, i.e., with
Aoy = idy.

Definition 2.73. Let ¥ be an Abelian category and A an object in €. A projective object
P together with an epimorphism 7: P —» A will be called a projective cover of A if 7 is a
superfluous epimorphism?®?, i.e., epimorphisms to A can be lifted along 7 only via epimor-
phisms. In particular, for any morphism £: T' — P, if £+7 is an epimorphism, then ¢ is also an
epimorphism.

Lemma 2.74. Let k be field and A a finite dimensional k-algebra. Let M be an object in
mod-A and 7: P — M be a projective cover of M. For any epimorphism q: Q — M where Q) is
a projective object, we have dimy P < dimy Q.

PROOF. There exists a lift morphism A of ¢ along 7. Since 7 is superfluous, A is an epimor-
phism, i.e., dimy P < dimg Q. O

Definition 2.75. Let ¥ be an Abelian category. We say that ¥ has enough injective
objects if we have an algorithm which for a given object A in 4 computes an injective object
I, and a monomorphism t4: A — [I4. Furthermore, we say ¥ has computable injective

32Some references call it coessential epimorphism.
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colifts if we have an algorithm which for a given injective object I, a morphism «: A — I and a
monomorphism 7: A < T, computes a colift morphism of « along 7, i.e., a morphism \: T — [
that renders the following diagram commutative:

T

A T

3

1

Remark 2.76. Similar to Remark 2.72, if % is a category with enough injectives and computable
injective colifts, then we can decide whether an object A in % is injective.

Definition 2.77. Let ¥ be an Abelian category and A an object in %. An injective object
I together with a monomorphism ¢: A < I will be called injective envelope for A if ¢ is
an essential monomorphism, i.e., monomorphisms from A can be colifted along ¢ only via
monomorphisms. In particular, for any morphism ¢: I — T, if ¢+ £ is a monomorphism, then so
is /4.

Definition 2.78. Let ¥ be an additive category. A nonzero object A is said to be in-
decomposable if A has no nonzero direct summands. The full subcategory generated by all

indecomposable objects in ¢ will be denoted by ind(%’). The skeleton category of ind(%) will
be denoted by indy(%).

The following theorem enables us to classify the indecomposable projective and injective
objects in mod-2/ where o/ is a k-linear category defined by a quiver subject to an admissible
set of relations. Details can be found in [DW17, Section 3.1] or [ASS06, Section III.2.].

Theorem 2.79. Let o/ = kFy/(p) be a k-linear finitely presented category defined by a
quiver q subject to an admissible set of relations p. Then
(1) The indecomposable projective objects in mod-End .o/ ~ mod-</ are, up to isomor-
phism, exactly the cyclic right End o7 -modules P(v) :==id, - End &7, v € <.
(2) The indecomposable injective objects in mod-End .« are, up to isomorphism, exactly
the modules I(v) = Homy(End &7 - id,, k), v € &/ where the right action of End .o/ on
I(v) is given by
I(v) x End? — I(v)
End o7 -id, — k,

(.a) e { T — p(a- ).

(3) The simple objects in mod-End &7 are, up to isomorphism, eractly S(v) =k, v € of
where the right action of End .o/ on k' is given by

va e A-x ifa=A-id, for some X\ € k,
"o otherwise.

Remark 2.80. Let P(v) be the indecomposable projective object in mod- End o/ associated to
an object v € &/. For every u € &7, the k-vector space Hom, (v, u) equals the k-vector space
P(v) -id,. Thus, we set

B(P(v) -id,) == B(Hom (v, u)).
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By Theorem 2.70, P(v) corresponds in mod-.</ to the object
P, = F(P(v)): &/ — k-mat

which maps an object u in & t0 Dyep(Hom,, (v,u)
a: u1 — Uy to the matrix of the k-linear map

P(v)-idy, — P(v)-idy,,
x —T-a

y1 = dimg Hom (v, u) and maps a morphism

with respect to the bases B(P(v) -id,,) and B(P(v)-id,,). That is, the full subcategory of
mod-¢/ that is generated by the objects P,,v € &7 is a model for indy(proj-<7).

Remark 2.81. Let P(u) and P(v) be the indecomposable projective objects in mod-End &7/
associated to objects u and v in /. Every element a € End & defines a morphism

P(v) — P(u),
. { (1) — P
x = a-x.
in mod- End /. By Theorem 2.70, the morphism p(a) corresponds in mod-<7 to the morphism
pa = F(p(a)): P, — P, defined at object w in &/ by the matrix of the k-linear map
P(v)-idy, — P(u)-idy,
x —a-x

with respect to the bases B(P(v) - id,,) and B(P(u) - idy).

Remark 2.82. Let S(v) be the simple object in mod-End &7 associated to a vertex v € .
Then S(v) correspondence in mod-<7 to the object S, := F(S(v)): & — k-mat which maps the
object v in 7 to 1 and all other objects to 0; and maps all the generating morphisms of &/ to
the corresponding zero morphisms.

Lemma 2.83. Let & = kF;/(p) be a k-linear finitely presented category defined by a quiver
q subject to an admissible set of relations p. Then for every object F': o/ — k-mat in mod-gf
and every v € 4o we have

Hommeod.-o (P, F) = Homy_mat (1, F(v)) = F(v).
PrOOF. By Remark 2.80, P,(v) = @pep(tom,, (ve)) 1+ Let &1 — Py(v) be the natural
injection of the direct summand that is indexed by the morphism id,: v — v € B(Hom (v, v)).
A straightforward verification shows that the k-linear map
90. Hommod—&V(va F) — Homk—mat(L F(U)),
. «Q = &y a(v)
is an isomorphism and its inverse is given by
Homk-mat(la F(U)) - Hommod—%(Pm F)a

P, — F,
¢ = (C+ F(b)),
U = PU(U) = EBbeB(Homgg(v,u)) ] — F(u)
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Remark 2.84. The above proof is the categorical formulation of the fact that P(v) is the cyclic
right End &7/-module generated by id, € End 7; which means that every morphism from P(v) is
uniquely determined by its value on id,.

Remark 2.85. With the same assumptions and notations of Lemma 2.83, let a: P, — G and
7: FF — G be two morphisms in mod-</. Since P, is a projective object, there exists a lift
morphism \: P, — F of a along 7. Lemma 2.83 provides an algorithm to compute such a A.
Let s: G(v) — F(v) be a section morphism for 7(v): F(v) — G(v), i.e., s+7(v) = idg(,). Then
A= Y& a(v)-s): P, — F is a lift morphism of « along 7.

Let m,, v € qg be a list of nonnegative integers, then the above trick, together with the
universal property of the direct sum object, can be used to compute a lift morphism of any
morphism @ P — G along 7: F'—» G.

veEqo T v

The main YONEDA Lemma applies to local small categories and functors to Set. The following
lemma is the additive version of YONEDA Lemma which applies on a preadditive category % and
the category of additive functors from % to Ab. The Lemma still applies for R-linear categories
and the category of R-linear functors to R-Mod. For more details, see e.g., [Bor94b, Theorem
6.3.5].

Lemma 2.86 (Additive YONEDA lemma). Let € be a preadditive category and let A be an
object in €. Then for any additive functor F: € — Ab, there is an isomorphism of Abelian
groups

®. {Nat(Homgg(V, -),F) — F(V),
‘ o — av(idv).

which is natural in both V and F.
PROOF. It can be shown that the inverse of ® is given by
F(V) — Nat(Homg(V,—), F),
Homg (V,—) — F,
x Qg I oy {Homcg(V,U) — F(U),
’ f = F(f) ().

oL

By substituting F' in the previous lemma with the functor Homg (U, —): € — Ab we get the
following corollary:

Corollary 2.87. Let € be a preadditive category. Then the functor
€°P — [, Ab],
Vv — Home (V, —),

Yo (V) — Ve(U),
w — Homyg (o, W) = ae —

Ve :
aP: V- U — Yg(aP): {
s a fully faithful embedding.

Remark 2.88 (YONEDA Embedding). We call the functor Vi in Corollary 2.87 the “contravari-
ant” YONEDA embedding of €. The “covariant” YONEDA embedding of ¥ is defined by

Zy = Ygov: € — [(gop’ Ab]



2.2. DOCTRINE-BASED CATEGORY CONSTRUCTORS 61

Corollary 2.89. With the same assumptions and notations in Corollary 2.87, a morphism
a in € is an isomorphism if and only if Vg (aP) is a natural isomorphism if and only if Z4(«)
s a natural isomorphism.

We are mainly interested in constructing the following instance of the YONEDA embedding:

Corollary 2.90. Let o/ = kJFq/(p) be k-linear finitely presented category defined by a quiver
q subject to an admissible set of relations p. Then the YONEDA embedding

o/ °P — mod-«/,
v — Hom,/ (v, —),

a’®:v—=u = Yy (a®P): {y&{(v) = Ver (u),

w — Hom g (a,w) = a+—

Vo

induces an isomorphism </°P = indy(proj-<7). In particular, /°P and ind(proj-<7) are equiv-
alent.

PRrOOF. It follows from Remark 2.80 that )./ (v) and P, are equal for every object v € 7.
The assertion follows from Theorem 2.79.(1) and Corollary 2.87. O

Definition 2.91. Let k be a field, A a k-algebra and M a right A-module. The radical of
M, denoted by rad(M), is defined by the intersection of all maximal submodules in M. The top
of M, denoted by top(M), is defined by M /rad(M).

Example 2.92. Let P(v) be the projective indecomposable right End «7-module associated
to the object v € &7 as introduced in Theorem 2.79. According to [ASS06, Lemma III.2.4],
rad(P(v)) is the right End /-module generated by the set of all morphisms in &7 that are
represented by paths p in kFy with Source(p) = v and p # id,.

The following lemma is a reformulation of [ASS06, Lemma II1.2.2.c] in categorical language:

Lemma 2.93. Let o/ = kFy/(p) be k-linear finitely presented category defined by a quiver q
subject to an admissible set of relations p. Then

(1) For an object M in mod-End <7, the radical rad(M) is given by M -rad(End <) where
rad(End «7) is the Jacobson radical of End <7 .
(2) For an object F': of — k-mat in mod-</, the radical rad(F) is given by the object

o — k-mat,

rad(F): v = im(py),
a:u—v > the unique lift of 1, + F(a) along v,
where
o @ Fw) (F([sD)s,1 Fo)

s€EQ1,s: w—v
and ty: im(py) < F(v) is the image embedding of w,. Moreover, the collection (i)
defines a monomorphism

vEqo

{rad(F) — F,
LE:
v Ly

in mod-«Z/. The morphism ip will be called the radical embedding of F. Hence,
top(F) is given by the cokernel object coker(if).
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The following remark follows from [ASS06, Corollaries 1.5.9 and 1.5.17]:

Remark 2.94. Let P, be the indecomposable projective object in mod-</ associated to an
object v € & and vp,: rad(P,) — P, the radical embedding of P,. Then top(P,) = S, and the
cokernel projection s,: P, — S, of tp, is a projective cover of .S,,.

The following theorem states that the category mod-«/ = kF,/(p) for an admissible set of
relations p C kJFy admits projective covers.

Theorem 2.95. Let o7 = kF,/(p) be k-linear finitely presented category defined by a quiver
q subject to an admissible set of relations p. For each object F' in mod-</ there exists, up to the
order of elements, a unique list of nonnegative integers m,, v € & and a projective cover

Ar: P> F
vES
for F.

PRrROOF. Let tp: rad(F) — F be the radical embedding of F' and 7, : F' —» coker(tp) its
cokernel projection. Then top(F) := coker(tp) is semisimple (cf. [ASS06, Theorem 1.5.8] or
[Zim14, Proposition 1.9.6]), i.e., it can be decomposed as a direct sum of simple objects in
mod-.o/. For a vertex v € &7, let m, be the multiplicity of S, in such a decomposition. Hence,
top(F) = @Docq, S and the following direct sum of the projective covers s,: Py, — Sy, v € 4
introduced in Remark 2.94

Sp = EB st EB P —» @ Syt
ved vEqo vEqo

defines a projective cover of top(F'). It can be shown that any lift morphism, say Ap, of sy along
gt

®U6qo P;nv
3 Ar sp
rad(F) ————"—— F ———— @y, 51"

is a projective cover of F', see e.g., [ASS06, Theorem 1.5.8] or [Zim14, Proposition 1.9.6]. Note
that Remark 2.85 can be used to compute Ap. U

The following corollary is essential for performing homological algebra computations over the
Abelian category mod-<7.

Corollary 2.96. Let of = kFq/(p) be k-linear finitely presented category defined by a quiver
q subject to an admissible set of relations p C kFy. Then the Abelian category mod-</ has enough
projective and injective objects and has computable projective lifts and injective colifts. Moreover,
if q is acyclic®® then gldim mod-7 < |qq|.

PROOF. The assertion of having enough projectives and computable projective lifts follows
from Remark 2.85, Theorem 2.95 and [DW17, Proposition 3.1.7]. The assertion of having enough

331f q is not acyclic, then we can use its Kupisch series to decide whether the global dimension is finite.
For details we refer to [Ful68|.
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injective objects and computable injective colifts follows by a dual argument (See e.g., [DW17,
Chapters 2 and 3)). O

Corollary 2.97. Let o/ = kFq/(p) be k-linear finitely presented category defined by a quiver
q subject to an admissible set of relations p C kFy. Then the additive category </°"® has weak
kernels. Consequently, the associated FREYD category A(«/°P®) is Abelian. Furthermore, we

have
A(°P%) ¥ mod-o/ = mod-End &/ .

PROOF. Let proj-& be the full subcategory of mod-</ generated by the projective objects.
By Corollary 2.90, &7°P® = proj-<7, therefore, it is sufficient to prove that proj-</ has weak
kernels.

Let ¢: P — @ be a morphism in proj-& and let 1,: K — P in mod-&/ be the kernel
embedding of ¢. By Corollary 2.96, the category mod-</ has enough projectives, i.e., there
exists an Pg in proj-«/ and an epimorphism 7g: Px —» K.

We claim that P together with mg +1,: Pk — P in proj-«/ defines a weak kernel for ¢. Let
7: T — P be a morphism in proj-& such that 7+ = 0. By the universal property of the kernel
object K, there exists a lift morphism A\: T" — K of 7 along ¢,. Since T'is a projective object, there
exists a lift morphism p: T" — Pk of A along the epimorphism 7. Hence, 7 = A1, = premg =1y
and by Theorem 2.31, the category A(&/°P®) is Abelian. The equivalence of categories follows
from [Pos21a, Theorem 4.1] and Theorem 2.70. O

Remark 2.98. By replacing &7 with &/°P we get
A(#?) 2 o/-mod = End «/-mod.






CHAPTER 3

Category Constructors in Homological Algebra

This chapter provides an algorithmic approach to the basic homological computations on the
additive and Abelian categories already introduced in the Chapter 2. In Sections 3.1 and 3.2, we
content ourselves with the basic concepts and constructions related to complexes and homotopy
categories. We show that the class of contractible objects in the category of complexes C?(%)
forms a class of colifting objects (cf. Remark 3.28) and use this class to construct the homotopy
category KP(%€) as a stable category (Theorem 3.29). This enables us to reduce deciding the
equality of morphisms (and in the affirmative case, computing a chain homotopy witnessing the
equality) in k(%) to a colift problem in C*(%) (cf. Corollary 3.26), which in turn reduces to
solving a system of inhomogeneous two-sided linear equations in 4 (cf. Corollary 3.26). As
a result, it will be vital to equip the category % with an appropriate homomorphism structure,
because, as we shall observe in Chapter 4, homomorphism structures provide the ideal categorical
framework for solving systems of inhomogeneous two-sided linear equations in categories.

In Section 3.3, we provide an explicit computation of projective and injective resolutions of
objects and morphisms in the bounded homotopy categories of Abelian categories with enough
projective resp. injective objects, and review their relations to quasi-isomorphisms and localiza-
tion functors.

In Section 3.4, we quickly review the definition of the bounded derived category D°(%) of an
Abelian category 4. The tricky definition of morphisms in the bounded derived categories makes
it very hard to algorithmically decide the equality of morphisms in D*(%). However, we are
interested only in the case the provided Abelian category % has enough projective or injective
objects and finite global dimension, in which case we can employ the projective or injective
resolutions to model the bounded derived category D’(%) in terms of a bounded homotopy
category Kb(proj(%)) or Kb(inj(%)), which then enables us to decide the equality of morphisms
in D°(¥). We review basic homological constructions such as the extension groups Ext"(—, —)
and the computation of the left and right derived functors.

All the constructions presented in this chapter are implemented within the GAP meta-package
HigherHomologicalAlgebra [Sal21a]. The constructive approach to these categories provided
in this chapter will be extended further in Chapter 4, where we elevate homomorphism struc-
tures from a category % to C*(%), K*(%) and D*(¢); and in Chapter 5, where we discuss the
computability of K°(%) as a triangulated category.

The primary instances for € we have in mind are the following:

e ¢ is the Abelian category mod-4/ (resp. </-mod) of functors from an (admissible)
k-linear finitely presented category .o/ (resp. 27°P) to k-mat. In particular, if o/ is the
abstraction k-algebroid A of a strong exceptional sequence & in a triangulated category
T, then Ag-mod ~ EndTg-mod where Ty is the tilting object of &. Furthermore,
the categories Ag-mod, C°(Ag-mod), K°(A s-mod) and D’(Ag-mod) have decidable
equality of morphisms and are equipped with a (k-mat)-homomorphism structure.

65
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e ¢ is the additive closure category .&/® of a k-linear finitely presented category .7, or
& of a strong exceptional sequence in a triangulated category € (cf. Chapter 1).

e ¢ is the Abelian FREYD category A(R-rows) ~ R-fpmod for a computable commu-
tative ring R. The categories A(R-rows),C’(A(R-rows)) and K’(A(R-rows)) have
decidable equality of morphisms and are equipped with a A(R-rows)-homomorphism
structure. If, furthermore, R has finite global dimension, then D*(R-rows) has decid-

able equality of morphisms and is equipped with a A(R-rows)-homomorphism structure
(cf. Appendix C).

3.1. Complex Categories

Let € be an additive category. The cochain complex category! C(%) is defined by the
following data:

(1) An object A = (A",0Y),., in C(€) is a sequence of objects and morphisms in ¢

aifl i
D gt A A 94 Al

such that 9% +94™ = 0 for all i € Z.
(2) A morphism ¢: A — B in C(%) is a family of morphisms (¢': A® — B?)

i€Z
aifl 81
R A A A Al
@ifl O ¢l O QOi+1
., piel i il
B o B 7 B
B

such that 8};1-30”1 = gpi-afg for all ¢ € Z. Composition of morphisms is defined by
degree-wise composition of morphisms and the identity morphism of an object A :=
(A1 8}4)1.62 is defined by the family (id 4i);c5.
Definition 3.1. Let % be an additive category and C(%) its complex category and let A be
an object in C(%).
(1) A is said to be bounded below if there exists £4 € Z with A* =0 for all i < £4.

(2) A is said to be bounded above if there exists uq € Z with A =0 for all i > u4.
(3) A is said to be bounded if its is bounded below and bounded above.

We define C* (%), C~ (%) and C*(%) by the full subcategories of C(%’) generated by the objects
which are bounded below, bounded above, resp. bounded.
Definition 3.2. Let € be an additive category and C(%) its complex category.

(1) Objects of C(¥) will be called cochain complexes over €.
(2) Morphisms of C(%) will be called cochain morphisms over %.
(3) The support of a cochain complex A over % is defined by

Suppy = {i € Z | A # 0}.

IThe associated category constructor is ComplexCategoryByCohains(-) [Sal21b).
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(4) An n'h-stalk cochain complex over ¥ is an object A in C(%) with A" = 0 for all
i # n. In this case, we denote A by [A"],.

(5) An n'h-stalk cochain morphism over % is a morphism ¢ in C(%) with ¢’ = 0 for all
i # n. If furthermore the source and range are also n-stalk complexes, then ¢ is denoted
by [¢™],. We define the n-stalk functor by

¢ —C(¥),
|V_Jﬂ: C IVCJ’VM
e Ay

Definition 3.3. Let % be an Abelian category and C(%) its complex category. We can define
the following functors:

(1) For every i € Z, we define the i!-cycles functor? by
C(¢) —¢,
VAR A > ker (9%,
A% B the lift morphism of Ls, - " along Loi s

where ¢ ¢ ker (9%) — A® and Loy : ker(0%) — B® are the kernel embeddings of 9% resp.

i,
(2) For every i € Z, we define the i*"-boundaries functor® by
C(¢) —¢,
7 : i—1
B: A — 1m(8A ),

A% B~ the lift morphism of €gi1 - ' along €5i1,
A B

where €git im(9%) < A" and €;i-1: im(dp) — B’ are the image embeddings of oyt
. B
resp. 8129_1.
(3) Let A be an object in €. Since € is Abelian, there exists for every i € Z a lift epimor-
phism i AL — im(@f{l) of 82_1 along €,i-1. Hence
A

piae(egr ) = 9570 =0,

ie., €gict -9% = 0, hence there exists a unique lift morphism &% : im (8271) — ker(8%)
of €51 along L, - An easy verification shows that x% is a monomorphism. We define
A
the i*"-cohomology functor? on C(%) by
C(%) — €,
H': A > coker (kY), ' | |
p: A— B > the colift morphism of Z'(yp)-p along p4,
where p : ker(9%) —» H'(A) and p'y: ker(d%) —» H(B) are the cokernel projections of

7 )
k'Y and K.

2See CyclesAt(-) [Sal21b].
3See BoundariesAt(-) [Sal21b.
4See CohomologyAt(-) in [Sal21b).
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i—1 i
% % Ai+l
im (8’ ! L» ker(9Y,) 2 Hi(A)
o1 A J _ it
) ¥ . .
Bi(¢) Z'(p) H'(¢)
RBi-1 — pitl —»

o Ne|

1m<8}B 1 %» ker ( 83) .
B B

(-:)11

(4) For every i € Z we define the i'"-boundaries-to-cycles natural transformation by

. BT =7
K . . .
A = kY B'(A) = Z'(4)

H(B)

and the i*"-cycles-to-cohomology natural transformation by
N A
P {A s piy: ZH(A) —» Hi(A).
Definition 3.4. Let 4" be an Abelian category. A morphism ¢: A — B in C(%) is called
quasi-isomorphism if H'(¢): H'(4) — H'(B) is an isomorphism for all i € Z.

Remark 3.5. We observe that in any expression 7 = ¢+ if two morphisms are quasi-isomorphisms,
then so is the third.

Definition 3.6. Let ¢ be an Abelian category. An object A in C(¥) is called exact (or
acyclic) if k% : B*(A) — Z'(A) is an isomorphism for all i € Z; or equivalently, if H*(A) = 0 for
all i € Z.

Remark 3.7. An immediate observation from the above definition is that A is exact if and only

if 9% lifts along the kernel embedding of 8f4+1 via an epimorphism for all i € Z.

Definition 3.8. Let ¢ be an additive category. An object A in C(%) is called contractible
if there exists a family of morphisms (\j: A" — A™1)

i€z
aifl 81
D it A A A Al —— -
Xy PV
such that ‘ ' ‘ '
Oy N+ X0 =id
for all 7 € Z.

Lemma 3.9. Let € be an Abelian category and A an object in C(€). If A is contractible,
then A is exact.
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PROOF. We use the same notations as in Definition 3.3. For all ¢ € Z, we have
[/afq = Lag 'idAi
= 15 (O NS N0
= Ly * VR (‘93'4*1
= Ly, ‘AiA'Mil'ﬁai;l
= 1+ Ny * [ Kyt s
and since Ly, is a monomorphism, we get id, (1) = oy, " Ny » ply « KY, i.e., kY is a split-epimorphism,
thus an epimorphism. This means /@i‘ is an isomorphism for all 7 € Z and A is exact. O

Corollary 3.10. Let ¢ be an Abelian category. If a morphism p: A — B in C(¥) factors
through some contractible object, then H'(v) =0 for alli € Z.

Lemma 3.11. Let € be an Abelian category and A an object in C~(€). If A is ezact and A’
is a projective object for all i € 7, then A is contractible.

PrOOF. We will iteratively construct a family of morphisms (A%: A® — A1) ;ez Such that
Y e AL 4\ -5‘2_1 = idy: for all ¢ € Z. Let ug be an upper bound for A. For each i > u4, we

define \* by A 9 4i-t, Suppose we have already computed AT! and A’ and let us compute
=L
It follows from the assumption that

(idaimr = O X) -0 = 9t — Ol N !
= ot = Ot (i — 9l XY
_ 3‘4—1 _ ail_l
=0.
Let p'~! be the kernel lift of id 4i—1 — 82_1 A" along Lyt and let A’~! be a projective lift of

p~1 along n~ 1.

/\i*l /\’t
m -1
Ai—2 A 4i-1 A A
i—1
5 P
ni*l Lag—l
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It follows
O LN HNT O = 0 N N e T i
= O N
=04 N Hidgi — 0N
= id 4i—1
as desired. Hence A is indeed contractible. O

Theorem 3.12. Let € be an additive category.
(1) If € is additive (Abelian), then C®(€) is also additive (Abelian,).
(2) If € has decidable equality of morphisms, then so does C*(%).

ProoF. This first assertion is evident. Basically, the required computations can be performed
in C*(%) by computing them “index-wise” in %¥’. For two morphism ¢,v: A — B in C*(%), p = ¢
if and only if ¢! = 1 for i € Supp4 NSuppg. The assertion follows because Supp 4 N Suppyg is a
finite set. O

The following constructions will be used later to construct homotopy categories as stable
categories. They are also essential in proving that homotopy categories are triangulated.

Definition 3.13. Let % be an additive category and C(%) its complex category. The map-
ping cone of a morphism a: A — B in C(%), denoted by Cone(«), is defined by the object in
C (%) whose differential at index i € Z is given by

(_ 81’;‘“ aitl
, . . 0 O . .
ZCone(oé) = AT ® B r AT & B

The mapping cone is well-defined because

860119(0&) .aétile(a) = _8?—1 ai:rl ’ _83:2 Oéj:
0 8 0 oy
8i1+1 . ai;L? 783':»1 o Ozi+2+ai+1 . a]ig+1
- ()
=0.
Definition 3.14. Let ¥ be an additive category and let a: A — B be a morphism in C(%).
e The natural injection in the mapping cone of « is the morphism
t(a): B — Cone(a)

whose component at index i € Z is given by the matrix (0idy ).
e The natural projection from the mapping cone of « is the morphism

m(a): Cone(a) — X(A)

whose component at index i € Z is given by the matrix (id’}* 0)", where X(A) is the

object whose differential at index i € Z is 8%( a) == f4+1-

Cone(A — 0).

; or equivalently, is equal to
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Remark 3.15. The above constructions Cone(—),.(—) and 7(—) are functorial in «, that is, we
have three functors:

e Cone(—): Arr(C(¥)) — C(¥),

o 1: Arr(C(%)) — Arr(C(¥)),

o m: Arr(C(¥)) — Arr(C(%)).

The above functors can be illustrated in the following commutative diagram

A o By —" Cone(ar) — L 4y
U v Coneq, a, (u,v) ¥(u)
S(A
A2 T B2 S(c2) Cone(ag) (c2) ( 2),
whose component at index ¢ € Z is given by the commutative diagram
(0i05,) (“5)
. (651 . dp, . . .
Al 1 B At @ B] ———— AM
um o™ (ulgl UOn) un+1
. . ™= . .
A2 o b (0id, ) 4" & B; (idz“) 2
0

Lemma 3.16. Let € be an Abelian category. A morphism ¢: A — B in C(€) is quasi-
isomorphism if and only if Cone(p) is ezxact.

PRrROOF. The assertion follows by inspecting the long exact sequence of cohomology associated

to the short exact sequence 0 — B o), Cone(p) 2N Y(A) = 0. O

Definition 3.17. Let % be an additive category and «: A — B be a morphism in C(%).
(1) e is called null-homotopic if there exists a family of morphisms (h': A* — B'™1), _,
such that 9% «h'*t! + hi-0; " = of for all i € Z. The family (h'),_, will be called a
chain homotopy of a. This can be depicted as

ai—l 81
Ai-1 A A A Ait1
Z' .
azfl h ai hH— ai+1
- , "
B! 8}_;1 Bt a% B

(2) « is called homotopy-equivalence if there exists a morphism 5: B — A such that
a+f —idg and B+a — idg are both null-homotopic. In such a case, § is called a
homotopy-inverse of a, and we say A and B are homotopy-equivalent.

The following lemma allows us to translate the problem of deciding whether a morphism C (%)
is null-homotopic to a colift problem in C(%).



72 3. CATEGORY CONSTRUCTORS IN HOMOLOGICAL ALGEBRA

Lemma 3.18. Let € be an additive category. A morphism o«: A — B in C(¥) is null-
homotopic if and only if there exists a colift morphism \: Cone(idyg) — B of o along t(idg): A —
Cone(ida):

(%

A

B

hd

O
t(ida)

Cone(idA)
PROOF. Let A be a colift morphism of « along ¢(id4) and its component at i € Z is defined
by
N AL g AT (—L B,

Since (ida)+ X = a, it follows that v* = o' for all i € Z. Since X is a morphism in C(%'), we
have & AL =Ny e,

Cone(id g
_8i+l idi i1 i .
(55 () = ()
for all i € Z. Hence, for all i € Z, we have 8% w1 + 4+ 9% = o’ which implies that « is null-
homotopic and the collection (h* = uls AN — Bz_l)iEZ defines a chain homotopy associated to
Q.

Suppose that « is null-homotopic and let (hi: Al — Bi_l) sz be a chain homotopy associated
to it. Then A: Cone(id4) — B whose component at i € Z is

(")
At @ A o /. gi.
is a colift morphism of a along ¢(id4). O
Remark 3.19. Let 4" be an additive category. A morphism a: A — B in C*(%) is null-homotopic
if and only if there exists a family of morphisms (h': A* — B’_l)ieZ with

Oy ki 4 b0 = o
for all 4 € Z. Since A is a bounded complex, the question boils down to verifying the solvability
of a system of two-sided inhomogeneous linear equations in 6:

{04 X"+ x"-05 " =a' | i € Suppy}.
Our approach to solve such systems is based on the concept of homomorphism structures (cf. The-

orem 4.17). In particular, if we equip & with a 2-homomorphism structure, then we can translate
solving the above system into a lift problem in &, which is usually much easier to perform.

Remark 3.20. Let ¢ be an additive category and let a: A — B be an isomorphism in C(%).
Then Cone(a) is contractible.

PROOF. Let B: B — A denote the inverse of a. For each i € Z, define ht: At & B' —
A @ B! by the matrix (51 ) We have then h'- E%Oile(a) + 8C0ne(a) < hitl 1dcone(a) for each
i € Z, thus Cone(a) is contractible. O



3.2. HOMOTOPY CATEGORIES 73

3.2. Homotopy Categories

Definition 3.21. Let % be an additive category and let * € {+,—,b, }. The set of all
null-homotopic morphisms in C*(%) defines a two-sided ideal. The additive quotient category of
C*(%) by this ideal will be called the homotopy category of € and will be denoted by K*(%).

The associated additive quotient functor to K*(%¢’) will be denoted by

[]: C*(€) — K*(%).

Remark 3.22. By Definition 3.8, an object A in C*(%) is contractible if and only if id 4 is null-
homotopic. In other words, the object A is contractible if and only if [A] in K*(¥) is zero. This
means if a morphism a: A — B in C*(%) factors through any contractible object, then [a] = 0
and « is null-homotopic.

Remark 3.23. A morphism [a] in £*(%) is an isomorphism if and only if [Cone(«)] in K*(%)
is zero (cf. Lemma B.22). In other words, « is a homotopy-equivalence if and only if Cone(«) is
contractible. If ¥ is Abelian, then by Lemma 3.9, every contractible object is exact, hence the
mapping cone of any homotopy-equivalence is exact. Thus, by Lemma 3.16, every homotopy-
equivalence is a quasi-isomorphism.

Remark 3.24. Let € be an Abelian category and A, B are objects in C~ (%) where A*, B’ are
projective objects for all ¢ € Z. Suppose a: A — B is a quasi-isomorphism. By Lemma 3.16,
Cone(«) is exact, and by Lemma 3.11, Cone(«) is contractible. Hence, by the previous Remark,
« is a homotopy-equivalence.

Remark 3.25. Let € be an Abelian category and let H': C(%) — ¢ be the ith-cohomology
functor. By Lemma 3.18, Remark 3.20 and Corollary 3.10, the functor H* factors uniquely along
the quotient functor []: C(%) — K(€'). The colift functor of H* along [] will as well be denoted
by H*. Obviously, H* is defined by
K(€) — €,
H: [A] — HY(A),
[a]: [A] = [B] = H'(a): H'(A) — HY(B).

Two morphisms [a],[8]: A — B in K*(%) are equal if o — 3 is null-homotopic. Hence,
Lemma 3.18, Remark 3.19 and Theorem 4.17 provide an algorithmic description® for the equality
of morphisms in bounded homotopy categories:

Corollary 3.26. Let € be an additive category. If any of the following hold:

(1) The category C*(€) has decidable colifts;
(2) The category C*(%) is equipped with a 2-homomorphism structure where 9 has decidable
lifts;
(8) The category € is equipped with a P-homomorphism structure where 9 has decidable
lifts;
then KC°(€) has decidable equality of morphisms.

Example 3.27. Let R be a commutative left computable ring. Since R is left computable, it
follows that R-rows has decidable lifts; and by Example 4.6, the category R-rows can be equipped
with an (R-rows)-homomorphism structure. On the other hand, by [Pos21a, Corollary 6.17], the

%See IsNullHomotopic(-) and HomotopyMorphisms(-) operations in [Sal21b].
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category A(R-rows) has decidable lifts and can be equipped with an A(R-rows)-homomorphism
structure. By Corollary 3.26, both K?(R-rows) and K°(A(R-rows)) have decidable equality of
morphisms.

The following remark enables us to construct homotopy categories as stable categories asso-
ciated to a class of colifting objects:

Remark 3.28. Let ¢ be an additive category and C*(%¢) be its complex category where x €
{+,—,b, }. We denote by Qc-(4) the set of all contractible objects in C*(¢’). We claim that
Qc+(%) defines a class of colifting objects in C*(¢’). For an object A in C*(%) we define Q4 by
Cone(id4) and g4: A — Q4 by the natural injection in the mapping cone (cf. Definition 3.14). It
follows by Remark 3.20 that @4 is contractible. For a morphism ¢: A — B in C*(%), we define
Qp: Qa — Qp by Coneiq,, id, (¢, ¢) as introduced in Remark 3.15. It remains to show that if A
is contractible, then g4 is a split-monomorphism. Since A is contractible, there exists a family of
morphisms (A} : A — Ai_l)iEZ such that 9% - )\fjl + Ay 0;(1 = id 4: for all i € Z. The morphism
ra: Qa4 — A which is defined at ¢ € Z by

PR
n i+1 i (idA" ) i
by =A""pA ——— A,
is a retraction morphism of g4, hence ¢4 is indeed a split-monomorphism.

Theorem 3.29. Let € be an additive category. Then there is an isomorphism
K*(¢)=C*(¢)/Q
where C*(€)/Q is the stable category of C*(€) w.r.t. the above system of colifting objects.

PRrROOF. The assertion follows by Lemma 3.18. O

3.3. Computing Projective and Injective Resolutions of Complexes

In this section we provide an algorithmic description for the following very useful constructions
in homological algebra:

e Let & be Abelian with enough projective objects and proj(%) the full subcategory of
€ generated by the projective objects of €. Construct the adjunction:
t: K~ (proj(¥¢)) = K~ (¥¢) : P

where ¢ is the inclusion functor and P is the projective resolution functor which maps
objects and morphisms of ™ (%) to their projective resolutions in K~ (proj(%)).

e Analogously, let € be Abelian with enough injective objects and inj(%’) the full subcat-
egory of & generated by the injective objects of €. Construct the adjunction:

T: KT(%) = KT (inj(¥))
where ¢ is the inclusion functor and Z is the injective resolution functor which maps
objects and morphisms of KT (%) to their injective resolutions in KT (inj(%)).
In Section 3.4 we employ these adjunctions to perform the following tasks:

(1) If ¥ is Abelian with enough projectives, we use them to compute left derived functors
of right exact functors from % to another Abelian category &.
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(2) If ¥ is Abelian with enough projectives, they induce an exact equivalences
K~ (proj(¢)) ~ D~ (¢
which restrict in case € has finite global dimension to
K’ (proj(€)) =~ D"(%)
allowing us to translate computations from D°(%) to K?(proj(%)).
(3) If ¥ is Abelian with enough injectives, we use them to compute the right derived functors
of left exact functors from % to another Abelian category &.

(4) If € is Abelian with enough injectives and finite global dimension, then these functors
induce an exact equivalence

DH(%) ~ K* (inj(¥))
which restrict in case € has finite global dimension to
D(%) ~ K'(inj(%))
allowing us to translate computations from D°(%) to K?(inj(%)).

As already mentioned in the introduction of this chapter, our primary instances for the Abelian
category € are

e The Abelian category mod-«/ (resp. «/-mod) of functors from an admissible k-linear
finitely presented category & (resp. @/°P) to k-mat. We use the techniques of this
section to render the HAPPEL theorem constructive (cf. Corollary 6.7).

e The Abelian FREYD category A(R-rows) ~ R-fpmod for a computable commutative
ring R with finite global dimension, e.g., the polynomial ring R = k[xq, ..., x,]. Appen-
dix C provides a software demonstration for computing the extension groups Exte (—, —)
as

Extg (A, B) == Homps 4 (4, X" (B))
for € = A(Q[x, y]-rows) ~ Q[x, y]-fpmod.
All the constructions presented in this section are implemented in ComplexesCategories
[Sal21Db).

We start by defining projective resolutions of complexes.
Definition 3.30. Let ¥ be an Abelian category and C(%) be its complex category. A
projective resolution for an object A in C(%) consists of the following data:
e An object P4 such that PAi is projective for all i € Z.
e A quasi-isomorphism q4: Py — A.
A projective resolution of an object in % is a projective resolution of the 0-stalk complex® in C (%)
defined by that object.

The following theorem enables us to construct projective resolutions of bounded-above com-
plexes over Abelian categories with enough projective objects.

Theorem 3.31. Let € be an Abelian category with enough projectives and let C—(€) be its
bounded-above complex category. Then each A in C~ (%) admits a projective resolution qa: Py —
A where Py belongs to C~(€). Furthermore, if A is contractible, then so is Pj.

6For the definition of a stalk complex, see Definition 3.2.
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PROOF. Let ug be the upper bound of A. For all i > w4, define 8%'31 by 0 5% 0 and ¢4 by

0% Al Suppose (8%,(]}4) has been computed and let us compute (8;‘3;1,@(1). Define the
morphism
. -9t i . . . .
7'1’4_1 = ( OPA ;fl > : Py @ AL PXH o A
A
and let k'y 1 = (71671 Kyt — P @ A1 be its kernel embedding. Since € has enough
projectives, there exists an epimorphism )\34_1: PAZ_l — Ki‘_l where 73/{_1 is a projective object.
We set A A A ‘ '
8;3;1 = )\ZAfl-elA_lz 7%_1 — Py
gt = At P AT
An straight verification shows that for every ¢ € Z, the morphism —)\i(lz PAf*l —» Kf{l is
the kernel lift morphism of (-95" %' ): Py ™' — Pi @ A ! along v’y ': K4y — Pj @ A1, For
cach i € Z, denote by u;fl: Ai_2 —» K'; ! the kernel lift morphism of (0 872): A2 — Pig A~}
along EZA_1 : Kil_l — Pid AL
The above data incorporates in the following diagram:

e () e ()
i1 o gi—2 0 % i piel 0 % i+l o g

- P @A P A P ®A ——

O 7 O S

o Rt = (et o) . Ky = (e 54)

_,j‘ 1 A
( Wy ) i—1 ( Ha ) i /
Ky Ky

1

Since )\Z_l is an epimorphism, the kernel lift of 72_2 along /if; is an epimorphism for all i < u4.

172) — ker (ijl) is an epimorphism as well, consequently

Hence, the natural embedding im (7‘
an isomorphism for all ¢ < u4. Thus, by Remark 3.7, Cone(q4) is exact, and by Lemma 3.16, g4
is a quasi-isomorphism as desired.

If A is contractible, then by Lemma 3.9, A is exact. Since ¢4 is a quasi-isomorphism, we have
HY(Py) = HY(A) =0 for all i € Z, i.e., Py is exact as well. It follows by Lemma 3.11 that Py is

contractible as asserted. O

Also morphisms between bounded-above complexes lift to morphisms between the correspond-
ing projective resolutions. Any two such morphisms coincide in the homotopy category.

Theorem 3.32. Let € be an Abelian category with enough projectives and let C~ (%) be its
bounded-above complex category. Let A and B be objects in C~(€') and qa and qp their projective
resolutions as constructed in Theorem 3.31. Then any morphism ¢: A — B lifts, uniquely up
to homotopy, to a morphism R,: Px — Fs. Moreover, if ¢ is a quasi-isomorphism, then T, is a
homotopy-equivalence.

PRroOOF. Let uy, be a common upper bound for A and B. For all ¢ > w,, define 72,}' by 0 % 0.
Suppose 7?; and 7?;“ has been computed and let us compute 7?;'*1. We have the following
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commutative diagram:

Ai71 i—1 ( o1 i1 ) T‘zA_l = <_8;7A qi\
- A - Ky = (ex 04 . - 0 87;1 . .
Pyt K Pio A1 Pl e Al
i1 i1 i-1._ (7% 0 i._ (R o
P! O ¢ O it= (% L) o Tw._<w0 v)
i1 i—1 i i—1 i+1 (
s i1 Kp~ e i1 i1 i1 TpoB , ol i B oB
Ap K = (gt o) Sl n 9B
B 0 azB—l

where E;_ll is the kernel lift of /{f{l -7';_1 along /ﬁgl, and 72;'_1 is a projective lift of )\i;l -ffp_l
along \j .

The commutativity of the above diagram implies

- . . P00 —— o -
it o) (B ) =mrn o)
i.e.,
(87’;;1 P —qi! .<pi—1> _ (73;—1 ,3;%1 _7?;'—1 .q};1>
for all 7 € Z. Hence, F,: Py — Fi is well-defined and g4+ = T, -gp as desired.
Let p,(: Py — T be two morphisms with p<qgp = (g = qa-p. We want to prove that
p — € is null-homotopic. Using the notation of Remark 3.15, we define the morphism
= Coneg, g, (9, 2) — Coneg, g, (C. ) : Cone(ga) — Cone(gs).
The component of ¥ at index i € Z is
i+1 _ il 4 . 4 A
(p OC 8>:7DAZ+1@AZ_>7DBZ+1@BZ'
We will prove that 1 is null-homotopic and then use the corresponding chain-homotopy to con-
struct a chain-homotopy for p — (. We need to construct a family (71?rl ® A £, Pé ® B!
. 1€EZ
such that ¢! = 74« (1 4 ¢l 7! for all i € Z.
For all ¢ > u, we set

. i+1 . . ; )
0= (hO 8) = (8 8):7%+1@A1—>77§69311.

Suppose we have already computed ¢ and £'*! and let us compute £~'. The equality ¢’ =
T4 i 4 g -7}’371 translates to
(pi_t,_l L iRy it gl it .q%> _ (O 0)
0 0 0 0)°
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Let 7y == (idai O) : Pi — Pi @ A1 be the natural injection of P} in Pi @ A~L. We get the
following equality:

y i- i=1, pi), i i ) i Rt 0 — 0k i
m-(¢ l_TAl.g).TBlz((p_g o)_(—aﬂ qA)-( 0 0))'( 0733 8281>

; o4 a4
i 1 7 i+1 . o B
pi— ¢l 4 Bl <hiL0) ( 0 o 1)

= (

(—pi+ 0k + (1o 0h — Ob hita0h  pleqly — (Pegly + Ok, <RIt gh)
(g edhy +C1edly — b -0 0)
(-
(-

p .81' + CL.az _ 8%4 .(_ i+1 + <i+1 _ a;‘)::l .hi+2) 0)
p 8733 + 87;;4 it1 + CZ 67% 3Z Ci+1 O)
=(0 0).
Let u': Pi — Kl ! be the kernel lift morphism of Y (wl 1 Til_l-él) along Iﬂl 1 and
v P — PBi_ a projective lift of y' along )\% L

o oo ()
my = (! ; 0 9 . )
7)1 C A 7)/{ A’L 1 A 7?;-{-1 @ Al
v , ,
i i—1 —Ct 0 i it1 i i+1_citl
O O w=(P509) = (") N Garaa)
/
7DBZ_1 — KZB—I ¢ — — fpé oy Bz—l ~ 1, 7)é+1 @ Bz
Ap kg =(" ") siml_ (%% B
B 0 amB—l

Define k' by —v¢, then the equality ~* -)\gl n‘igl =Yy -(W‘*I — T};l_l -Ei) translates to
(=hi-ot hiegyt) = (p = ¢+ 0p -hiF 0),
ie.,
(0 = C 4 Ol WL B0t B gyt ) = (0 0);
hence defining ¢ by (hi 0) implies ! = "*1 Ny -7?2 as desired. Hence, v is indeed
null-homotopic. The family (hZ 7?4 — 77 ) - defines a chain homotopy for ¢ — p.

Suppose ¢ is a quasi-isomorphism. It follows from the equality &, +¢p = g4+ ¢ and Remark 3.5
that R, is a quasi-isomorphism. Hence, by Remark 3.24, T2, is a homotopy—equlvalence as desired.
O

Given a category % and a class W of morphisms in €. A localization of € by W is a category
€[W~1] and a “localization by W” functor Q: ¢ — ¢ [W '] with the properties: Q(f) is an
isomorphism for all f € W and any other such functor ¥ — & factors uniquely along ). Some
approaches for the construction of localization categories can be found in [GMO03, Chapter 3] or
[DS95, Chapter 6]. The following theorem provides an example of a localization functor of the
the above-bounded complex category of an Abelian category with enough projectives where W
is the class of quasi-isomorphisms:
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Theorem 3.33. Let € be an Abelian category with enough projectives. Then
¢ (¢) — K (proj(?)),
P: A — [P4],
p: A= B = [B]: [Pa] =[]

is a functor. Moreover, P factors along the quotient functor [|: C~(€) — K~ (%) via

K=(%) — K~ (proj(%)),
P: [A] = [Pl
[Pl: [Al = [B] = [R]: [Pa] = [PB].

PrOOF. The functoriality follows by Theorems 3.31 and 3.32. By Theorem 3.31, if A is
contractible, then so is P4, i.e., [4] = 0. Since every null-homotopic morphism factors along a
contractible object, the functor P maps null-homotopic morphisms to zero, and consequently P
factors along the quotient functor as asserted. (|

Lemma 3.34. Let € be an Abelian category with enough projectives. Let A, Q) be objects in
C—(€) with Q' projective for all i € Z; and let q: Q — A be some morphism in C~(€), then
there exists a unique lift morphism [Ag]: [Q] — [Pa] of [q] along [qa]. Furthermore, if q is a
quasi-isomorphism, then [A;] is an isomorphism, and its inverse is the unique lift morphism of
[g4] along [qg].

PrROOF. Let ga: Py — A,qo: B — Q and B: By — T4 be the morphisms asserted by
Theorems 3.31 and 3.32, It follows by Remark 3.24 that qq is a homotopy-equivalence, i.e., [gg]
is an isomorphism. Let gg be representative of [qQ]_1 and define A\; by qg + R, then

[Agl+lga] = [Aq - qa]
"B ]
*qQ*q]
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Suppose [p]: [Q] — [Pa] is a lift morphism of g along ¢4, i.e., with [u]+[ga] = [q], then p1+qa—q
is null-homotopic. It follows by Theorems 3.32 and 3.33 and the following computation
(4@ n—TR) qa=aq 14— Fqa
=4 H*qa —4qQ-°4
=qq+(1+qa —q),
that gg+u — B is also null-homotopic, hence [gg]+[p] = [B] and [u] = [q0]*+[R] = [70]*[R] =
(70 R] = [\] as asserted.

Suppose now that ¢ is a quasi-isomorphism. It follows by Theorem 3.32 that 7 is a homotopy-
equivalence, i.e., [R] is an isomorphism. Consequently, [A,] is an isomorphism as well. It is obvious
that [\,] 7! is a lift morphism of [ga] along [g]. Suppose [€]: [P4] — [Q] is a another lift morphism
of [ga] along [q], i.e., with [¢]+[¢] = [ga]. Since ¢ and g4 are quasi-isomorphisms, it follows that ¢ is
a quasi-isomorphism as well. Hence, by Remark 3.24, [¢] is an isomorphism, thus [q] = [¢] 7!+ [ga].
It follows by the first assertion of the Lemma that [¢(]71 = [A\;], i.e., [(] = [AJ]7} and [\ 7 is
then, as desired, the unique lift morphism of [g4] along [q]. O

An immediate consequence from Theorem 3.32 and Lemma 3.34 are the following two lemmas:

Lemma 3.35. Let ¥ be an Abelian category with enough projectives. Let A be an object in
C—(%¢). For any two projective resolutions p: P — A, q: Q — A in C~(€) of A, the morphisms
[p] and [q] lift uniquely along each other via an isomorphism and its inverse.

Lemma 3.36. Let € be an Abelian category with enough projectives. Let p: A — B be a
morphism in C~(€) and let ra: Q4 — A and rp: Qp — B in C(€) be projective resolutions of
A resp. B. Then there exists a unique morphism [Q,]: [Qa] = [@B] with [Qy]«[rB] = [ral*[¥].

The following corollary enables us to detect equalities in homotopy categories, in a similar

way to monomorphisms and epimorphisms in general categories.

Corollary 3.37. Let ¢ be an Abelian category with enough projectives. Let Q) be an object in
C—(€) with Q" projective for alli € Z, and let p: P — A in C~ (%) be some projective resolution.
Then for any morphism s: @ — P, [s]+[p] = 0 if and only if [s] = 0.

PROOF. idg: @ — @ is a projective resolution for @ and [s]+[p] = [idg]+0, hence, by
Lemma 3.36, [s] = 0. The converse is trivial. O

Corollary 3.38. Let € be an Abelian category with enough projectives and proj(%€) the full
subcategory generated by all projective objects in €. Then the projective resolution functor P is
a Tight adjoint to the inclusion functor:

t: K~ (proj(¢)) = K (¢) :P.
PROOF. For a given pair of objects [A] in K~ (%) and [Q] in K~ (proj(¥¢)), we define the map

 JHomg— (proje)) ([1Q], P([A]))  — Homg— () ([Q], [A4]),
q)[Q]u[A]' { A\l . [)\]'Q[A]-

where qp4): P([A]) — [A] is a projective resolution of [A] asserted in Theorem 3.31.
By Lemma 3.34, ®(g 4] is bijective. Let [¢]: [Q] — [Q] in K™ (proj(¢’)) and [¢]: [A] — [A']
in £~ (%) be two morphisms, then for any [\]: [Q] — P([4]) we have

[] - [A] = qrag - [0] = [9] - AT+ P([]) - grar,
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which translates to the commutativity of the following diagram:

Homy— (projie)) ([Q), P([A]) — 2 Homy (@], [A))
[¥]-—-P([]) O [¥]+ =[]
Homy proj(e)) (1Q'] PUA) ———— Homg— 4 (@], [4),
i.e., the map ® is natural. O

In fact, the components of aforementioned adjunction are both ezact functors (cf. Defini-
tion B.24). It is obvious that the injection

t: K™ (proj(¢)) —» K (%)
is exact. The exactness of P follows by the following Lemma:

Lemma 3.39. Let € be Abelian category with enough projectives. The projective resolution
functor
P: K (¢) — K (proj(¢))

1s exact.

PrROOF. We start by showing that P commutes with the shift functors up to a natural iso-
morphism p: 3P — P-%, then we show that P is exact with respect to p.

Let gs(a) and gxp) be the projective resolutions of ¥(A) resp. ¥(B) as computed in The-
orem 3.31. Similarly, let g4 and gp be projective resolutions of A resp. B. Applying 3 on a
morphism only shifts the induced morphisms on cohomology, hence ¥(g4) and X(gp) are both
quasi-isomorphisms, hence projective resolutions of 3(A) resp. 3(B). It follows from Lemma 3.34
that gs(4) and X(ga) lift uniquely along each other via an isomorphism and its inverse. The same
holds for gs,py and X(gp).

Let pa be the unique lift isomorphism of gs(4) along %(ga). Analogously, we define pp.

s
m
PE(A) — 0 na) 1 w(p(a))
P(X(v) O () O S(P(y))
PE(B) ——g— 2(B) ————— S(P(B))
\i/

e

A simple diagram chase shows that
(na+E(P(#)) = P(5(9)) - 1) - E(gB) = 0,
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hence, by Corollary 3.37,
pa+5(P(p)) = P(X(#)) - 1B,
i.e., the assignment
)YeP =Py
& { A = pA
defines a natural isomorphism.
We still need to show that for any morphism ¢: A — B in K™ (%), the triangle

PA) P9, pgy PUE, piCone(yp)) PEC A, sy pra))

is exact. Let g4 and gp be projective resolutions of A resp. B, then P(¢)+qp = qa-p. Let
d: Cone(P(p)) — Cone(p) and e: Cone(gs) — Cone(gp) be the morphisms resulted by the ax-
iom TR 4. Since ¢4 and ¢p are quasi-isomorphisms, Cone(g4) and Cone(gpg) are, by Lemma 3.16,
both exact; hence € is a quasi-isomorphism. It follows by the same Lemma that Cone(e) is ex-
act as well. By the 3x3 -Lemma (see e.g., [May01, Lemma 2.6]), Cone(e¢) = Cone(¢), thus
Cone(0) is exact and 0 is then a quasi-isomorphism, i.e., ¢ is a projective resolution for Cone(yp).
Let gcone(p): P(Cone(p)) — Cone(yp) be the projective resolution of Cone(y) asserted by Theo-
rem 3.32. By Lemma 3.34, ¢ lifts uniquely along goone(y) via an isomorphism, say A.

We depict the above data by the following diagram whose upper and lower parts are commu-
tative:

P(A) P(B) P(Cone(p)) L(P(A))
i idp(a) © o idp(s) ° el \A © Haa) idx(p(a))
C (A
A % B ) one(y) s (4)
qa o B O 5 O (qa)
P(A B Cone(P A
(A) %) P(B) @) one(P(p)) ) (P(A4))

By a diagram chase we get the following two equalities:

(P(e()) = t(P(#)) * A) * qCone(p) = 0
and
(AP(m(p)) s a — m(P(p)))*X(qa) = 0,
hence, by Corollary 3.37, we have
P(u(p)) —u(P(p)) s A=0
and
A=P(7(p))+ pa — m(P(p)) = 0.

Hence, the top and bottom triangles are isomorphic; and since the bottom triangle is exact,

so is then the top. O
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Remark 3.40. All statements about projective resolutions can be dualized to a similar state-
ments for the existence of injective resolutions. An injective resolution for an object A in C (%)
is a quasi-isomorphism g4: A — Z4 such that ) is injective for all i € Z. If € is an Abelian
category with enough injectives, then each object A in CT (%) admits an injective resolution, and
every morphism ¢: A — B can, up to homotopy, uniquely be lifted to a morphism Z,: 74 — Ip
with p+qp = qa+Z,. We get a functor

which maps quasi-isomorphisms to isomorphisms. Furthermore, the functor Z is a left adjoint to
the inclusion functor.

Z: KT (€) =2 KT (inj(¥))
and the bijection associated to a pair of objects [I] in K (inj(%¢’)) and [A] in KT (%) is given by

 JHomy— (15 (Z([A]), [I])  — Homy— (4 ([A], [1]),
Vi { Ri = g+ [N
where g4 = [ga]: [A] = [Za].

3.4. Derived Categories and Derived Functors

This chapter provides an overview on derived categories and some of their associated concepts
like extension groups Ext"(—, —) and the derived functors. Deciding the equality of morphisms in
the derived category directly is a priori extremely difficult. As a result, one seeks a more friendly
category that is equivalent to the derived category in question. For example, if ¥’ has enough
projective objects then we can use the equivalence

D™ (%) = K~ (proj(?)),
where proj(%) is the full subcategory of € generated by all projective objects in €. Similarly, if
% has enough injective objects, then can use the equivalence
D*(¢) = K (inj(¥))
where inj(%) is the full subcategory of & generated by all injective objects in %.
With these techniques we implement versions of derived equivalences on computer. Namely,

the HAPPEL theorem where the tilting module is the direct some of objects of a complete strong
exceptional sequence (cf. Corollary 6.7 and Appendix E).

Definition 3.41. Let € be an Abelian category and x € {“ 7, +, — b}. The derived cate-
gory D*(%) is defined by the following data:
(1) Obj(D*(%)) = Obj(K*(¢)).
(2) For a given pair of objects A and B in D*(%’), we define the Homp-(4)(A, B) by the set
of all equivalence classes of roofs of the form A & X I B where g, r live in £* (¢) and
q is a quasi-isomorphism; where two such roofs

AL x, N Band A& X, 2 B
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are equivalent if there exists an object Z in K*(%) and two quasi-isomorphisms ¢1: Z —
X1 and ty: Z — X, rendering the following diagram in K£*(%)

Xo

commutative. A morphism that is represented by a roof A <~ X 55 B is usually denoted

by r/q.
(3) The composition of two morphisms represented by the roofs

AL X Band BE Y 2 C

is the morphism represented by the roof A <X Z &> C' where Z is the object in K* (%)
whose differential at i € Z is

83'( O —ri
0 dy —q
0 -5t

oy =X'9oY' @Bt X eyt g B

and ¢, r are the morphisms whose components at ¢ € Z are

(1)

0
3
o \o)
r=X'eY'e®B™ " —— (C".
(4) The identity morphism of an object A is given by id4/id 4.
The categories D~ (€), D* (%) and D*(%) are called the bounded above, bounded below resp.
bounded derived categories of €.
Remark 3.42. Let € be an Abelian category and let D*(%) be its derived category. We have
the following facts:
(1) If r/q: A — B in D*(€) is represented by the roof A <~ X 5 B, then
r/q=idx/q-r/idx = (¢/idx) " +r/idx.

(2) There is a natural functor

resp.

K*(¢) — D*(¥),
Q: A — A,
rmA— B wr/idg: A— B,
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which maps quasi-isomorphisms to isomorphisms. In particular, if r is a quasi-isomorphism,
then Q(T)_l =id 4 /r. Furthermore, @ is universal with this property, i.e., if U: K*(¢) —
FE is a functor which maps quasi-isomorphisms to isomorphisms, then there exists, up
to a natural isomorphism, a unique functor U: D* (¢) — E such that U = Q- U. Since
each morphism r/q can be written as Q(q)_1 <Q(r), U is given by

D*(¢) — E,
U: A — U(A),
rlg = U U
(3) The cohomology functors H': K*(€) — €, i € Z map quasi-isomorphisms to isomor-
phisms, hence they can be regarded as functors from D*(%). In particular, we define
the i*-cohomology functor by
D*(¢) — ¢,
H: A = H(A),
r/lg o~ H(q)7 -H(r).
(4) A morphism 7/q: A — B in D*(%) is an isomorphism if and only if H'(r/q) is an
isomorphism for all ¢ € Z if and only if r is a quasi-isomorphism.
Remark 3.43. The category D*(%) is additive.
(1) An object A in D*(%) is zero if and only if H'(A) = 0 for all i € Z, i.e., if and only if A
is exact.
(2) The product and coproduct can be inherited from K*(%¥’), for example if A and B are

two objects in D*(%¢’) then the natural injection of A into A @ B is represented by the
roof

Al g W10,y p
and the natural projection from A & B onto A is represented by the roof

pop (5 o )

A®e B —— A.
(3) For a given pair of objects A, B in D*(%¥), the zero morphism from A to B is given by
0/id4; and the addition of morphisms r1/q1,72/q2: A — B is given, as can be done in
any additive category, by the composition of the triple

(" ),y (i)

(ida ida), Ba B2/, B

A ADA

Definition 3.44. The shift automorphism > on D*(¥) is the functor determined by the
relation ¥+@Q = Q+X where @ is the natural functor Q: K*(¢) — D*(¢) and X is the shift
automorphism on K*(%). A triangle

AL BL O 5 (A
in D*(%) will be called exact if it is isomorphic to the image under @ of some exact triangle in
K*(%), i.e., to some triangle of the form

Q(x) 2, vy LD, g (Come(£)) L™, Q(n(x)) = R(Q(X)).
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It can be shown this class of exact triangles turns D*(%) into a triangulated category. Moreover,
the natural functor Q: K*(¢) — D*(¥) is exact (cf. [GMO3]).

For x € {+,—,b}, we have natural embeddings D*(¢) — D(%) defined by forgetting the
boundedness conditions.

Proposition 3.45. The natural embeddings D*(€) — D(¥) for * = +,— or b, define equiv-
alences of D* (%) with the full triangulated subcategories of D(€') generated by all objects A with
H'(A) =0 fori <0, i>0 resp. |i| > 0.

The concept of K-projectives and K-injectives allows us to identify derived categories with
homotopy categories. For extensive treatment we refer to [Spa88], [Yek12] and [Yek20].

Definition 3.46. Let € be an Abelian category and let x € {+,—,b,“ "}.

(1) An object P in K*(%) is called K-projective if for every acyclic object U in K*(%),
HOm;C*(cg) (P, U) =0.

(2) A K-projective resolution of an object A in K*(%) is a quasi-isomorphism P — A
from some KC-projective object P in K*(%).

(3) We say K*(%) has enough K-projectives if every A in K*(%) has a K-projective resolu-
tion.

(4) The full subcategory of K*(%) generated by K-projective objects will be denoted by

pr0j(€)- It can be shown that K5, (%) is a triangulated subcategory of K*(¢).

Example 3.47. Let ¢ be an Abelian category and P an object in K~ (%) where P is a
projective object for all ¢ € Z, then P is K-projective.
Lemma 3.48. Let € be an Abelian category and let P be an object in K*(€). The following
statements are equivalent
(1) P is K-projective,
(2) For every quasi-isomorphism q: A — B in K*(%€), the map
HOHI]C*(LK) (P, A) i} HOmK*(cg) (P, B)
is bijective,
(8) Every quasi-isomorphism q: A — P in K*(%€) is a split-epimorphism,
(4) For every B in K*(%) the map
Orp: Homyc+(4) (P, B) — Homp« (P, B),
’ (G = ¢ /idp
is an isomorphism.

Corollary 3.49. Any quasi-isomorphism in K*(€) between two K-projective objects is an
isomorphism.
Theorem 3.50. Let € be an Abelian category. Then the natural functor
C: ]C;;roj ((g) — D~ (cg)
is fully faithful. Moreover, if K*(%€') has enough K-projectives, then ¢ defines an exact equivalence.

PROOF. ( is exact because it is defined by the composition of the exact functors

L (F) = KNE) DL DH(@).

proj
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Since ) maps quasi-isomorphisms to isomorphisms and K*(%) has enough K-projectives, ¢ is
essentially surjective. O

Corollary 3.51. Let € be an Abelian category with enough projectives and proj(%) the full
subcategory generated by projective objects. The natural functor

K~ (proj(¢)) — D™ (%)
defines an exact equivalence.
PROOF. By Theorem 3.31, K°(%) has enough K-projectives. By Corollary 3.49, the exact

natural embedding K~ (proj(¢)) — K;(%¢) is essentially surjective, hence an equivalence.
Hence, the assertion follows by Theorem 3.50. O

Definition 3.52. Let € be an Abelian category. For two objects A and B in ¢, we define
the itP-extension group of A and B by

Extly (A, B) = Hompu ) (4, 2'(B))
where A and B are considered as objects in D?(%).

Remark 3.53. Since Y is an autoequivalence, we can identify the extension group EXt%(A, B)
with Hompy () (Ek (A), EkH(B)) for all i,k € Z. Hence, we can define a composition law of
extensions:

.. {Ext%(A,B) x Extl(B,C) — Exti7(A,0),
(r,1) = e DY),
Remark 3.54. Ext’. (A, B) =0 for all i < 0 (cf. [GMO03, IIL5)).

Definition 3.55. Let A be an object in 4. We define the homological projective dimen-
sion and injective dimension of A by
prodim(A) = sup{n | 3B € ¢, Exty (A, B) # 0}
resp.
injdim(A) == sup{n | 3B € €,Exty(B, A) # 0}.
The homological dimension of the category € is the maximum n such that there exists
two objects A, B in ¢ with ExtZ,(A, B) # 0 (or oo if no such d exists).
Lemma 3.56. The following properties of an object A in € are equivalent:
(1) prodim(A) = 0;
(2) ExtL(A,B) =0 for all B in €;
(8) A is a projective object.
Similarly, the following properties are equivalent:
(1) injdim(A) = 0;
(2) ExtL (B, A) =0 for all B in €;
(3) A is an injective object.

PRrROOF. See [GMO03, Lemma I11.9.10]. O
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Lemma 3.57. Let
0B P 5. . 5P 5450
be an acyclic object in CP(€) with all P' projective, then
prodim(B) = max{0, prodim(A4) — k}.
Similarly, if
0A—-I1"—...5 "1 5 B0
is an acyclic object in C°(€) with all I' injective, then
injdim(B) = max{0, injdim(A) — k}.
PROOF. See [GMO03, Lemma II1.9.11]. O

Corollary 3.58. Let € be an Abelian category with enough projectives and A an object in
@. The following statements are equivalent:

(1) prodim(A) < k;
(2) if the complex
0B—-P * D 4...5pP" 5450
is acyclic and every P! is projective, then B is also projective.
(3) there exists an acyclic complex
0P Fp D4 P05 A0
in which every P projective.

PROOF. (1) — (2) follows from Lemmas 3.56 and 3.57. Now we show (2) — (3): Since ¥ has

enough projectves, we can compute a projective resolution, say Pa, for A. Let ¢: K — P;(k_l)

be the kernel embedding of 8;5‘]9—1), then
0 K& P D 4.5 P05 450

is acyclic, hence, by assumption, K is projective and the above complex is a projective resolution
of length < k of A. Now we show (3) — (1): By Lemma 3.56, prodim(P_k) = 0 and by
Lemma 3.57, 0 = prodim(B) = max{0, prodim(A) — k}, i.e., prodim(A) < k as desired. O
Remark 3.59. Let ¥ be an Abelian category with enough projectives and a finite homological
dimension d > 0. Then we have an algorithm which constructs for a given object A in % a finite
projective resolution of length at most d. We start by constructing some projective resolution P

of A, then we let P — 72~%(P) be the natural projection” of P on the smart d-bellow truncation
of P, i.e., the morphism

(:);(dJrQ) a*(dJr]) a;d 8;((1*1) 6;1

p—(d+1) p—d p-(d-1) ce PO A 0

us

0 0 coker(c?;(dﬂ)) —— p~(@d-1 = —— PO A 0
o5 o5

Tt is a quasi-isomorphism (cf. [KS06, Definition 8.3.8]).
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where 7 is the cokerel projection of 6;(d+1) and ¢ is the unique colift of 8;d along 7. Since the
top row is acyclic and the truncation is smart, the bottom row is also acyclic. By Corollary 3.58,

coker (8;(d+1)) is projective. This means 72~%(P) defines a finite projective resolution for A of

length at most d. Of course P and 72~%(P) are homotopy-equivalent.

Lemma 3.60. Let ¢ be an Abelian category with enough projectives and a finite homological
dimension d > 0. Let P in K~ (%) be a complex of projectives such that H'(P) = 0 for i < 0,
then P is isomorphic to a bounded complex of projectives.

PROOF. Let £ € Z be a lower homological bound for P, i.e., H(P) = 0 for all i < £. Let 7

be the cokernel projection of af;(d“) and ¢ the unique colift of af;*d along m. Then the natural

projection of P on the smart (¢ — d)-below truncation 72¢~%4(P)

gt (d+2) (—(d+1) gl-d gt @d-1) gt-1
P pt—(d+1) —~ pt—d P pt—(d-1) L P pt — pltl — ...
ﬂ'\
@D L e (@1 0 D+l s ...
0 0 coker(@P ) — pt-(d-1) prTy pon P pit
P P

is a quasi-isomorphism. This means H’ (Tzé_d(P )) =0 for all ¢ < ¢. Hence, the complex
0— Coker(af;(dﬂ)) Ly pt=d-1) ... pt_y Coker(ag_1> 0

is acyclic, and by Corollary 3.58, coker(@f;(dﬂ)) is a projective object. If we define @ by
72¢=4(P), then the assertion follows by Remark 3.24. O

Theorem 3.61. Let € be an Abelian category with enough projectives and finite homological
dimension d, then the natural functor

K’ (proj(€)) = D*(%)
defines an exact equivalence.

ProOOF. The functor is fully faithful and exact due to Corollary 3.51. By Theorem 3.31 and
Lemma 3.60 the functor K?(proj(%)) — Db(%) is essentially surjective. O

Theorem 3.62. Let € be an Abelian category with enough injectives and finite homological
dimension d > 0, then the natural functor

K*(inj (%)) — D(%)
defines an exact equivalence.

Theorem 3.63. Let € be a Abelian category with enough projectives and finite homological
dimension. If K*(€) has decidable equality of morphisms, then so does D°(%).

Definition 3.64. Let % be an Abelian category and ¥ a triangulated category. Suppose
x € {+,—,b,“ "} and Q: K*(€) — D*(%) is the natural localization functor. Let F': K*(€) — T
be an exact functor. The left derived functor of F' is an exact functor

LF: D*(%) — T,
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together with a natural transformation
n: Q-LF — F

which is universal in the sense that if G: D*(%) — ¥ is another exact functor equipped with a
natural transformation : Q+G — F, then there exists a unique natural transformation A\: G —
LF such (4 = Ag(a)+na for all Ain K*(A).

With the same assumptions as above, we have the following very useful lemma:

Lemma 3.65. If K*(€) has enough K-projectives, then F has a left derived functor (LF,n)
given by

D* (%) — T,
LF: A — F(Pa),
r/qg: A= B — F(P,) ' +F(P,): F(Pa) = F(Pp)
and the natural transformation
)JQ-LF —F,
’ { A — F (7T A)-

Definition 3.66. Let F': ¥ — & be any functor between two Abelian categories, then F' can
naturally be lifted to an exact functor £~ (%) — K~ (&) whose composition with the localization
functor of K~ (&) gives another exact functor F': K~ (%) — D~ (&). If F has a left derived functor
(Lﬁ’ ) n), then we say F has a left derived functor LF := LF; and we define the i*’-left derived
functor of F' by ‘ ‘

L'F = -LF-H:¢ — &
where 1z is the natural embedding of ¢ in D~ (%) and H' is the i*'-cohomology functor. The
natural transformation 1 induces a natural transformation LOF — F.

Example 3.67. Let € be an Abelian category with enough projectives. Then K~ (%) has
enough KC-projectves (cf. Section 3.3). Hence, any exact functor £~ (%) — T has a left derived
functor.

Let F': € — & be a functor to an Abelian category &, then F' has as well a left derived functor
LF: D~ (%) — D~ (&). Furthermore, the natural transformation L°F — F is an isomorphism if
and only if F is left exact.

Definition 3.68. Let ¥ be an Abelian category and ¥ a triangulated category. Suppose
€ {+,—,b,“ 7} and Q: K*(€) — D*(%) is the natural localization functor. Let F': K*(¢) — ¥
be an exact functor. The right derived functor of F' is an exact functor

RF:D*(¥¢) — %,
together with a natural transformation
n:F—Q-RF

which is universal in the sense that if G: D*(%) — ¥ is another exact functor equipped with a
natural transformation (: F' — @+ G, then there exists a unique natural transformation A: RF —
G such (4 = na+Aga) for all A in K*(A).

Definition 3.69. Let ¥ be an Abelian category and ¥ a triangulated category. Suppose
€ {+,—,b,“ 7} and Q: K*(€) — D*(%) is the natural localization functor. Let F': K*(¢) —» ¥
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be an exact functor. If £*(%’) has enough K-injectives, we define the right derived functor of
F by the pair (RF,n) consisting of the functor

D*(¥) — T,
RF: A — F(Zy),
r/q: A= B F(Z,) '~ F(Z,): F(Za) — F(Ip)
and the natural transformation
JF — Q-RF,
A — F (L A)-

Definition 3.70. Let F': ¥ — & be any functor between two Abelian categories, then F' can
naturally be lifted to an exact functor K1 (%) — ~IC+(@[” ), whose composition with the localization
functor of K (&) gives another exact functor F: KT (¢) — D' (&). If F has a right derived
functor (Rﬁ ,17), then we say F has a right derived functor RF := RF; and we define the
it"-right derived functor of F by

R'F = 1c+RF-H": ¢ — &
where (¢ is the natural embedding of ¢ in Dt (%) and H' is the i*'-cohomology functor. The
natural transformation 7 induces a natural transformation F — RF.

Example 3.71. Let ¢ be an Abelian category with enough injectives. Then Kt (%) has
enough K-injectives (cf. Section 3.3). Hence, any exact functor KX (%¢) — ¥ has a right derived
functor.

Let F': € — & be a functor to an Abelian category &, then F has as well a right derived
functor RF: D (%) — D*(&). Furthermore, the induced natural transformation F' — ROF is
an isomorphism if and only if F' is right exact.






CHAPTER 4

Homomorphism Structures

We have already seen in Corollary 3.26 that solving two-sided inhomogeneous linear system
of equations in a category % is necessary to equip its bounded homotopy category K°(%) with
decidable equality of morphisms: Precisely, verifying the equality of two morphisms «,3: A — B
in K%(%) amounts to verifying the solvability of the system

{4 X"+ X0 =a' =B | i € Supp,l,
for the given differentials 9% : A" — A" 9% : B' — B! and unknown morphisms x*: A" —
B~ for i € Supp,. A particular solution (Xi)iESuppA gives us a chain homotopy witnessing the
equality “a = 37 in K%(%).

We will see later in Definition 5.3 that two-sided inhomogeneous linear system of equations
are necessary to render a triangulated category (¥,%, /) computable: Precisely, verifying the
exactness of a triangle

AL BL OD2(A)
over ¥ amounts to (1) finding a particular solution of the system

vex=ua), x-w(a)=m,
where ((a) and 7(a) are taken from the standard exact triangle associated to a:

A% Y, Cone(a) ), Y(A)
(cf. Definition 5.1) and x: C' — Cone(«) is an unknown morphism; and then (2) verifying that
this particular solution y is an isomorphism in ¥. Checking whether the particular solution y is
an isomorphism also amounts to verifying the solvability of the system
x+§ =1idc, §ex= id(]one(oz)
for an unknown morphism &: Cone(a) — C.

Solving two-sided linear systems is very usefull in functor categories: Let k be a commutative
ring and & a k-linear finitely presented category defined by a quiver q subject to a set of k-
relations p. Let [«7,&] be the category of k-linear functors from ./ into a category & and
consider two objects I and G in [/, &]. Then computing the external Hom(, ¢ (F,G) amounts
to finding the solution set of a system of two-sided inhomogeneous linear equations in & (a linear
equation for each arrow in the quiver ). If & is the category R-rows for some commutative
ring R, then we can easily use the classical Kronecker product trick in solving matrix equations
[LT85]. However, to cover as many cases as possible, we will have to use a categorical approach
that is context-independent.

Which categorical constructions can help? For a locally small category &, the external Hom
bifunctor is defined as follows:

93
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E°P X € — Set,

A, D H A, D
Hom(g(—,—): ( ) ) = Om%)( ) )7
Homy (B,C) — Homg(A, D),

X = oex .
Choosing an element in the set Homg (A, D) is similar to choosing a map in Set from some
singleton set, say {*}, to Homg¢ (A, D). This simple idea allows us to define a natural isomorphism

(a®?,B): (B,C) — (A,D) +— Homg(a,B): {

Homy(—,—) — Homget({*}, Homy(—, —)),
Homgy (A, D) — Homget({*}, Homy (A, D)),
{*} — Homy(A, D),
by

A, D > UAD:
4, D) P g = van(7): {

where the naturality of v translates to the equality!
vap(asx+B) = vpc(x)-Homg(a, ).

for all triples A % B % C i D of morphisms in ¥. This equality enables us to translate any
two-sided equation in &

asxf=v
for given morphisms ae: A — B, f: C — D and v: A — D and an unknown morphism x: B — C
into a left-sided equation in Set

X'+ Homg (o, 8) = va,p(7)
where a solution x can be recovered from x’' as y = nglc(x’ ).

)

X - va,p(7)

Ho B,C Ho A, D
mes ) Homg («, 8) e )

If € is preadditive, the range of the external Hom bifunctor can be taken to be the category
AbD of abelian groups. In this case, we get a new natural isomorphism
Hom¢(—,—) — Homap(Z,Homy(—, —)),
HOmcg(A, D) — Homap (Z, HOIngg(A, D)),
Z — Homy (A, D),
1 =

A, D = UAD:
(4. D) AP ¥ — vap(7y): {

IThis equality holds since vap(asx:B8)(x) = a-x+f =Home(a, 8)(x) = Home (o, 8) (vB,c(X)(%)).
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which also enables us to translate any two-sided equation a+x+f = 7 in ¥ into a left-sided
equation x’'+Homy (a, B) = va p(7) in Ab.

X - va,n(7)

Homy (B, C) Homy (. 5) Homy (A, D)
G\,

Suppose now that % is a closed symmetric monoidal category whose tensor unit is 1, tensor
bifunctor is ®: € x ¥ — % and internal Hom bifunctor is Hom: ¢°P x 4 — ¢ (cf. [Posl7,
Section 3.2]). In this case, we can also construct a natural isomorphism
HOIH%”(—,—) — Hom%(17M(_7_))7

Homy(A,D) — Home(1,Hom(A, D

(A, D) — v p: omy (A, D) omy (1, Hom(A, D)),

gl = 0a,0(Aa7)
where
A1 ® A =5 A
is the left unitor of A and
d4p: Homy(1® A, D) = Homg (1, Hom(A, D))

is the isomorphism induced by the adjunction (—) ® A 4 Hom(A, —). Again, the naturality of v
translates to the equality
va,p(a-x+B) =vpc(x) -Hom(a, B)

for all triples 4 & B % C ﬁ> D in €. This means that a closed symmetric monoidal structure
enables us to translate two-sided inhomogeneous equation a+y+f = v in % into a left-sided
equation x'+Hom(«, ) = va p(v) in €.

- va,n(7)

Hom(B,C) Hom(a ) Hom(A, D)

From a computer algebra viewpoint, this says that if the axioms of closed symmetric monoidal
categories are realized in ¢ by algorithms and %" has decidable lifts (cf. Definition A.8), then we
can automatically derive an algorithm to solve two-sided inhomogeneous equations a+y+8 = =y
in €.

The concept of a Z-homomorphism structure on a category % was first formulated by Po-
sur in his constructive approach to Freyd categories [Pos21a]. This concept requires far less
prerequisites than those discussed previously while retaining the ability to transform two-sided
equations in a category % to left-sided equations in Z.

A 2-homomorphism structure (1, H(—, —), ) on a category € consists of an object 1 in 2,
a bifunctor H: €°P x ¢ — 2 and a natural isomorphism v: Homg (—, —) = Homg (1, H(—, —))
(cf. Definition 4.2).
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The main advantage of the homomorphism structure is that it allows us to convert a two-sided
equation
asxf=v:A—D
for with given morphisms «, 3,7 and an unknown morphism x : B — C in € into a left-sided
equation or a lifting problem
X'+ H(a,B) =vap(v)
in @, where y can be recovered as x = vg ' (X').
This can be extended in the additive case to solve two-sided inhomogeneous linear systems
(cf. Theorem 4.17). Solving two-sided inhomogeneous linear systems is indispensable for almost
all constructive approaches of thesis, for instance:

e In order to decided the exactness of a given triangle in a triangulated category ¥ (and in
the affirmative case to compute an isomorphism witnessing the exactness), we need to
solve a two-sided inhomogeneous linear system of equations in ¥. So once ¥ is equipped
with a Z-homomorphism structure we can reduce this two-sided linear system to a
left-sided equation in & (cf. Lemma 5.4).

e Let & be an additive category with weak kernels and let A(2?) be the Abelian FREYD
category of &2. The class L of all projective objects in A(Z?) defines a class of lifting
objects in A(Z?). Deciding the equality of morphisms in the stable category A(Z)/L
(and the affirmative case compute the so-called lift morphism witnessing the equality)
requires the ability to compute lifts in A(Z?). It is shown in [Pos21a, Section 6] that a
lift (i.e., a left-sided equation) in the Freyd category A(Z?) in turn requires solving a two-
sided inhomogeneous linear system in the underlying category &2. So once & is equipped
with a Z-homomorphism structure we can again reduce this two-sided inhomogeneous
linear system to a left-sided equation in & and hence compute the desired lift in A4(2?),
and finally decide the equality of morphisms in the stable category A(Z2)/L. (See
Remark 2.56 and Examples 2.60 and 5.37).

e In order to decide the equality of morphisms in the bounded homotopy category k(%)
(and in the affirmative case to compute a chain homotopy witnessing the equality), we
need to be able to solve two-sided inhomogeneous linear systems in the underlying ad-
ditive category %. So once % is equipped with a Z-homomorphism structure, we can
again reduce this two-sided inhomogeneous linear system to a left-sided equation in &
and hence compute the desired chain homotopy witness (cf. Corollary 3.26). Further-
more, the computation of chain-homotopies witnessing the equality of morphisms in
KP(%) is essential for

— turning a bounded homotopy category into a computable triangulated category
(cf. Section 5.2),

— computing Postnikov systems and their associated convolutions and finally the
convolution functor (cf. Algorithms 4 and 5). The convolution functor is left adjoint
functor in the adjoint pair of exact equivalences induced by strong exceptional
sequences in bounded homotopy categories.

Remark 4.1. For some applications we need the homomorphism structure to be equivalent to
the external Hom bifunctor. For example to

e compute the Yoneda embedding of some finitely presented k-algebroid <7 into the functor
category «/-mod = [«/°P, k-mat)] (cf. Corollary 2.90).



4.1. BASICS 97

e compute the Ext-groups in the context of bounded derived categories, which is defined
by
Extg (A, B) == Homps 4 (4, X" (B))
(cf. Appendix C).
e compute the abstraction k-algebroid of a strong exceptional sequences & in a triangu-
lated category T (cf. Section 6.2).
e compute the functor

Homgz(Ts,—): T - Ag-mod

where T is a k-linear triangulated category, & is a strong exceptional sequence in T, Te
is the tilting object associated to &, A is the abstraction k-algebroid of & and A gs-mod
is the category of k-linear functors from AZ’ to the category k-mat of matrices over
k (Remark 6.36). This functor is essential for computing the replacement functor, the
latter being the right adjoint in adjoint pair of exact equivalences induced by strong
exceptional sequences in bounded homotopy categories (cf. Section 6.4).

It was, therefore, of fundamental importance to investigate ways to enhance the category con-
structors so that they automatically lift the homomorphism structures from the input categories
to the output category. In the first section, we summarize the key characteristics of homomor-
phism structures and demonstrate them with examples. The original treatment can be found in
[Pos21a] or [Pos21b]. The second section is devoted to the construction of new homomorphism
structures from existing ones.

4.1. Basics

The following is the formal definition of a Z-homomorphism structure of a category %.

Definition 4.2. Let ¥ and . A Z-homomorphism structure for % consists of the
following data:

(1) An object 1 € Z called the distinguished object.

(2) A bifunctor H(—,—): €°P x € — 2. If € is an Ab-category then we require Z to be
an Ab-category as well and H to be bilinear i.e., it acts linearly on morphisms in each
component.

(3) An isomorphism vp¢: Homy(B,C) = Homgy(1, H(B,C)) for each pair of objects
B,C € € satistying

vap(asx-f)=vec(x) H(x,B)

for all composable triples of morphisms A % B % C ﬁ) D. In other words, the

following diagram commutes:

vB,c(X) @) vap(asx:p)

H(B,C) H(A, D)

H(e, )

In the preadditive case we require vp ¢ to be an isomorphism of Abelian groups.
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Remark 4.3. The third axiom is equivalent to the existence of a natural isomorphism
v: Homg(—,—) = Homgy (1, H(—, —)).

op
E°P x € Homy () Sets

In the preadditive case we replace Sets by Ab. The existence of the natural isomorphism v
means that for any two morphisms a: A — B and 8: C' — D we have the following commutative
diagram:

vB,c

Homy (B, C) — Homgy (1, H(B,())
Homg (o, B) O Homg (1, H(a, 8))
HOmcg(A,D) V:D HOHI@(]LH(A,D))

which translates for any morphism x: B — C' to the equality
va,p(asx+B) = vap(Homeg(a, 5)(x))
= (Home (e, 8) +va,p)(X)
= (vB,c*Homgy (1, H(a, 8)))(X)
= Homg (1, H(a, 8))(vB,c(X))
=vp,c(X) - H(a,B);
i.e., to the third axiom.
Having a homomorphism structure enables us to reduce verifying the equality of morphisms
in € to verifying equality of morphisms in 2.
Corollary 4.4. Suppose € is an Ab-category equipped with a Z-homomorphism structure. If
2 has decidable equality of morphisms, then so does € .
ProOF. Two morphisms ¢,9: B — C in € are equal if and only if vg c(p) =vpc(v). O

Sometimes we may want to switch the range category of a Z-homomorphism structure to
another category, say &. For example, when & provides more computational features than %.
The existence of a fully faithful functor F': 2 — & simplifies such transition. For instance, &
could be the FREYD category A(2).

Lemma 4.5. Let € be a preadditive category equipped with a Z-homomorphism structure
(1,H(—,—),v). If F: 9 — & is a fully faithful functor, then € can be equipped with an & -
homomorphism structure (F(]l),f—f(— =), 1/) where H := H+F and U is the vertical composition
of the natural transformations

Homy(—,—) = H(—,—)+-Homg(1,—) = H(—, —)-Homg(F(1),-)
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where € maps an object (B,C) in €°P x € to the morphism
. {Hom@(]l, H(B,C)) — Homgs(F(1),H(B,C)),
’ 1 — F(0).
PRrOOF. It is sufficient to prove that € is a natural isomorphism. Let (a°P, 8): (B,C) — (A, D)

be a morphism in ¥°P x €. The assignment e defines a natural transformation because for every
¢:1— H(B,C), we have

epo(t)-H(a, ) = F(0)- F(H(a, B)) = F(£+ H(, 8)) = eap(£+ H(a, B)).
The morphism e ¢ is an isomorphism because F' is fully faithful; hence € is indeed a natural
isomorphism, and consequently so is the vertical composition v := v-e. O

The following can be found in [Pos21a, Example 6.5].

Example 4.6. Let R be a commutative ring. Then R-rows is equipped with an R-rows-

homomorphism structure. The associated R-rows-homomorphism structure (R, H(—, —),v)
is given by
R-rows°P x R-rows — R-rows,
H(—,—): (Rlxb’Rlxc) '_>R1><bc7
(aj,i-8)

(aop’ﬁ): (Rlxb,Rlxc) N (Rlxa,Rlxd) — ofr ®B: Rlxbe J Rlxad

and
- HomR—rows(_a _) - HomR—rows (R1X17 H(_7 _))7
(Rle7Rl><c) — I/Rlxb7R1><c

where Vpixb pixe is the assignment

Homp rows (Rl x b’ R C) — Homp. rows (Rl x1 ) R bc) )
VRix b Rlxc .
® — vec(p)

and vec(yp) is the vectorization of ¢, i.e., the row defined by the concatenation of all rows of (.
The induced equality

vec(a- - 8) = vec() (o' @ )
is the Kronecker product trick to solve matrix equations (cf. [LT85]).

The following three examples can be found in [Pos21a, Example 6.7], [Pos21b, Construction
1.27] and [Pos21a, Theorem 6.14].

Example 4.7. Let % be an additive closed symmetric monoidal category. Then the tensor
unit 1 € ¥ and the internal Hom-functor define a 4-homomorphism structure for . If the axioms
of a closed symmetric monoidal category are realized in % by algorithms, then % is equipped
with a ¥-homomorphism structure.

Example 4.8. Let % be a preadditive category and & an additive category. Then any 2-
homomorphism structure of 6 can be lifted to a Z-homomorphism structure of €. In particular,
if € is equipped with a 2-homomorphism structure, then so is €.



100 4. HOMOMORPHISM STRUCTURES

Example 4.9. Let € be an additive category equipped with a Z-homomorphism structure
(1,H(—,—),v). If 2 is Abelian and if 1 is a projective object, then A(%) can be equipped with
a Z-homomorphism structure.

Definition 4.10. Let ¢ be equipped with a Z-homomorphism structure (1, H(—, —),v). We
say, the Z-homomorphism structure of % is equivalent to the external Hom functor Home (—, —)
if the functor Homg (1, —) is faithful and preserves all finite limits and colimits.

The following lemma enables us to derive a (k-mat)-homomorphism structure for Hom-finite
k-linear categories over a field k.

Lemma 4.11. Let k be a field, € a k-linear category and k-mat the category of matrices
over k introduced in Example 2.16. Suppose we have

(1) an algorithm which for a given pair of objects B,C in €, computes an ordered basis
B(Homg (B, C)) of Homg (B, C),

(2) an algorithm which for a given morphism ¢: B — C, computes its k-linear coefficients
with respect to B(Homg (B, C)), i.e., the row \, € k*dims Home(B.C) 44

Ap - B(Homy (B, C)) = ¢

Then € can be equipped with a (k-mat)-homomorphism structure (which is equivalent to the
external Hom).

PROOF. Define H: ¢°° x ¥ — k-mat by mapping an object (B,C) to dimy Homg (B, C)
and a given morphism (a°?, 5): (B,C) — (A, D) to the matrix of the k-linear map
H B,C H A, D
@ = aepef

with respect to the bases B(Homy (B, C)) and B(Homy (A, D)). In other words,

H(a,B) = | Aasbes c LH(B.C)xH(A,D)

beB(B,C)
For each object (B,C) in €°P x €, we define the bijection
Homy (B,C) — Homyg mat(1, H(B,C)),
VB.O:
B.e % = Ay

For any triple A % B % C LN D, we have
vap(asp+B) - B(Homg(A, D)) = Ag.ep.p - B(Homg (A, D))
=a-p-f
= Homg (a, 5) ()
= Ay - H(o, B) - B(Homg (A, D))
=vp,c(p) - H(e, f) - B(Homg (A, D)).
e

(
Since B(Homy (A, D)) is a basis, it follows that v4 p(a-p+8) = vpc(p) - H(a, §). Consequently,
the assignment (B, (') — vp ¢ is a natural isomorphism and the triple (1, H(—, —),v) defines a
(k-mat)-homomorphism structure for % U
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Remark 4.12. Let k£ be any field and % a k-linear category equipped with some (k-mat)-
homomorphism structure (1, H(—,—),v). For a pair of objects B,C in %, applying the iso-
morphism V];lc on the elements of the canonical basis of Homg(1, H(B,C)) gives a basis of
Homy (B, C). In this case the k-linear coefficients of any ¢: B — C with respect to the this basis
are the entries of the row v(yp).

Example 4.13. Let k be a field and &/ = F;/(p) a finitely presented category defined by a
quiver ¢ subject to an admissible set of relations p. Then & can be equipped with a (k-mat)-
homomorphism structure.

Remark 4.14. Let G be an additively written finitely presented Abelian group, R = @ e Ry

a G-graded ring and let C (@geG Rg) be the category associated to R introduced in Defini-
tion 2.7. If Ry is a field and for each g € G the Rp-vector space R, is finite dimensional,
then C(@ e Rg) can be equipped with an (Rgp-mat)-homomorphism structure. The fact that

®
R-grrows = C(®geG Rg) implies that any homomorphism structure on C(@geg Rg) can be
lifted to R-grrows.

Example 4.15. Let k be a commutative ring and R = k[x1,...,7,] be a Z!-graded polyno-
mial ring with degz1 = my,...,degxz, = m,. Then R = @,,,c7« Rmn where k C Ry and each R,,
is a free k-module generated by the monomials of degree m. The monomials z7* ... x5" of degree
m corresponds to the integral solutions® of the equation miy; + - - - + mpy, = m which can be
rephrased as My = m with M € Z™™ and y € Z".

The set of real solutions of My = m forms a polyhedron. By the the theory of convex
geometry, such a polyhedron can be written as Minkowski sum of a polytope and a cone where
the cone consists of the solutions of the equation My = 0 (see e.g., [Zie95] or [BG09]). That
is, if My = 0 has just the trivial solution 0 € Z™, then My = m has a finite number of integral
solutions for every m € Z!. In such a case, Ry = k and R,, is a finite dimensional k-vector space
for all m € Z'. The same holds for the Z' graded exterior algebra A = ke, . . ., e,].

Definition 4.16. Let ¢ be an additive category. A linear system ((O‘ij)z‘jv (Bij)ij» (%)Z) in
% with m € N equations and n € N indeterminates is defined by the following data:
(1) Objects (A;);, (Di); and (Bj),;, (Cj); in € fori=1,....m, j=1,....n.
(2) Morphisms (aij: A = Bj),; and (Bi5: Cj — Di),;
(3) Morphisms (v;: A; = D;); in € fori =1,...,m.

in%fori=1,...,m, j=1,...,n.

4 2B o2y p o o4y p 22Dy oA D,
Qam1 Bml AUmn an TYm
A, —B ¢ ~“*-D, --- A, — B, C,—=D,, A,— D,,.

2See MonomialsWithGivenDegree in [BGK™21b)].
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A solution for the system is given by morphisms (X;: B; — Cj) for j =1,...,n, such that
the equations
a1+ Xi+fu +-+ amXpBin = m

am1* X1 Bm1 +- -+ G XnBmn = Ym
hold. We say € has decidable linear systems® if we have an algorithm that constructs for a
given linear system a solution or disproves its existence.

The following theorem illustrates the use of homomorphism structure in solving linear systems.
The following is a replication of [Pos21a, Theorem 6.10].

Theorem 4.17. Let € be an additive category equipped with Z-homomorphism structure
(1,H(—,—),v). Given a linear system ((O‘ij)z‘j’ (Bij)ij» (%)l> with m equations and n indetermi-
nates in €, then there exists a solution for the linear system if and only if there exists a solution
in 9 to the lift problem:

-

37

-1
J{(VAZ,DZ (7@‘))11‘
1 H(Ai, D)

O
i—1 H(Bj, Cj) > Di
! (H(aijaﬁ’ij))ji

PROOF. Suppose that (X J')j is a solution for the linear system, hence

n
Y i X By =ifori=1,...,m
=1

It follows from the following computation

(VBj,Cj (X]))

1j

~(H(ovig, Big)) j; = ZVBj,Cj(Xj)'H(aijvﬁij))
j=1 1i

n
= | > va,.p(aij- X; 'r%))
1z

=1

n
= | va;.D; (Z ije X 5@']’) )
J=1 1i

= (VAi,Di(%))h'a
that ¢ := (UBj7Cj (Xj))lj: 1 — @}_, H(B;,Cj) is a solution to the above lift problem; which

proves the “only if” part of the theorem.
Suppose now that we are given a lift £ = (¢;),;: 1 — @}, H(B;, C;) for the above diagram.

Define X;: B; — Cj by l/gjlpj (¢) for j=1,...,n.

3See the operation SolveLinearSystemInAbCategory in [GSP22].
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Since all v4, p, for i = 1,...,n are isomorphisms, we conclude by the following computation
(va,,D; (’Vi))u = (gj)u «(H (o, 51]))32

= Zgj'H(aijaBij))
1i

Jj=1

= ZVBj’cj(Xj)'H(aijaﬁij))
j=1

1e

n
=D va.p (o X; '52'3'))
12

=1

n
= | va,p, | D cij+ X;Bij ,
J=1 1i

that v; = >0 ayj+ X« B;5 for i = 1,...,m; which proves the “if” part of the theorem. O

4.2. Homomorphism Structure on Functor Categories

Let q be a quiver and &/ = kF;/(p) be a the k-linear finitely presented category defined
by q subject to the set p C kFy. By Theorem 2.67, the category of k-linear functors mod-</ is
Abelian. Equipping mod-«/ with a (k-mat)-homomorphism structure enables us to solve systems
of two-sided inhomogeneous linear equations, which are vital for the decidability of equality of
morphisms in X?(mod-.27), as well as for computing chain homotopy of null-homotopic morphisms
(cf. Corollary 3.26).

When q is acyclic and p is admissible, then mod-47 is Abelian with enough projective and
injective objects and a finite global dimension (cf. Corollary 2.96). In this case, we obtain the
equivalences

DP(mod-) = K®(proj-7) = K(inj-o)
which turns D’(mod-<7) into a category with decidable equality of morphisms (cf. Section 3.4).

Theorem 4.18. Let q be a quiver and o/ = kFq/{p) be the k-linear finitely presented category
defined by q subject to a set of relations p. For any category (<, &) of k-linear functors, if & is
equipped with a Z-homomorphism structure and 2 is Abelian, then [<f, &] can be equipped with a
P-homomorphism structure. In particular, the category mod-<of = [<7 , k-mat]| is equipped with
a (k-mat)-homomorphism structure.

PROOF. We denote the data of the Z-homomorphism structure of & by (1, H(—,—),v). For
a pair of objects F' and G in [«/, &] we define the morphism

Upa: @ H(F(v),G(v) » P H(F(ss),G(xs))

VEqo ocqy
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by the matrix
H(F(s5),G(ts))

* 0 *
H(F(s5),G(s5)) | * —H(F(s5),G(0))
* 0 *
H(F(v,),G(ts)) | * H(F(0),G(ry)) *

* 0 *

For a given pair of morphisms n: X — F and (: G — Y we define the morphisms

Oy¢ = P H(n(v),C(v): P H(F(v),G(v)) > P H(X(v),Y(v))

VEqo vEqo vEQo
Ay =D Hnlse),C(v0)): @ H(F(s6),G(xs)) = P H(X(s6), Y (x5)).
oEq] ocq1 oEq1

For all o € q; we have the following two equalities
H(F(s5),G(0)) - H(n(s5),((v0)) = H(n(ss), G(0) - ((t5))
H(n(ss),((s0) Y ()
= H(n(s0),((s5)) - H(X(85),Y (0))

and

hence Vpg-A, ¢ = O, ¢+ ¥xy. This gives a bifunctor
(o, &P x [, &) — 9,
H(—,-): (F,G) — ker(¥rq),
(n°P,Q): (F,G) = (X,Y) > the kernel lift of 1y, +©, ¢ along txy

where 1 and txy are the kernel embeddings of ¥ resp. ¥y y.
Next, we construct the natural isomorphism

Hom/, 6(F,G) ~ Homgy(1, H(F,G)).
For a morphism ¢: F' — G we define Ay 1 — @, ¢q, H(F(v), G(v)) by the matrix
H(F(v),G(v))
1 ( .. VF(v),G(v) (LP(U)) . ) .
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For all o € q; we have
_VF(sg),G(ﬁg)(<p(5a))'H(F(sa)vG(U)) + VE(,),Gle) (P(t0) « H (F(0), G(to))

—VF(s5),G(t0) (P (80) * G(0)) + VE(s,),G(eo) (F(0) + (ts))
= VF(s,),G(ts) (—¢(86) + G(0) + F(0) + p(ts))
= VF(s5),G(ts) ( )
— 0

hence A\, +¥pg = 0. This means for each object (F,G) in [/, &P x [/, &] we can define the
map
N Homy, ¢(F,G) — Hom@(ﬂ,ﬁ[(F, G)),
VE QG-
% — the kernel lift of A\, along ¢ ¢,
i.e., Ura(p) is the unique morphism for which U G(¢)«tre = Ap. The uniqueness of g () is
justified by the universal property of kernels, and it implies that Vg is injective.
We still need to show that Vg is surjective. For a given morphism ¢: 1 — H(F,G), the
composition £+t g is uniquely determined by a matrix
H(F(v),G(v))
1 (... Ly ce )

For every v € &7, we set ¢y, = 1/;(1”) Gv) (0y): F(v) — G(v). Since tpg+Opqg = 0, we have
the equality

—l,, H(F(s4),G(0)) + Le, » H(F(0), G(ts)) = 0

o

for every o € q1, i.e.,

—VF(s5),G(s0) (Pliss ) * H(F(85), G(0)) + Vp(e,),Gleo) (Prr, )« H(F(0), G(ts)) = 0
which, due to the naturality of v, is equivalent to

VE(s,),G(t0) (—Pls, *G(0) + F(0) = ps,) = 0.

Since v is a natural isomorphism, we have —p, +G(0) + F(0) ¢, = 0. In particular, the

assignment
F -G,
pe:
Vo= P

defines a morphism in [«7, &]. By construction that A,, = £+ipq, hence Upc(pe) = £ and Upg
is indeed surjective.
It remains to show that the assignment

D Hom[szf,éa](_7_) _>H(_7_).H0m@(]la_)7
) (F, G) — 17F,G
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defines a natural isomorphism. The data associated to the triple 1, ( and ¢ incorporate into the
following commutative diagram

1
Dra(e)
Ap
O
~ L Up
H(F,G) i Doeqo H(F (v),G(v)) e Doeq, H(F(s0),G(rs))
H(n, () O On¢ O Ang
A(X,Y) —— ey HX(0).Y (1) ————— Byeq, H(X(50). Y (5)

For every v € qg, we have
VX (0),Y (0) (7202 C) (V) = Vx (o), v () (1(V) = 0(v) = ((V) = VE(o),a(0) (P (V) « H(n(v), ((v)),
hence A\j.pc = Ap+©,¢. On the other hand, A\,-0,, = (DF,G(QD)-.FAI(n,C))-LXy, conse-
quently A\j.poe¢ = (ng(cp)-fl(n, C))-L)Qy. By the definition of U, we get Uxy(n-¢-() =
vra(p)+H(n,¢). In particular, the following diagram

Hom/, £)(F, G) e Homg (]l, H(F, G))

7].7.4' O _'I/—\I(,'LC)

Homyy ¢ (X,Y) Homg (]l, I;T(X, Y))

Uxy
is commutative and 7 is indeed a natural transformation. O

Remark 4.19. For an implementation of the above theorem we refer to the GAP package Functor-
Categories [BS21a]. A software-demo of the theorem can be found in Appendix E.

4.3. Homomorphism Structure on Stable Categories

Our aim in this section is to equip stable categories defined by classes of lifting or colifting
objects (cf. Definition 2.55) with homomorphism structures.
We start by the following construction:

Construction 4.20. Let € be an additive category equipped with a class of lifting objects
L. Suppose ¢ is equipped with a Z-homomorphism structure (1, H(—, —),v) for some Abelian
category 2. We define the bifunctor
EP x € — 9,
He(—,—): (B,C) — coker(H (B, lc)),
(e, 5): (B,C) — (A,D) > the cokernel colift of mp ¢ along H (o, 8)*ma D

where mp ¢ and 74 p are the cokernel projections of H(B,{c) resp. H(A,lp):
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H(B, Lc) H(B to) H(B,C) Be H.(B,C)
H(a, Lg) O H(a, B) O He(a, B)
H(A, Lp) TR H(A, D) = H(A, D)

Lemma 4.21. Let € be an additive category equipped with a class of lifting objects L and a
P-homomorphism structure (1, H(—, —),v) such that Homg (1, —) is a faithful functor®. Then
H(Q,l4) is an epimorphism for all Q € L and A € €.

PROOF. Since Q € L, lg: Lo — @ is a split-epimorphism. Let dg: ¢ — Lg be a section
morphism for £g. For any morphism ¢: Q — A, we have
()0 = ionSO = 6Q'£Q.SD = 6Q0L<P-,€A’
i.e., the homomorphism of Abelian groups Home (Q, £4) is surjective, hence an epimorphism.

By applying the functor Homgy (1, —) on H(Q,/¢4) and using the naturality of v, we get the
following commutative diagram:

Hornf/;(Q7 5,4)

Homg (Q, L) Homg (Q, A)
VQ.La |~ O ~ | VQ,A
Homy (1, H(Q, L4)) Homg (1, H(Q, A))

Hom@(]l, H(Q7 ‘eA))

It follows that Homg (1, H(Q,¢4)) is an epimorphism as well. The assertion follows from the
fact that faithful functors reflect epimorphisms (cf. Lemma A.14). g

Lemma 4.22. Let € be an additive category equipped with a class of lifting objects L and
with a Z-homomorphism structure (1, H(—, —),v) with
(1) 2 is Abelian,
(2) H(Q,Lc) is an epimorphism for all Q € L and C € €.
Then, for any pair of objects B,C in €, if either B or C lives in L, then Hp(B,C) = 0.
Consequently, Hp(—,—) factors through € /L x € /L.
PROOF. By construction Hp(B,C) = coker(H(B,/{c)), hence H.(B,C) = 0 if and only if
H(B,{¢) is an epimorphism.

If B € L then, by the assumption, we have H (B, () is as desired an epimorphism. If C' € L,
then £¢ is a split-epimorphism, i.e., there exists a morphism d¢ with d¢ «fc = ide. This means
idH(B,C) = H(B,id¢) = H(B,éc+lc) = H(B,dc)-H(B,{c),

i.e.,, H(B,/{c) is a split-epimorphism, hence an epimorphism.
Let (a®P,3): (B,C) — (A, D) be a morphism in ¢°P x €. If a belongs to Zp, then there

exists a lift morphism, say 7,: A — Lp, of o along ¢p. In this case, Hz(«, 3) can be written
as He(Up,B)+ Hr(7a,1dp), ie., He(a, B) factors through He(Lp, D) =0, i.e., He(a, ) = 0. On

4This assumption is fulfilled for all examples of this thesis.
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the other hand, if 8 belongs to Z., then there exists a lift, say 753: C' — Lp, of 3 along {p.
In this case, H(a, 8) can be written as Hz(idp,78)+ He (o, £p), ie., He(a, B) factors through
Hp(B,Lp)=0,1ie., He(a,p) =0.
Hence, we can define the bifunctor
C/LP xE/L — 9,
Hﬁ(_a_): ([B]a[CD HHE(B?C)a
([P, [8]): ([B], [C]) = ([A],[D]) +~ H(e, B): H(B,C) — H(A, D),

which is a colift of Hp(—,—): €°P x ¢ — & along the functor

C°P x € = C/LP xE/L,

[](_a_): (370) = ([BL[C])a
(@, 8): (B,C) = (A, D)~ ([a]°?, [8]): ([B],[C]) — ([4], [D]).

The following is the main theorem in this section:
Theorem 4.23. Let € be an additive category equipped with a class of lifting objects L and
with a 2-homomorphism structure (1, H(—, —),v) such that
(1) 2 is Abelian,
(2) 1 is a projective object,
(8) Homg (1, —) is a faithful functor®.
Then € /L can be equipped with a Z-homomorphism structure.
PROOF. Since Homgy (1, —) is faithful, H(Q,¢¢) is an epimorphism for all Q € £ and C € €
(cf. Lemma 4.21). Let Hz(—,—) be the bifunctor asserted in Lemma 4.22. We claim that
Homg £ (—, —) = Homgy (1, He(—, —)).

Since 1 is a projective object in &, the functor Homgy (1, —) is exact. Hence, applying it on
the exact sequence

H(B,/? TB,
H(B. L) (B.fc) H(B,C) BC L Hp(B)(0).

yields another exact sequence

omg(1, , Homgy (1, 7p,
Homo (1, H(B, L¢)) Homy (L, H(B, tc)) Homg (1, H(B,C)) 2(1,2.0) Homo (1, He([B], [C)))

By the naturality of v we can create the following commutative diagram:

Homy (B, {¢) [IBc

Home (B, L¢) Homy (B, C) Homg /. ([B], [C])
~|vBLe O ~|vBc O ()]
Homgy (1, H(B, L Homgy (1, H(B,C Homg (1, Hy([B], [C])),
7(1,H(B, Lc)) Homy (1B (B.10)) 2(1,H(B,C)) Ep T —— 2(1, He([B],[C]))

5If 2 is a module category R-mod then 1 is called a generator (see e.g., [Jac89, Theorem 3.21]).
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where () ] is the cokernel colift of | | 5 ¢ along vp ¢« Homg (1, 7p5,c). That is, for any morphism

[¢]: [B] = [C], we have (ip]c([¢]) = vB,c(¥) TB,c- It follows from the 5-Lemma [Wei94, Ex.
1.3.3] that (p) ] is an isomorphism. Its inverse is given by

= Homg (1, He([B],[C]))  — Homg.([B],[C]),
B.C 4 > [1/5110(/\3)}

where A\;: 1 — H(B,C) is a projective-lift of ¢ along 7 c.
The following computation

(€510 + Homa (1, He (o], [8))) ) ([]) = Homo (1, He([a], [81) (¢iay i1 ([)))
=vpc(p) mpc-He(lal, [B])
=vp,o(p)H(o, B)man
=vap(asp-B)map
= (ay,p)([a- ¢+ B])
= Cay oy (Home 2 (o], [8) () )
= (Homyg (], [8]) -y ) (1))

translates to the commutativity of the following diagram:

([B1,[C]

Homy . ([B],[C]) Homg (1, He([B], [C]))
Homg ([, [5]) | O Homg (1, He([a], [8]))

Hom(g/g([A],[D]) Homg (1, He([A], [D]))

$l41D)
Hence, the assignment
Homcg/ﬁ(—, —) — H0m9(17 H£<_7 _))7
SR R {HoquB], (1) — Homy (1, He (B, [C))),
¢l = vpc(p) TBC

is a natural isomorphism. That is, (1, Hz(—, —), () is a Z-homomorphism structure of ¢/£. O
The same statement holds for stable categories defined by classes of colifting objects:
Corollary 4.24. Let € be an additive category equipped with a class of colifting objects Q

and with a Z-homomorphism structure (1, H(—,—),v) such that

(1) 2 is Abelian,
(2) 1 is a projective object,
(8) Homg (1, —) is a faithful functor.
Then € /Q can be equipped with a Z-homomorphism structure.
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PRrROOF. If a category is equipped with a Z-homomorphism structure, then so is its opposite
category. On the other hand, the class of colifting objects in % defines a class of lifting objects
in ¥°P. Thus, the assertion follows by Theorem 4.23. O

Remark 4.25. A software-demo for the homomorphism structure can be found in Appendix D
or in the manual of the GAP package StableCategories [Sal2le].

4.4. Homomorphism Structure on Categories of Bounded Complexes

In this section we discuss how to elevate a Z-homomorphism structures on an additive or
Abelian category % to the category of bounded complexes C*(%).

Theorem 4.26. Let € be an additive category equipped with a Z-homomorphism structure
where 9 is also additive. Then C°(€) can be equipped with a C®(2)-homomorphism structure.

PRrOOF. Let
H:CY%)® x C*(¥) — C*(2)
be the bifunctor defined as follows:
(1) An object (B,C) in C*(%) °P x C*(¥) is mapped to the totalisation of the double complex

L (_1)2‘+;‘+2H<3§i—17 Cj+1) ' '
j +1 H(B—Z,C]-l-l) H(B—z—l,cj-i-l)
H(B—ﬁ 8@) H(B—i—l, afc)
j H(B~,CJ : H(B~1 i
( ) (—l)i+j+1H(aE%71, Cj) ( )
i 1+ 1,

i.e., to the complex H(B,C) in C*(2) whose object at index n € Z is
H(B.C)" = @H(B )
JEZ
and whose differential 8}3( Bc) N € Z is given by the matrix

H(Bj_l‘",Cj) H(Bj‘",Cj+1) H(Bj*'l‘"?Cj‘*'Q)
: * * 0 0 0
H(BI",CI) |0 (~)mHE (o), ) H(B,0) 0 0
H(Bi1=n ity | o 0 (71)7L+1H(8é—7’l7cj+1) H(Bj+1—7178é+1) 0

0 0 0 * *
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In particular, the differential c’*)%( B,C) is given by the matrix
H(B=',¢9)  H(BI,Ci+l)  H(BI*! Ci+?)

: * * 0 0 0
H(B,c9) |0 —H(o5",07)  H(B,3) 0 0
H(B/H,CitY) | 0 0 —H (0%, C%Y) H(BLAGT) 0
: 0 0 0 % *

(2) A morphism (a°P, 8): (B,C) — (A, D) in C*(%)°® x C*(¥) is mapped to the morphism
H(a,5): H(B,C) — H(A, D) defined by the totalisation of the morphism of double
complexes whose component at index (i, j) € Z? is given by H(a™%,87): H(B~,C7) —
H(A_i,Dj). This means the component of H(«, ) at index n € Z is given by the

matrix
H(Aj‘",Dj) H(Aj“—",Df“)

E 4 * 40 . 0 0
H(BI—",C9) 0 H(ad™, p9) 0 0
H(B/+=n ity [ o 0 H(adti=n gitl)y 0
: 0 0 0 *

Let [1]o denote the 0-stalk complex in C®(2) defined by 1. We define the natural transfor-

mation

. {Homcb(%)(—,—) — Homes (g ([1]0, H(—, ),
- (B,C) = vp ot Homey oy (B, C) — Homes o ([1]0, H(B, C))

where vp ¢ is defined by mapping a morphism ¢: B — C' to the 0-stalk morphism

vpcl(p): [1]o = H(B,C)

defined by the morphism 1 — @z H (B, C7) whose matrix is

H(Bj, Cj) H(ijtl7 C’Hl)
1 (e vps(9) vpcm (@) L)
For all j € Z, the column of ch(Lp)O -80&]370) that is indexed by H(B’,C7*1) is given by
VBi Ci (@j) 'H(Bj’ 890) T VBt (‘pjﬂ) 'H(%’ CjH)
= VpBi i+l (@j aé) — VBi cit+l (8% '@jﬂ)
= v e (soj 0 — ag.g,jﬂ)

= vpj ci+1(0)

ie., gB,O(go)()o@?{(B ¢) = 0, and consequently vp o(p) is indeed a complex morphism in C*(Z)
and vp ¢ is well-defined. Moreover, vp ¢ is an isomorphism and its inverse

HE;,IC: HOmcb(@)([]lJO’ E(Bv C)) - Homcb(cg) (B, C)
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is defined by mapping the 0-stalk morphism ¢: [1]q — H(B, C) defined by ¢°: 1 — Djez H(BJ,C9)
with matrix

H(BJ,C9) H(BIT,Citly .
1(.. I o )

to the morphism gglc(f) B — C whose component at index j € Z is given by l/Bj Ci (€0> I
CY. For all j € Z, we have

I/Bj,CjJrl( Vi ci (50) 8j _ ajB -l/g}-u it (Z?—H))
(.2 ()
-0,

ie., vy e (60) O — Fpevgha cit1 (Z?H) = 0 because vg; gj+1 is an isomorphism. Hence,

gg,c(ﬁ). B — C is indeed a morphism in C*(%), i.e., g]__g’lc is well-defined. The naturality of v
follows from the naturality of v. O

Corollary 4.27. Let € be an additive category equipped with a Z-homomorphism structure
where 9 is Abelian. Then CP(€) can be equipped with a P-homomorphism structure.

PROOF. The category C*(%) has a Z-homomorphism structure (]1, H(—,-), ﬁ), where H(—, —)
is defined by the composition®
C(%)P x C*(%)
and v is defined by the vertical composition

Homes()(—, —) % Home () ([1]o, H(—, —)) < Homg (1, H(—,-)),

A, ovg) 2y g,

where (g ¢ is defined by
C . Homcb (DIJO’ ( )) - HOID@(]I,E[(B,C)),
B ¢ s 70(0).

For an object (B,C) in CY'(€)° x C*(%), let tpc: H(B,C) — H(B,C)° be the kernel
embedding of 8%(370). For any morphism ¢: [1 |y — H (B, C) the morphism (g ¢ () is the lift of

©:1 — H(B,C)" along 1 c.

6The functor Z° is introduced in Definition 3.3.
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It is sufficient to prove that  is indeed a natural isomorphism. For any morphism (a°?, 5): (B,C) —
(A, D) and any morphism ¢: [1]o — H(B, (), we can create the following commutative diagram:

1
¢B,c(f)
o ¢
_ LB.C 0 Opa(p.0) 1
H(B,C) ¢ - H(B,O) — H(B,(C)
ﬁ(a,ﬁ) O ﬂ(avﬁ)o O ﬂ(o&, 6)1
g(A7D) ‘ LA.D ﬂ(A7D)O 0 E(A’ D)l
’ t1(4,p)

from which we conclude the equality (g c(¢) - ﬁ(a, B)etap =" H(a, B)O. Hence, by the defini-

tion of ¢, we have Cap(£+H(a, 8)) = Cp.c(f)+ H(a, B); which translates into the commutativity
of the following diagram

Homgs(z) ([ Jo, H(B, C)) —— . Homy (1, H(B, C))

—-H(a, ) O —+H(a, )

Homcb(@)(“uo,ﬂ(/l,D)) Hom@(]l’ﬁ(A7 D))’

¢a,D
i.e., ¢ is indeed a natural transformation. Moreover, the component (p ¢ is an isomorphism and
its inverse (5 maps a morphism 7: 1 — H(B,C) to the O-stalk complex morphism £, : [1]o —
H(B,C) defined by 7+1p . This means ¢ is a natural isomorphism, hence, so is the vertical
composition v := v 4. U

Corollary 4.28. Let € be an additive category equipped with a Z-homomorphism structure
(1, H(—,—),v) where @ is an additive category with weak kernels. Then the category C®(€) has
an A(2)-homomorphism structure, where A(2) is the FREYD category of 9.

PrOOF. By Theorem 2.31 the category 2 has weak kernels if and only if its FREYD cate-
gory A(2) is Abelian. Moreover, the natural embedding 2 = A(2) is always fully faithful.
Hence, by Lemma 4.5, € can be equipped by an A(Z)-homomorphism structure; consequently
by Corollary 4.27, C*(%) can also be equipped by an A(Z)-homomorphism structure. O

Example 4.29. Let R be a commutative left coherent ring. In Example 4.6, we found that
R-rows is equipped with a (R-rows)-homomorphism structure. By Section 2.1.1, A(R-rows)
is an Abelian category. Hence, by Corollaries 4.27 and 4.28, the category C’(R-rows) can be
equipped with an A(R-rows)-homomorphism structure.

Example 4.30. Let R be a commutative left coherent ring. Then A(R-rows) can be
equipped with an A(R-rows)-homomorphism structure [Pos21a]. Hence, C®(A(R-rows)) can
be equipped with an A(R-rows)-homomorphism structure.
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Example 4.31. Let q be a quiver and &/ = kFy/(p) be the k-linear finitely presented category
defined by g subject to a set of relations p. According to Theorem 4.18, the category mod-</
can be equipped with a (k-mat)-homomorphism structure. Hence, C’(mod-.7) can be equipped
with a (k-mat)-homomorphism structure.

4.5. Homomorphism Structure on Bounded Homotopy and Derived
Categories

In this section we discuss how to elevate a Z-homomorphism structures on an additive or
Abelian category % to the bounded homotopy category K°(%).

Corollary 4.32. With the same assumptions and notations as in Theorem 4.26, if B,C are
objects in C*(€) and either of which is contractible, then H(B,C) is also contractible.

PROOF. In the case where B is contractible, let (A%: B® — B"1) _ be a family of mor-
phisms satisfying 0%« A5t + A% -0% ! = idgn for all n € Z. For each n € Z, we define the
morphism

Np.cy: H(B,C)" — H(B,C)"™!
by the matrix

H(Bitl=n ) H(Bit2n Citl)

: * 0 0 0

H(BI=,CI) | 0 (=) H (N, 00) 0 0

H (B, ci+l)y | o 0 (=0mH (N7 e o

: 0 0 0 *

A direct computation shows that 8ﬁ( B.C) -)\”ﬂ?é’c) + Aﬁ( B.C) -3&@;0) is given by the matrix
H(BI=",C7)
* 0 0

H(BI=C) [0 H(op ™ X C0) + H(N "0 e7) o,
: 0 0 *

which, by the functoriality of H(—, ), is equal to idg(p oy
In the case where C is contractible, let (Ag: C™ — C™7 ') _, be a family of morphisms
statisfying O )\Zfrl + A& -ag—l =iden for all n € Z. For each n € Z, we define the morphism
Nip.oy: H(B,C)" — H(B,C)"™
by the matrix
H(B-F”,Cj*l) H(B”l*",Cj)

: * 0 0 0
H(BI=",c) |0 H(BJ”Z ,\JC) 0 0
H(Bi+1—n ity | 0 0 H(BJ'“*”,/\jc“) 0

0 0 0 *
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A direct computation shows that 8}}( BC)* )\?f(é o)t Xﬁ[( B.C) -BZY}B ) is given by the matrix

H(BI—",(Y)
: * 0 0
H(BI= ) | 0 H(B b N ) + H(B N-05) 0|,

0 0 *

which, by the functoriality of H(—,—), is equal to idg(p ). This means, in either case, the
object H(B, C) is contractible. O

Theorem 4.33. Let € be an additive category equipped with Z-homomorphism structure
(1, H(—,—),v). Then K*(€) can be equipped with a K°(2)-homomorphism structure.

PROOF. By Theorem 4.26, C®(%) can be equipped with a C®(2)-homomorphism structure
([0, H(—,—),v). Let (a®®,3): (B,C) — (A, D) be a morphism in C*(%)% x C*(%). If a
is null-homotopic, then « factors through Cone(id4), hence H(«, 3) factors through the object
H(Cone(id4),C). Analogously, if 5 is null-homotopic, then H(a, 3) factors through the object
H(A,Cone(id¢)). By Corollary 4.32, if either o or § is null-homotopic then H(«, ) factors
through a contractible object, i.e., by Remark 3.22, H(«, () is then null-homotopic.

The component of the natural isomorphism v at some object (B,C) in C*(%)°? x C*(%) is
given by an isomorphism

ZB,C : Homcb(%;) (B, C) 1> HOHI@;(@)(“IJO,E(B, C))

We claim that a morphism a: A — B is null homotopic if and only if vp ~(¢) is null-
homotopic: Suppose that ¢ is null-homotopic and let (hi: Al — Bifl)i ¢z is a chain homotopy of
@. Let j9: 1p — H(B,C) ! be the morphism defined by the matrix

H(BJ,Ci7Y)  H(B/', V)
1 ( .. VBj7Oj—1 (h]) I/Bj+1’cj (hj+1) e ) .

whose composition with 35%3 o) is given by the matrix
H(B7,CY)
1 ( qu,ijl(hj)~H(Bj,6jcfl) +1/B]-+17Cj(hj“)~H(8]B,C’j> )

which, by the naturality of v, can be simplified to
: H(B’,C7) ... H(BI,Cv)
1 ( VBj7Cj (hj°8jcil+8jB‘hj+l) ) = 1 ( I/Bj’cj(gﬁ‘j)

~—

hence ;° -8&%1370) = gB,C(gp)O and vp () is then null-homotopic. Conversely, suppose vg «(¢)
is null-homotopic and let £°: 1 — H(B, )" be a morphism such that Eo-aﬁ%B,C) = zB,C(QO)O-
Thus, if ¢° is defined by the matrix
... H(BI,Ci7Y) H(BITLCI) ...
1 (.. I o, )
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then E?-H(Bj,ﬁgl) + E?H-H(&%,Cj) = vpici(¢?) for all j € Z. We define the family

(hj = Vl;},cj_l (fg) : Bl — Cj_l)jez’ then

VBi ci-1 (hj> -H(Bj, 6%_1) + vpit1 ci (hj+1) -H(ﬁ%, C’j) =VBj CJ (@j)
for all j € Z. Because of the naturality of v, we have
VBi Ci (hj L+ O th) = Vpi,ci (@j)
for all j € Z. Since v is natural isomorphism, we have the equalities
B .351 + %-hjﬂ =l
for all j € Z, hence ¢ is null-homotopic.
Hence, we can define the functor
K@) x K¥(€) - K*(2),
(Bl [€]) = [H(B,C)],
([a]°P, [8]): ([B],[C]) = ([AL, [D]) = [H(a, B));
and the natural isomorphism
N {Homm@(—, ) = Homgs(s ([ o] (-~ ),
((Bl,[C) = Vil [c]
where Up ¢ is defined by

[ Homy([B], [C]) = Homyagy ([11)o), H([B], [C)),
e ¢} - [ZB,c«o)]
O

Theorem 4.34. Let € be an additive category equipped with Z-homomorphism structure
(1, H(—,—),v). If 2 is Abelian and 1 is a projective object, then KP(€) can be equipped with a
P-homomorphism structure.

PROOF. In the previous theorem, we found that K’(%) can be equipped with a K?(2)-
homomorphism structure (H]IJO], H(—,-), 17).
Define the bifunctor H(—, —) by the composition

K(%) %P x K0(%) 2 kv o) s g,

and the natural transformation v by vertical composition
C ~
Homyco (g (—, —) = Homyes (g (”]U |, H(- 7—)) = Hom.@(]]-a H(—, —)),
where ( is defined by
¢ [Home o) (Mol H(=,—)) = Homy (1, H(~,~)),
(B, [C1) = (B[]
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and C[B],[C} is the map

e L e (1o}, H([BL,[C]))  — Homg (1, H([B], [C])),
’ [£] = HO([).
It is sufficient to prove that ( is indeed a natural isomorphism. In the following we show how

¢ can be computed, then use the procedure in proving the naturality of (.
For an object ([B],[C]) in K*(%)°P x K(%), we define the morphisms:

: 0
e .3 by the kernel embedding of 81?[ (BLIC])’

. . -1
e cp ¢ by the image embedding of af[([B],[C])’

e xpc by the lift of ep ¢ along 15 ¢,
e pp,c by the cokernel projection of kg ¢ and

. -1
e ¢ by the lift of 8?1([3],[(]]) along ep c.

For every morphism [{]: [[1]o] — H([B],[C]), there exists a unique lift, say &, of £ along
vg,cy and ((p)c)([¢]) = de+pB.C-
For a morphism ([a]°P, []): ([B],[C]) — ([4],[D]) in K*(%€)°P x Kb(€), we define the mor-
phisms:
e 2,4 by the lift of 15+ H([a], [5])° along ¢4 ¢ and
e by by the lift of eg o+ H([a],[8])" along eac-.
For given morphisms ([a]?, [6]): ([B],[C]) — ([A],[D]) and [4: [[1]o] = H(B,C), we get
the following commutative diagram:

-1

A((Bl ) —
UB,C
im (3:
R H
A(lo], [8)
ba,ﬂ
H([A], D)™ pn H([A],[D))° o H([A],[D))!
H(A,D) H(A,D)
D \ €AD LN

im(8:1 ) <« ker<8%([A],[D])) T H([A],[D])
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from which we conclude the equality dyzq g+tap = €0+ H([a],[8])°. Hence, S0+ Ha,B)) = 00° Za,-
The following computation

Gy o) ([+ H ([0, 18))) = Cpa gy ([£+ H (e, B)])
= 0(¢ H(a,8)) * PAD
= 0¢* 20,8 * PA,D

=&+ pp,c+ H([a], [B])
= (a0 ([4) - H([a], [8])

translates into the commutativity of the following diagram:

Homycs ) ([[1)o], H ([B], [C])) e Homy, (1, H([B],[C)))
-fl([alv[ﬂ])‘ O —-H([o], [8))
Homy (g ([[1)o], H([4], [D))) — Homy (1, H([4], (D)),

i.e.,  is indeed a natural transformation.

¢ is a natural isomorphism if for every object ([B],[C]) in Kb(%)°° x K(%), the component
([B],[c] is an isomorphism.

We start by showing the (g (] is injective. Let [£]: [1] — H([B],[C]) be a morphism with
(B),ic1([4]) = 0. This means 0+ pp,c = 0. Since, Z is Abelian, every monomorphism is a kernel
embedding of its cokernel projection, i.e., kp ¢ is a kernel embedding for pp ¢, hence, there exists
a lift, say Ag, of d; along kp . Since 1 is projective and up ¢ is an epimorphism, there exists a
lift hp o of Ap,c along up,c. Hence

hg.c 0= =hgc- e
B.C* 0% g1 = MBC1B.C€BC
= AB,C*KB,C*LB,C
=0¢LB,C
=/

which, since ¢ is concentrated in degree 0, implies [¢] = 0. Consequently, (iB,[c] 18 injective.

It remains to show that (g ) is surjective. Let 7: 1 — H([B],[C]) be a morphism. Since 1
is projective and pp ¢ is an epimorphism, there exists a lift d,: 1 — ker <8% (58] [C])> of 7 along
pp.c. We define [(,]: [[1 o] = H([B],[C]) by the 0-stalk morphism defined by d, +¢p,c. It follows
d¢, = d; and (i) c)([(~]) = dr - pp,c = 7. Consequently, (|p) (¢ is surjective.

This means ( is a natural isomorphism and so is then the vertical composition v = v+( as
desired. 0

Corollary 4.35. Let & be a Abelian category with enough projectives and finite global dimen-
sion. If € is equipped with a P-homomorphism structure (1, H(—, —),v) where 9 is an Abelian
category and 1 is a projective object, then DP(€) can be equipped with a Z-homomorphism struc-
ture.
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Proor. It follows from Theorems 3.61 and 4.33. O

Corollary 4.36. Let € be an additive category equipped with a Z-homomorphism structure
(1, H(—,—),v) where 2 is an additive category with weak kernels. Then the category K°(%€) can
be equipped with an A(Z)-homomorphism structure, where A(Z) is the FREYD category of 9.

PrOOF. By Theorem 2.31 the category 2 has weak kernels if and only if its FREYD cate-
gory A(2) is Abelian. Moreover, the natural embedding 2 = A(2) is always fully faithful.
Hence, by Lemma 4.5, € can be equipped by an A(Z)-homomorphism structure; consequently
by Theorem 4.34, K*(€) can also be equipped by an A(2)-homomorphism structure. O

Example 4.37. Let R be a commutative left coherent ring. In Example 4.6, we found that
R-rows is equipped with a (R-rows)-homomorphism structure. By Section 2.1.1, A(R-rows) is
an Abelian category. Hence, by Theorem 4.34 and Corollary 4.28, the category K’(R-rows) can
be equipped with an A(R-rows)-homomorphism structure.

Example 4.38. Let R be a commutative left coherent ring. Then A(R-rows) can be
equipped with an A(R-rows)-homomorphism structure [Pos21a]. Hence, K’(A(R-rows)) can
be equipped with an A(R-rows)-homomorphism structure.

Example 4.39. Let q be a quiver and &/ = kF,/(p) be the k-linear finitely presented category
defined by q subject to a set of relations p. According to Theorem 4.18, the category mod-</
can be equipped with a (k-mat)-homomorphism structure. Hence, K°(mod-.7) can be equipped
with a (k-mat)-homomorphism structure.






CHAPTER 5

Computable Triangulated Categories

The Appendix B provides a brief review of the basic definitions and facts in triangulated cate-
gories which need in the next chapters. In this section we provide the constructive interpretation
of the axioms in the definition of triangulated categories. We start the section by introducing the
notion of a (pre)computable triangulated categories, and afterwards, we provide two examples:
The bounded homotopy category of an additive category (cf. Section 5.2) and the stable category
of a FROBENIUS category! (cf. Section 5.3).

5.1. Computable Triangulated Categories

In the following we state the definition of precomputable triangulated categories (cf. Defini-
tion B.1):

Definition 5.1. A precomputable triangulated category is a computable additive cate-
gory together with an autoequivalence ¥ and a class A of exact triangles subject to the following
axioms:

TR’ 0. The functors ¥ and ¥~! and the associated natural isomorphisms?

rithms.
TR’ 1. The following requirements are satisfied:
(a) There is an algorithm which for a given morphism «: A — B in ¥ constructs an
object Cone(a) and two morphisms ¢(«) and () such that

are realized by algo-

AL B, Cone(a) e, Y(A)
belongs to the class A.
(b) For any object A in ¥, we have Cone(id4) = 0.
(c¢) A triangle
AL BSC 5 R(A)
n fact, homotopy categories can be constructed as stable categories of Frobenius categories; however,
for performance reasons, we describe their triangulated structure directly.

QDepending on the use case, it might be desirable to choose the unit n: idy = X ~'+¥ and counit
e: ¥+X7! = idg of the adjunction X! 4 X.

121
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is exact if and only if there exists an isomorphism A: C' — Cone(«) with ¢+ A = ¢(«)
and Ae7m(a) = 7

[e%

A

C T N(A)

N
%

Cone(a).

TR’ 2. We have an algorithm which for a given morphism a: A — B in ¥ computes an isomor-
phism A: ¥(A4) = Cone(t(a)) such that 7(a)+A = ¢(¢(a)) and Ae7(1(a)) = —X(a). In
other words, A induces an isomorphism of triangles

va)

m(a)

B Cone(a) Y(A) ¥ (B)
O O EDY O ‘
C C (B
B @ one(«) @) one(i(a)) () (B)

TR’ 3. We have an algorithm which for a given quadruple of morphisms ay,u,v and ay with
a1+ = u-ag, computes a morphism w: Cone(a;) — Cone(az) (not necessarily unique)
that renders the following diagram

a1 t(a1) m(aq)

Ay B Cone(ay) Y(Ar)

U @) v O Jw O S(u)

As = By o) Cone(ag) on) Y(Ag)
commutative.

TR’ 4. We have an algorithm which for a given triple of morphisms «, 3 and v with v = a+ 3
computes another triple of morphisms

Cone(a) % Cone(y) = Cone() < X (Cone(a))
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which renders the following diagram

A o Y coneta) " v
o 8 o u o
) o Cone(y) — v
u(B) O v O ()
Cone(6) Cone(3) 5
(8) o w
5(B) 5(Cone(a))

commutative; and computes an isomorphism \: Cone(3) — Cone(u) with v+\ = t(u)
and Aem(u) = w.

Remark 5.2. Let ¥ be a precomputable triangulated category. Then ¥ satisfies TR 1. Since
every exact triangle in ¥ is isomorphic to a standard exact triangle, ¥ satisfies TR 2, TR 3
and TR 4. In particular, every precomputable triangulated category is triangulated in the sense
of Definition B.1. By Remark B.20, the converse is true if all existential quantifiers in the
Definition B.1 are realized by algorithms.

Definition 5.3. A precomputable triangulated category ¥ will be called computable tri-
angulated if there is an algorithm which computes the isomorphism in TR’ 1.c or disproves its
existence. In other words, there is an algorithm which decides whether a given triangle is exact.

Lemma 5.4. Let T be a precomputable triangulated category. If T is equipped with a Z-
homomorphism structure and 2 has decidable lifts, then T is computable triangulated.

PROOF. Suppose, we are given a triangle
AL BL C D (A
By Theorem 4.17, ¥ has decidable linear systems. We check the solvability of the two-sided linear
system
Lex = tla), xem(a) =,
and in the affirmative case, we compute a solution x and check whether it is an isomorphism?.

If the system is solvable and x is an isomorphism, then the triangle is exact by TR’ 1.c.
Otherwise, by Lemma B.11, the triangle is not exact. O

Lemma 5.5. Let T be an additive category which satisfies TR’ 0,1.a,1.b,2,3,4. Then, the
following two axioms are equivalent

3The morphism Yy is an isomorphism if and only if the two-sided linear system y-x’ = id¢,x - x =
idgone(a) is solvable.
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e TR' 1.c.
e TR 1.c: A triangle
AL BLHC L xA)
is exact if and only if it is isomorphic to some standard exact triangle.

PROOF. The direct implication is obvious. For the converse, let (u,v,w) be an isomorphism
of triangles:

A = B : C il ¥(A)

wl| ~ @) v~ @) w |~ O ~ | X(u)
C (X

X 7 Y —u one(f) — 5 (%)

By TR’ 3, there exists a morphism p: Cone(f) — Cone(a) which induces a morphism of
exact triangles

f u(f) m(f)

X Y Cone(f) Y(X)
w |~ O v~ O H O ~ E(Ufl)
A o B @ Cone(a) o Y (A)

Analogously to the proof of Lemma B.11, y is an isomorphism. Hence the isomorphism
A :=w-p: C = Cone(a) satisfies 1+ X = 1(a) and A+7(a) = 7. O

5.2. Homotopy Categories are Triangulated

It is a well-known fact that homotopy categories are triangulated. However, due to the
algorithmic requirements, they can be computable only if they are bounded. Hence, we consider
in this section only the bounded homotopy categories of additive categories.

We start by specifying the shift automorphism:

Definition 5.6. Let % be an additive category and Kb(%) its bounded homotopy category.
The shift automorphism on K°(%) is defined by
k(%) - KY(%),
3 A= (8}4)iez — 2(A) = (— f““)iez
o= (‘Pi)ieZ: A— B —X(p) = ((p”l)iezz Y(A) — X(B)

and we denote its inverse by X1, It is obvious that XX ~! = idjs gy = 2+ ¥~! “on the nose”.

)

Definition 5.7. For a morphism a: A — B in K?(%), we define
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(1) the mapping cone Cone(a) by the object in K?(%’) whose differential at i € Z is given

by
(ai\—o—l oitl )
. . . 9t . .
Woone(e) =A™ @ B' 2Ly A2 @ BT
(2) the natural injection to the mapping cone ((«) by the morphism
t(a): B — Cone(a)
whose component at ¢ € Z is
pgi (05, it g pi
(3) the natural projection from the mapping cone 7(a) by the morphism
7(a): Cone(a) — X(A)
whose component at i € Z is given by
(")
Al g B 0 Aitl
(4) the mapping cone triangle Tr* (a) by the triangle

A2y B, Cone(a) ), (A).

Definition 5.8. A triangle A < B = C 5 %(A) in K%(%) will be called exact if it is

isomorphic to some mapping cone triangle. The class of all exact triangles in % will be denoted
by A.

Theorem 5.9. Let € be a computable additive category. Suppose € is equipped with a Z-
homomorphism structure where 2 is Abelian and has decidable lifts, then <ICb(<€),E,A) s a

computable triangulated category.

ProoF. By Theorem 4.34, /Cb(%) can be equipped with a Z-homomorphism structure, hence

has decidable linear systems by Theorem 4.17. According to Lemma 5.4, it is sufficient to prove
that k(%) is a precomputable triangulated category. In the following we show that the axioms
of Definition 5.1 are satisfied:

TR’ 0 The shift functor ¥, its inverse ! and the associated natural transformations are

already introduced in Definition 5.6.

TR’ 1 (a) For a given morphism a: A — B in K%(%), we can compute Cone(a), t(a) and
m(a) as introduced in Definition 5.7. In particular, the standard exact triangles
are the mapping cone triangles.

(b) Let A be an object in K’(%). By Remark 3.20, the mapping cone Cone(ida) is
contractible, hence is isomorphic to the zero object by Remark 3.22.

(c) Any exact triangle

AL BSC D YA
in KC®(%) is by definition isomorphic to a mapping cone triangle. By Lemma 5.5,
TR’ 1.c follows.
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For a given morphism a: A — B, we define A\: ¥(A) — Cone(:(a)) by the morphism
whose component at i € Z is

(a'*lid 441 0)
_—

)\i — Ai+1 Bi+1 ® Ai+1 @ BZ
A direct verification shows that m(a)+A = t(t(a)), —X(a) = A+m(e(a)). Further-
more, A is an isomorphism and its inverse u: Cone(t(a)) — X(A) is given at ¢ € Z

by
0
()
0

Ai+l Bi+1 @ Ai+1 @ Bz

We should prove that any commutative square
Ay = By
UJ O JU
Ag oz BQ

can be completed into a morphism between the standard exact triangles associated to
ay and as. We start by computing a chain homotopy (hi: Al — Bé_l) - associated
(2

to aj+v —u+az. Then w: Cone(a;) — Cone(ag) whose component at i € Z is

(u¢+1 pit1 )
0 vl

w' = AT @ Bl At @ BY
renders the diagram
A o B —1" Cone(ar) — L Ay
u O v O w O ¥ (u)
Ay & By o Cone(ag) o Y(A2)

commutative. The set of all morphisms of this form will be called standard morphisms

between the standard cone objects and will be denoted by ConeMorsthaQ (u,v).
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TR’ 4 We should prove that any triple of morphisms a: A — B, 8: B — C and 7 = «+ 3 can
be completed to the following diagram

A e 5" Cone(a) — 2, w4
o B o w O ids
" ) t(7) Cone(+) () 5(A)
L(B) O v O ()
Cone($) = Cone(§) ——— 5(B)
(8) o w
(B 5(Cone(a)),

%((@))

where the middle column is an exact triangle. Let (h': A® — C’i_l)iez be a chain homo-
topy associated to a8 — «v. A straightforward verification shows that the morphisms:
e u: Cone(a) — Cone(y) whose component at i € Z is

(a2
i gitl i 0o g it+1 i
w=A"eB —— 5 A" pC,

e v: Cone(y) — Cone(f) whose component at ¢ € Z is

(ai+1 _pitl )
vim Al g i 20 Mol ) pitl o i
e w: Cone(f3) — X(Cone(a)) whose component at i € Z is
(0 1dBi+1)
w' = Bt g Ot A0 0 T g2 @ Bit!
render the above diagram commutative. Moreover, the triangle
Cone(a) % Cone(y) = Cone(3) < X (Cone(a))
is isomorphic to the standard cone triangle Tr*(u) via the isomorphism
p: Cone(3) — Cone(u)
defined at ¢ € Z by
(0 idpiy1 0 0 )

0 0 O0idg

pi — Bi+1 o Cz Ai-i-? D Bi-‘rl D Ai+1 P 017
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whose inverse ¢: Cone(u) — Cone(f3) is given at i € Z by

0 0
ldBi+1 0
il _pitl
i i1 ; 0 idgi 42 i1 it1 i
¢ =B"oC Ao B " A @ C".

Remark 5.10. Let a: A — B be a morphism in K°(%) and

A% 1Y, Cone(a) ), Y(A)

the associated standard exact triangle. The inverse rotation®

S G G))) Y(a)

¥~ (Cone(a)) A% B =% Cone(a)

is isomorphic to the standard exact triangle associated to —X~!(m(a)) via the isomorphism
A: B — Cone(—X71(r(a))) given at i € Z by

A\ = B (Oid—BiO)> Al g B' @ AY:

and whose inverse p :== A~!: Cone(—X!(n(«))) — B is given at i € Z by

0
<idBi)
fi= At g Bl Al Nao' /. pi
The object ¥ ~!(Cone(a)) will be called the standard cocone object of «, and will be
denoted by Cocone().

Remark 5.11. By the previous Remark and Lemma B.5, every morphism a: A — B in le(‘?o”)
can be completed to an exact triangle:

STHR(@), 4 o, g —Ha)
Cocone(a) ———= A — B ——= Cone(a).

Suppose a1, u, v, ap are morphisms K?(%’) as in TR’ 3, then each morphism w € ConeMorsZthC¥2 (u,v)

gives rise to a morphism of exact triangles

S (7w (on)) ay —t(a1)

Cocone(aq) Ay Ay Cone(ay)
Y Hw) O U O v O w
Cocone(as) B Bs Cone(as)

27 (o)) 2 —t(a2)

The set {7 (w),w € ConeMors ,,(u,v)} will be denoted by CoconeMorsy, ., (u,v). We
will refer to the elements of CoconeMors’ . (u,v) as the standard morphisms between the

1,02
standard cocone objects.

4See Corollary B.15.
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Lemma 5.12. Let € be an additive category and KP(€) be its homotopy category. Then for

any commutative diagram
a

Ay By
u o u
Ay - By
us o v
As o Bs;

st
Qaq,a2

st
Q2,03

if wy € ConeMors (u1,v1) and we € ConeMors (ug,v2), then

w1 * Wy € ConeMorsifha3 (uq +ug, vy *v2).

PROOF. Suppose w; and ws have been constructed by using chain-homotopies (hzl c AL — Bé_l) ez

resp. (hé: Al — Bé_l)‘ . In other words, we have

1€
i.i_i.i_ai .hi+1+h’i.8i—1 d
QU] —Up=Qp = 0y, 1Y 1°¢p, an
i i i i i+1 i, ai—1
042°?)2—u2°()43—8A2'h2 +h2.8Bg
for all ¢ € Z. Then, by the following computation
o (o) — ()~ = (o) o0 — i ()
= (ul-ab + iy, BT+ by -0 vl
i i i i+1 i, fi—1
_ul'(a2'v2_8A2'h2 _h2'833>
=l e+ Oy, B v+ 0 0
i i i, ni i+1 i pi o, gl
—ujragevy +upedy,hy +ujehy0p
_ni i1, i, i—1, gi—1 i i1, g i+l i pi, ai—1
—aAl’h/l °’l)2—|-h1"l)2 '833 +8A1'ul ’h2 +u1’h2'633
=00, (A e vh + ul e hgT) 4 (ol b)) 01
the family (hi-véﬁl + uzl .hé)z‘ez is a chain homotopy for «q+vi+ve — uj-uz+-a3. Hence, the
morphism wy «wg: Cone(a;) — Cone(as), whose component at i € Z is

R T A R
0 o 0 v 0 vl e vl ’

belongs to ConeMorsy, . (u1+ug, v1+v2). O

In a similar way, we can prove the following lemma:
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Lemma 5.13. Let € be an additive category and KP(€) be its homotopy category. Then for
any commutative diagram

ay
Ap By

uy | | u2 @) U1 || V2
As o By

st

Q1,02 (u1,v1) and we € ConeMors?®!

1,00

e wi+wy € C01f1eM01"s;(’;f17042 (uq + ug,v1 + v2),
st

e —w; € ConeMorsy, ,,(—u1, —v1).

if wy € ConeMors (ug,v2), then

Proor. If (hil: Al — Béfl). ’ and (h’é: Al — B;l), , are chain-homotopies of aq-v; —

1€ 1€
U1+ Qg TESP. Q *Vg — Usg g, then (hll + hé: Ail — B?l) - is a chain homotopy associated to
3
aq+(vy — vg) — (u1 — ug) »ag. Similarly, (—hilz Al — Bé_l) - is a chain homotopy associated to
T
wi. O

Lemma 5.14. Let € be an additive category and KP(€) be its homotopy category. For any
morphism «: A — B and any £ € 7., we have

»f(Cone(a)) = Cone(Ze((—l)é : a)) = Cone((—l)é : Ee(a)).

ProOF. The differential at ¢ € Z of the above complexes is given by
(_1)e+1,af4+1+€ (_1)£,ai+1+e

Ait1HL ® Bitt ( 0 (_1)2'8?( ) Ait2+e ® Bitl+e

O

Lemma 5.15. Let € be an additive category and KP(€) be its homotopy category. Then for
any commutative diagram

Aq 4 By
U O v
Ay o By

if w € ConeMors® | (u,v) then Xf(w) € ConeMors:! 1)E3 (), (—1)E-5 (az) (Zg(u), Ee(v)).

a1,02 (_
ProOF. It follows from Lemma 5.14 that ¥¢(Cone(w;)) = Cone((—l)g : Ee(ai)) fori=1,2.
Let w: Cone(a;) — Cone(ag) be a standard morphism whose component at i € Z is given by

(ui+1 pitl )
0 vl

w' = 4} © B] A5 6 B



5.2. HOMOTOPY CATEGORIES ARE TRIANGULATED 131

where (hi: Al — Béfl) - is a chain homotopy associated to aj+v —u+ag. A direct verification
7

shows that (h“i: A{H — B§+i71> -z is a chain homotopy associated to
7

(=12 (an)) -2 (v) = B (w)-((-1) - B(a2)),
i.e., the associated standard morphism

t: Cone((—l)g . Eé(al)) — Cone((—l)e . Eg(a2)>
is given at ¢ € Z by

ué+i+1 hé+7l+1
ol

i 0+i+1 l+i ( 0 ) L+i+1 O+
t' = At g pite AST @ By,

i.e., t = X(w) and the assertion follows. O

Example 5.16. Let k& be a field and < be the finitely presented category defined by the
right quiver

subject to the relations

{rfi = fos,mg1 — gos, fo — go — ru, fr — g1 — vs}.
The following commutative square

0 0
S, e
0 0
fo fi
0 0
/ /
3 D
/ /
0 0

in K?(7®) can be completed into a morphism of exact triangles in two different ways:
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0 0 0
A / r C / ido C / 0
el 7
0 0 A s A
fo fi / fi \ /
0 0 0 0 0
e e fo 7 fo
- B 3 / D i | o D - 0
0 0 B ” B
7 idp 7
0 0
and
0 0 0
/ r / ide /
7 i e ¢ e ¢ e :
0 0 A da A
fo fi et 91\ e
0 0 0 0 0
e e 9o e fo
B . D : D 0
7 7 idp | s 7
0 0 P B @ — B
0 0

The first morphism is standard, i.e., it belongs to ConeMors‘anjonjo([foJo, [filo). However,
the second morphism is not standard.

Lemma 5.17. Let € be an additive category and K°(€) be its homotopy category. Let A;, B;
for i =1,2 be objects in K°(€) such that Homyeo () (2(A1), B2) = 0. Then for any commutative
diagram
o

A1 B,
(75} O U1
A2 as B27

the set ConeMorsy), ,, (u1,v1) is a singleton set.

PRrROOF. We will prove that the morphism resulted TR’ 3 in Theorem 5.9 does not depend on
the choice of representatives for u; and vy. Precisely, given us and ve with u; = us and vy = v9
st

: t
we will prove that ConeMorsy,, ,,, (u1,v1) = ConeMorsgy, ,, (ug, v2).

Since aq +v; — ug * g = 0, there exists a family of morphisms (hi: Al — Bgfl) - with
(2

0l v} = u o = O, B R,
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for all i € Z. Hence, TR’ 3 induces the morphism w; : Cone(a;) — Cone(as) defined by

(76;‘] ai >
i—1
0 o

Ai+1@3i4>...

u'frl hitl
0 v}

Aé+1@354>...

- —— Al @ B!

i—1 . ui ht
wy '_ ( 0 v;_l

L@ Bt

~04, b
0 a5t
Similarly, there exists a family of morphisms <Ei: Al — Bé_l) -z with
7
of evh —ubead = 811‘41 Vak —|—€i-8gl
for all i € Z; and wy: Cone(a;) — Cone(ag) is given by

0, o
0 a;;ll

S
- —— A1 @ B

i1 (e
wy = i
2 ( 0 v

S
5@ By

AZ‘1+1@Bi'4>"'

u;+l Zz+1
0 v

Aé+1@354>...

)
0 61;21
On the other hand, since w1 = ug and v; = wg, there exists two families of morphisms
(hiu: Al — Aéﬁl)iez and (hﬁ): Bi — Béﬁl)iez with
ub — b = 0;‘;11 <RI 4opt -32_21 and
v — vy =0, +hit 4 bl 0}

for all 7 € Z.
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0/1+1

For each i € Z, we define ¢': AT — Bi by BTl — £+ 4 pitloal — it opitl By the
following computation

_83'41 vl = — 33'41 .(hz’—i-l _ ity hi—i—l .aé _ ailJrl .hi—l-l)
:(hi-agl +uleab —al vi) + (—Ki-(?gl —ubeab + a’i-vé)
+ (—ull + ub + Y -81’;1_21) cab +ad -8};1 hitt
:hi-agl +ulead —al vl — ei-agj — ubead + af vl
—uf b +ubeal — hi-@gl ol + a’i-(vi — b — hi-@gl)
:hi-agl +ulead —al vl —Zi-(?gl — ubeab + al vl
— ui-aé —i—ué-aé — hi-o/{l- 53_21 —1—04-1)% — ofi-vé — a’i-hi-ﬁgl
Wi 0 R ad ) — ol B
(W= €+ ool — o eh) <035
— i1 .8%;1;
the family (¢%), ¢z, defines a morphism ¢: ¥(A;) — Bz, which should then be zero by the assump-
tion Homyes ) (2(A1), B2) = 0. Hence, there exists a family of morphisms (ti: AT Bg_l)

. R . . 1EZ
with ¢ = 7+ 9 1 — 9% 1" for all i € Z.
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For each i € Z, we define r*: Alfrl ®©Bi — A} @Béfl by the matrix (7h§‘+1 h ) The following

az+1 i+1 _pit2 it _pitl i 7822 ol
u
( 0 h”l)—i_( 0 h:;)' 0 ot
2
a5t h’+2+hl+1 Ol O et T T e hT R e el 4t e 0
Oy * i +hiy 0!

. 7,+1 .hz+1 h:f;l»l °Cti2
N vi—vh

computation

i RAS] i—1 _
aCone(al) r +T’ 800116& -

+1_ Z+1 Rpitl_pit+1
vi—vj

l+1 Ri+1 B u;+1 Ez‘fl
0 U1 0 v
i i
=Wy — Wy,
proves that w; = we, which is the desired conclusion. [l

Corollary 5.18. With the same assumptions as in Lemma 5.17, the set Cocomel\/IorSa1 ay (U V)
is a singleton set.

Proor. By Remark 5.11
CoconeMorsy! ,, (u1,v1) = (7w | w € ConeMors, ,, (u1,v1)}.

g

Corollary 5.19. Let € be an additive category and K°(€) be its bounded homotopy category.
Let S be a class of objects such that Homys ) (E(A), B) = 0 for all pairs of objects A, B in S.
Then, the standard cone object defines a functor

Arr(S) — Kb (%),
Cone: (Al a—1> B1) > Cone(ay),
(Al Bl) { v} (A2 Bg) — the unique element in ConeMorsa1 o (U, 0);

where Arr(S) is the category of arrows of the full subcategory generated by S.

Proor. Follows from Lemma 5.12 and Lemma 5.17. O

5.3. Stable Categories of Frobenius Categories are Triangulated

In this section we give an algorithmic description of the triangulated structure on the stable
categories of FROBENIUS categories (cf. Theorem 5.29). We reproduce the related proofs and
constructions in [Hap88, Chapter 1] so that they can be directly implemented on the computer.
Our primary example of a FROBENIUS category is the category of finitely presented (graded) left
modules over the exterior algebra E = klep, ..., ey] for some field k£ (cf. Example 5.37). If E is
equipped with a Z-graded with degey = dege; = --- = dege,, = —1 then the stable category
of the FROBENIUS category E-fpgrmod provides a model for the bounded derived category of
coherent sheaves over the projective space P} (cf. [ BGG78] and [EFS03]).

We start by defining exact categories:
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Definition 5.20. Let € be an additive category and let £ be a class of short exact sequences®

in ¥. An element (¢,7) in £ will be called conflation. The components ¢ and 7 of a conflation
(¢, m) will be called inflation resp. deflation®. The pair (¢, £) will be called exact if the following
axioms hold:

EX 1. The class £ is closed under taking isomorphisms.
EX 2. Inflations and deflations are closed under composition.
EX 3. For any pair of objects A, B in %€ the canonical sequence

A ian A@B defB B

is a conflation.
EX 4. If 7: A — C is a deflation, then for any morphism a: B — C' the fiber product

Fra P A
r
‘.
B . C

exists in which pp is a deflation.
EX 5. If t: C' — A is an inflation, then for any morphism «: C' — B the pushout

C = B

L [QB
| J

A qA PL,oz

exists in which ¢p is an inflation.

EX 6. Let a be a morphism which has a kernel. Then for any morphism g, if 3+« is a deflation
then so is a.

EX 7. Let a be a morphism which has a cokernel. Then for any morphism S, if o+ is an
inflation then so is a.

Definition 5.21. An additive category % together with a class £ of short exact sequences
in ¥ is called computable exact if the following holds:

(1) The axioms EX 1,2,3,4,5,6,7 are satisfied and all their existential quantifiers are
realized by algorithms.

(2) We have an algorithm which for a given pair of morphisms (¢, 7) decides whether the
pair is a conflation.

(3) We have an algorithm which for a given inflation ¢ computes a cokernel projection def(¢)
of ¢, i.e., such that (¢,def(¢)) is a conflation.

(4) We have an algorithm which for a given deflation 7 computes a kernel embedding inf(7)
of 7, i.e., such that (inf(7), ) is a conflation.

5A short exact sequence in € is a bounded cochain complex 0 = A = B =+ C' — 0 with a vanishing
cohomology in each degree.

6Since every conflation froms a short exact sequence, every inflation is a monomorphism and every
deflation is an epimorphism.
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The concept of E-projective and E-injective objects in an exact category (%,&) generalizes
the concept of projective and injective objects in Abelian categories:

Definition 5.22. Let (¢, ) be an exact category.

(1) Anobject P in % is called £-projective if for all deflations 7: B — C and all morphisms
7: P — C, there exists a lift morphism of 7 along .

(2) An object I in ¥ is called £-injective if for all inflations ¢: A < I and all morphisms
7: A — B, there exists a colift morphism of ¢ along 7.

(3) (¥¢,€) is said to have enough E-projectives if for each object A in € there exists a
deflation def 4: P4 —» A from some E-projective object Pj.

(4) (¥,€) is said to have enough E-injectives if for each object A in € there exists an
inflation inf 4: A < I4 into some E-injective object I4.

Example 5.23. If ¥ is an Abelian category and & is the class of all short exact sequences,
then (%, &) defines an exact category. Since every epimorphism is a cokernel of its kernel, every
epimorphism is a deflation; and since every monomorphism is a kernel of its cokernel, every
monomorphism is an inflation. Furthermore, if 4 has enough projective or injective objects,
then (%, ) also has enough E-projective resp. £-injective objects. In particular, an object in
is E-projective resp. E-injective if and only if it is projective resp. injective in the usual sense
(cf. Definition 2.71).

A FROBENIUS category is an exact category with extra structure:

Definition 5.24. An exact category (%, €) is called a Frobenius category if it has enough
E-projectives and E-injectives and the classes of E-projective and E-injective objects in € coincide.
Furthermore, if (¢,€) is computable exact and the axioms in Definition 5.22 are realized by
algorithms, then (%, &) is called computable Frobenius.

Lemma 5.25. Let (¢,&) be an exact category.

(1) If (¢,E) has enough E-projective objects, then the class L of all E-projective objects is
a class of lifting objects in €.

(2) If (¢,€) has enough E-injective objects, then the class Q of all E-injective objects is a
class of colifting objects in € .

PROOF. The proof is analogous to Examples 2.60 and 2.62. U

This means if (¢,€) is a FROBENIUS category, then the stable categories associated to the
above classes of lifting and colifting object coincide. In particular, a morphism [¢]: [A] — [B]
in /L =2 €¢/Q is zero if and only if ¢ factors through some £-projective object if and only if
@ is liftable along the deflation defp: Pp — B if and only if ¢ is coliftable along the inflation
infg: A= Iy4.

The Schanuels lemma characterizes isomorphisms in stable categories of exact categories:

Lemma 5.26 (Schanuels Lemma). Let (¢,&) be an ezxact category. Given two conflations

AT Dy T;, A SN JEAN T; where I and J are €-injective objects, then T; and T); are isomorphic
in €/Q. Furthermore, for any morphism a: A — X in €, the pushout objects P;, and Pj, are
isomorphic in €/Q as well.

Proor. Let A, u be the £-injective colifts of i and j along each other and t,,?,, the induced
cokernel colifts along the cokernel projections i’ resp. j'. In the following we show that the residue
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class [t\] in €/Q does not depend on the choice of . Let X': I — J be another £-injective colift
of j along 7 and let ty be the cokernel colift of A'+j" along i'. Since i+«(A—X) = j —j = 0,
there exists the unique morphism ¢: T; — J with i'«{ = X\ — X. Tt follows that ¢/ «(ty — ty) =
(A=XN)+j" =1i+(-j. Since i’ is an epimorphism, ty — ty = (+j’, hence [t)\] = [tx] as desired.
Similarly, [t,] in €/Q does not depend on the choice of f.

We get the following commutative diagram:

A
A
I J
. H -
i’ J
/ t \
T; Tj

e

We have i+(Aep —idy) =ieAep—i=jepu—i=1—1=0, hence there exists a cokernel colift
h: B — I of Aepp—1idy along ', i.e., with i’ «h = A« —id;. Therefore, i’ «h+i' = (Aep —idy) i’ =
Aepet —i' = Neglety, —i' =1 otyet, —i' = i'+(tr+t, —idp). Since ¢ is an epimorphism, we
get het' =ty+t, —idp, hence [t)]+[t,] = [idg|. Similarly, [¢,]«[tx] = [id¢]. This proves the first
assertion.

By the universal property of pushout objects, A induces a morphism wuy: P; o — Pj with
m;-uy = A+m; and n;+uy = n;. Similarly, y induces a morphism u,: Pj o — P; o with mj-u, =
pem; and njeu, = n;.

E I > A < J /_Z*‘vj
¥ (3 ‘ J v
o m; mj L
G ' T Ty
L 1 -

' n; nj

Pi,a > X ¢ I)j,a

W
U,

Since i+(A+p —idy) = 0, there exists a unique morphism ¢: P; o, — I with m;+f = Aep —id;
and n;+¢ = 0.
It follows from the assumption that P;, is a pushout object of (i, ) and the following two
equalities
(1) mi-(u,\-uﬂ—idpiya) = MyeuUNUy — M = AeMjety, — M = Aefiem; —m; =
(Aep —idp) sm; = m;+Lem; = m;+(£+m;) and
(2) ni-(uA-uM — idpiya) =MeUN Uy — N = NG Uy — Ny =1 — g =0 =n;(Lem;)
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that uy+u, —idp, , = £+m;, hence [uy]-[u,] = {idpi,a}. Similarly, we can show that [u,]«[u\] =
lidp, |- 0

Remark 5.27. By the universal property of pushout objects, there exist two morphisms ¢;: P; o —
B with m;+q; =14',n;+¢; = 0; and ¢;: Pj o — C with v.q; =1;,u+q; = 0.
The following computation
(1) mi=(gista) =1 <tx=Aej' = Aevegq; = miour-q; = m;+(ux+q;),
(2) nis(gistx) =0tx =0=m5q; = ny-uxr-q; = ni~(ur+q;).
shows that g;+t)y = uy+q;j. Similarly, g;+t, = u,+¢;. In particular, we get the following commu-
tative diagram in ¢’/ Q:

[o] [ni]

]

A X Poog— .
=t~ || 1] =
] || ~ ]| [~
Py—m—— T
4 al X ] J ol J

The following is the dual statement:

Lemma 5.28. Let (¢,€) be an exact category. Given two conflations S, droop Ly A,

St N Q Ly A where P and Q are E-projective objects, then S, and S are isomorphic in € /L.
Furthermore, for any morphism o: X — A in €, the pullback objects F;. o and Fy o are isomorphic
in€/L as well.

We refer the reader to [Hap88, Chapter 1] for the original proof of the following theorem:

Theorem 5.29. Let (¢,E) be a computable FROBENIUS category, then the stable category
€/ Q is a precomputable triangulated category.

PROOF. We start by constructing the auto-equivalence ¥: ¢ /Q — %’ /Q and its quasi-inverse.
For each object A in €, we fix an inflation inf4: A < I4 into some E-injective object 14. We will
refer to the associated deflation of inf 4 by def(inf4): I4 —» T4. That is, def(inf,4) is a cokernel
projection of inf 4. Each morphism a: A — B can be colifted into a morphism I, : I4 — Ip which
in turn can be colifted to a morphism T,: T4 — Tp. In the following we show that the residue
class [T,] depends only on [o]. Let 8: A — B be another representative of [a], i.e., [o] = [3]. We
need to prove that [T,] = [T]. Since [a] = [3], there exists a morphism (: /4 — B such that
a—f3 =infa-(. Wehaveinfq+(lo —Ig — (-infp) = a-infp —F+infp —(a — ) +infp = 0. Hence,
there exists a uniquely determined morphism 7: T4 — Ip such that def(infs)-7 = I, — Ig —
¢+infp. We get def(infa) «(To, — T3) = (Ia — Ig)-def(infp) = (Io — I3 — (+infp)-def(infp) =
def(inf4)+7+def(infp). Since def(infs) is an epimorphism, T, — Tp = 7-def(infp). Hence,
[To] = [T3]. In particular, the map

S, g {Hom(A,B) — Hom (T4, T5),
o [a] = [Ta]

is well-defined. In fact ¥4 p is a bijection. We first prove it is surjective. Let u: Ty — Tpg
be a morphism in ¥. Since 14 is projective and def(infp) is an epimorphism, there exists a



140 5. COMPUTABLE TRIANGULATED CATEGORIES

lift morphism §: I4 — Ip of def(inf4)+p along def(infp). Since infp is a kernel embedding of
def(inflp), there exists a uniquely determined lift morphism : A — B of inf 4 +§ along infp. It
follows that ¥4 p([v]) = [u] hence ¥4 p is surjective. Next, we show ¥4 p is injective. Let «, 3 be
two morphisms in € such that [Ti,] = [T3]. Since [T,] = [T}3] there exists a morphism 7: T4 — Ip
such that T,, — Ty = 7-def(infp). It follows that (I, — Iz — def(inf4)-7)-def(infg) = 0, hence
there exists a uniquely determined morphism ¢: 14 — B such that I, —Ig—def(inf4)+7 = (-infp.
It follows that (o« — 8 —infa+()infp = infa+ly —infa+Ig —infy (I, — Ig — def(infy)-7) = 0.
Since infp is a monomorphism, o — 8 — inf 4+ { = 0, thus, [a] = [5] as desired.

Analogously, for each object A in €, we fix a deflation def 4: P4 — A from some E-projective
object P4. The associated inflation of def 4 will be denoted by inf(def4): S4 < P4. A morphism
a: A — B can be lifted to morphisms P,: P4 — Pg and S,: S4 — Sp where the residue class
[Sa] does not depend on the choice of P,.

inf(defA) def 4 inf 4 def(ian)
A Py A€ I A
Se O P, O oY O I, O T
Sp ¢ P S I
B inf(defp) B defp B infp B def(inf )

This enables us to define two fully faithful functors:

€/Q —E/Q,
IR A = Ty,
[a] = [T4]
and
¢/Q —E/Q,
» 1 A — Sa,
[a] = [Sal.

In the following we show that these functors define an adjunction X! 4 X. Let R, A be two
objects in . For any morphism z: Sp — A in € there exists an £-injective colift, h;, of x«infy
along inf(defr) and a cokernel colift ur 4 »: R — T4 of hy-def(inf4) along defr as depicted in
the following commutative diagram:

inf(defg) defgr
SR Pr R
T O hy @) UR A,z
S I Ty.
A inf 4 A def(inf 4) 4

Similar to the above discussion, [ug 4] in ¥ /Q depends only on [z]. Hence, we can define a map

Bra: {Hom%/g(ﬁl(R),A) — Homg o(R, 2(A)),
o [x] — [UR Az
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For a given triple of morphisms a: A — B, f: Q — R and x: Sg — A, we can construct the
following commutative diagram:

inf(def def
Sp ¢ inf (def ) Pr efp R
X \Pf \
7 : ~
inf(defg) defg
5q Q Q
x hy UR,A,x
A (\ian Ia L def(infy) Ta .
I, N
«
N \
B¢ infp Is def(inf ) od

Let y = Sy+wx-a, then y-infp can be colifted along inf(defg) via hy = Pjehy+I, and
hy «def(infg) can uniquely be colifted along defg via ug By = f*ur 4+ Tn. Hence,

a5 (S7(f)- [2]-[a]) = [f]- @r.a((z]) - ().
That is, the assignment
. Homg o (271 (=),—) — Homg o(—,%(-)),
(R7 A) = (I)R,A
defines a natural transformation. By Lemma A.22; the associated unit 7 and counit e of the
adjunction are natural isomorphisms.

Let [a]: A — B be a morphism in ¢/Q. As discussed above, the object A can be used to
construct a conflation

A (ian IA def(ian) TA
in € where X(A) := T4 as object in €/Q.

Since the axiom EX 5 is realized by algorithms, we can construct the following commutative
diagram:

inf def (inf
A it 4 IA e(mA) TA

e

By setting Cone([a]) = Cyq, t([a]) = [ta] and 7([a]) = [7ra], We get a triangle
AL gD cone(la)) T, (a)
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in /Q. A triangle
ALl g 1o sy

will be called exact if it is isomorphic to

A1 g oD cone(ia)) T8 4.
The class of all exact triangles will be denoted by A. In the following we prove that (¢°/Q, A, X)
satisfies the axioms of a precomputable triangulated category.
TR’ 0. The computation of the auto-equivalences X, Y1 and the natural isomorphisms 7 and

€ can be achieved in any computable FROBENIUS category.
TR’ 1. a. A given morphism [a]: A — B can be completed into the exact triangle

A g oD cone(ia)) T 4.
It is called the standard exact triangle associated to [a].
b. For any object A in &, Cone([id4]) := Cia, = 14, hence Cone([id4]) = 0.
c. It is satisfied by Lemma 5.5.
TR’ 2. For a given morphism [a]: A — B, we need to construct a morphism \: T4y — C,,
which induces an isomorphism of triangles

u([od) m([od)

—2([e])

B Cone([a]) Y(A) Y (B)
O O (Al O ‘
B Cone([a]) Cone(vb([a])) B)

u(e([e])) (e([e]))

Let I,: I4 — Ip be a colift morphism of «-infg along inf4 and T, the cokernel
colift of I, +def(infp) along def(inf 1), i.e., X([a]) = [Th]-

Since inf s+, = a-infp, there exists a unique morphism 6: Cy, — Ip such that
lo0 = infg and m,+0 = 1,.

In the following, we prove that (6 ma ): Co — Ip @ T4 and (idig 0): Ip — Ip ® Ty
define a pushout diagram of (i4,infg). Suppose x: C,, - W and y: Ip — W are two
morphisms with ¢,z = infg+y. The following equality

u([o])

infgemq+(x—0-y) =infgemgex —infgemy-0-y
=qQetgrx—infaelyey
=arlgex —ainfg.y
=a+(lg+x —infp.y)
=0
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implies the existence a cokernel colift hy ,: T4 — W of mq +(z — 0+y) along def(inf 4).

inf def (inf
e inf 4 I ef(inf4) T,

<\< \
def(inf5) (i (hfu)

Set gy = (hgy) Ip ® Ta — W. Then, (idig 0)cu,,y = y. By the assumption
that C, is a pushout object and the two equalities
1. tae(0 na)-(hf’y) =tla 0 y+iama hyy=infpey+0=14-,

2. mgy (0 ”“)'(hi/,y> =Mma 0 y+mamarhey =mqa0-y+def(infa)«hyy = mq-x;

we get (0 ma ) Uy y = .

Any other solution to the linear system

(idig 0)ex =y, (0m)ex =2

would consist necessarily of y and a cokernel colift of mg +«(z — 0+y) along def(inf4). By
the universal property of cokernel objects we conclude that w, , is the only solution to the
above system. This means, the pair (0 mo ): Co — Ip @ Ty and (idig 0): Ip — I BTy
is a pushout diagram of (i, infp).

By the universal property a pushout diagrams there exists a unique solution U: Ig®
T4 — Tp to the linear system (idiz 0)«U = def(infp) and (0 7o )« U = 0. We claim that

def(inf3)
-T,

this solution is given by U := ( ) The first equality is evident and the second

equality follows by the universal proC;)erty of the pushout object C'y and the following
two equalities
1. ta+(0 ma (def me)) = 1o+ 0+def(infp) = infp - def(infp) = 0 and

2. mqo( -(def(me ):ma «0-def(infp) — my +mo+ Ty = I+ def(infp) — def(inf 4) « T, = 0.
Set W C’L , =1, and y = m,,, then u,,: Ip ® T4 — C,, is an isomorphism.
If we denote hyyy: Ta — C,, by A, then [A] induces the desired isomorphism” of triangles

"Note that Iz & Ta = Ty in %/ Q.
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B [La] Ca [ﬂ'a] TA [_Ta] TB
5 o noo
. c. T
B o] o] o] B

The inverse morphism of [A] can be computed again by the universal property of
the pushout object C,,. lLe., since ¢y *m, = 0 = infp -0, there exists a unique morphism
p: Co — Ta with ¢, +p = w4 and m,, +p = 0. We have then [A\]~! = [u].
TR’ 3. For a given quadruple of morphisms [aq], [u], [v] and [ag] with [aq]«[v] = [u]+[ae], we
need to compute a morphism [w]: Cone([a]) — Cone([az]) which induces a morphism
of exact triangles

(] Y([ea]) m([a])

A B, Cone([ou]) S (Ay)
i o ] o ] O ()
Az 2] By — ey Conellaal) — = B(42)

Let A: T4, — I4, be an &E-injective colift of w+inf,4, along inf,,. The equality
[a1] + [v] — [u]*[@2] = O implies the existence of a morphism h: I4, — B with o v —
u-ap = inf 4, +h. A direct verification shows that

infa, s Aemay, + heta,) = Qrevetn,,
hence there exists a unique morphism uy: Co, — Cq, with

Mo, *UN = A*May + Aota, and (g, *Uy = Ve lg,.

A
def(inf 4, ) /\ def(inf 4,)
Ty, 2 Ta, — > Ay u Ay — La, T T,

infy,

|
\ aq
h

Furthermore, 7y, T}, = u) *7q, by the universal property of the pushout object Cy,
and the following two equalities:
1. Moy *Tay * Ty = def(inf 4,) + T, = Aedef(inf 4,) = Aemq, * Tay,
= (May *uUx — helay)* Tay = May *UN* Ta, and
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2.ty Toy* LTy =0Ty =0 =00 =Vlny*Tay = lay *U)* Tay-
The morphism [w] = [uy]: Cq, — Ca, induces the desired morphism of exact trian-
gles.
TR’ 4. Let [o]: A — B,[f]: B — C and [y]: A — C be a triple of morphisms with [o]+[8] =
[v]. Without loss of generality we can assume v = a+f5. Let infg: A — I4 be an
inflation into some E-injective object 14 and let def(inf4) be the associated deflation.

. inf . .
By the axiom EX 3, we can complete the cospan Iy ¢+—= A < B via an object C,
and two morphisms i,: B — Cy and my: [4 — C, into a pushout diagram. Since
inf 4 «def(inf4) = 0, there exists a unique morphism p,: C, — T4 with myep, =

def(inf 4) and tq *po = 0. By a similar discussion for the cospan I &a 4 2y O we get
a pushout object C, and a triple of morphisms 7., m, and p, with y+i, = inf4-m,,
M~ +py = def(inf 1) and ¢y +p, = 0.

Since ¢, and infe, are inflations, their composition ¢, -infeo, is an inflation as
well. Its associated deflation will be denoted by def(iq+infc,). Again, the cospan

Ic, éi& B C gives rise to a pushout object C’[’3 and a triple of morphisms ¢, m
and p where 3+t = 1o +info, +m, m+p = def(1o+infc, ) and ¢+p = 0.

We denote by t: Tj; — T, the cokernel colift of def(infc,) along def(¢q «infc, ) and
by r: Ty — Tj the cokernel colift of m +infe, «def(t +infc,) along def(infy).

Since a+(B+ty) = vty = infy+(m,), there exists a unique morphism u: C, —
C, with tqeu = f+1y and mgeu = my. On the other hand, v+(t) = a+f« =
asloinfo, +m = inf 4 «(mq +info, «m), hence there exists a unique morphism v': Cy —
C”ﬁ with ¢y +v" = ¢ and my «v' = mq +infeo, +m.

C—"—Cj

Ic Ty

*  def(iy-infc,)

T
def(infe,) G

def(inf,) ©%

|

Ta

We claim that u+v' = info, »m. The equality follows by the universal property of
the pushout object C, and the following two equalities:
L. ta+(usv') = Bty =1 = 1q+(infc, +m) and
2. Mg +(uv) = my v = mgq - (infc, +m).
The equality u+v' = infe, «m implies [u]«[v'] = [u+v'] = 0.
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By a similar argument, we get the following equalities v’ «p = py+7, u+py = po and
v'epet =0.
The above morphisms induce the following commutative diagram

inf 4
A——— 1y
« Ma
la infe, def(infc, )
B« Cq Ic, Tc,
I3 u m Dot
C ’Ul !
C . Cry C,B Du
My
Loy
Cu

The pair (ma,tq) defines a pushout diagram of the cospan (infa,a) and (m, =
Mq * U, L) defines a pushout diagram of the cospan (inf4,y = a+ ), hence (u, ) defines
a pushout diagram of the cospan (io,3). On the other hand, the pair (m,: = 1, +v’)
defines a pushout diagram of the cospan (i, +infc_, ), hence the pair (m,v’) defines
a pushout diagram of the cospan (infc_,u). Furthermore, v'+p+«t = 0 and m+p+t =
def(iq +infe, ) <t = def(infc, ), hence the triangle

co oy M o 200, g,
is exact. The isomorphism between C, and C’é can be computed by the universal
property of the pushout object C,,.

Suppose A: Ip — Ic, and p: Ic, — Ip are E-injective colifts of infp and ¢, +infe,
along each other. By Remark 5.27, there exist unique morphisms ty, uy,?, and ¢) which
render the following diagram
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commutative and satisfy [t,] = [tA] 7' and [u,] = [u)]7!. In particular, the triangle

Y e SN

is exact. The above data gives rise to the following commutative diagram:

[’Ul * uu}

L p
A—2 B SN S Ty
I} U
/7 L A\ p
¥ y
C C’y Ta
lp =ty vi=10"uy, ret,
A\
B B D5 B
Ps wi=uy-pet
T T
B

A simple diagram chase shows that mg «infc, «pu: 14 — Ip is an E-injective colift of
a-infp: A — Ipalonginfa: A — I4; and r-t, is the cokernel colift of mq, +infc, « 1o def(infp): 14 —
Tp along def(infs): T4 — Ta, hence [r-t,] = X([e]). By a similar argument, we can
show that [ty+t] = 3([ta]). The octahedral axiom follows by considering the above
commutative diagram in the stable category €/Q.
O

Corollary 5.30. Let (€,E) be a computable FROBENIUS category equipped with a Z-homomorphism
structure (1, H(—, —),v) such that

o 9 is Abelian and has decidable lifts,
e 1 is a projective object,
e Homy(1,—) is a faithful functor,
then the stable category €/Q is a computable triangulated category.

ProOOF. Follows by Lemma 5.4 and Corollary 4.24. O

In the rest of this section we discuss our primary example of a FROBENIUS category: The
category of finitely presented (graded) modules over the exterior algebra E = kleg, ..., e,].

Definition 5.31. An involution on a ring R is an anti-isomorphism ©: R — R with 62 =
idg , i.e., © is an isomorphism of the underlying Abelian group (R, +) and O(1) = 1, ©(O(a)) = a,
and ©(ab) = ©(b)O(a) for all a,b € R.

Definition 5.32. Let R be a ring with involution ©: R — R. For a given matrix M € R**?
we denote by ©(M) the matrix (@(aji))ij € RY*. For a given compatible pair of matrices® (M, N),
we have O(MN) = O(N)O(M) and O(O(M)) = M.

8.e., the number of columns of M equals the number of rows of N.
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Remark 5.33. Let R be a ring with involution ©: R — R. Any right R-module M can be
turned to a left R-module via rm = m®O(r).

Example 5.34. The identity mapping of any commutative ring defines an involution. In
this case, the involution of a matrix is simply its transposed matrix.

Remark 5.35. Let R be a G-graded ring and M, N objects in R-grmod, then’

Hom g moa (M, N) = € Homy(M, N).
deG
Remark 5.36. Let R, S,(Q be three rings. If M is an R-S-bimodule and N is a R-Q-bimodule
then Homp (M, N) is an S-Q-bimodule via (s¢q)(m) = p(ms)q. If we take N := R as an R-R-
bimodule, we get, according to Remark 5.35, that Hom g moa (M, R) is a G-graded right R-module
whose d-homogeneous part for d € G is Homgy(M, R).

Example 5.37. Let k be a field. The exterior algebra E = ke, ...,e,| can be equipped
with the involution

o FE — F,
€i1€Cig - €4 P Ch . €yl
For instance, O(epe2) = eaeg = —epea and O(epeze;) = erjeseg = epejes. For every left

E-module M, the Abelian group Hompg_moq(M, E) carries a right E-module structure via

Homp mod(M, E) x E — Homp mea(M, E),
M —E,
(f,q) = fq: {

m  — f(m)q.
By Remark 5.33, Hompg_mod(M, E) can be turned into a left E-module via
E x HOHIE_mOd(M, E) — HOHIE_mOd(M, E),

M — FE,
(r, /) Sack {m — F(m)O(r).

The duality functor (—)* is defined by
(E-mod)°® — E-mod,
M — M* :== Hompg.mod (M, E),
N* — M*,
fo=ef
For p € E, we define the morphism ¢,: E'*! — E'™1 r s rp. Of course, ¢, corresponds in

E-rows to the morphism E!*! ﬂ E™X1,

The left E-module (E'*!)* = {¢, | p € E} is generated by ¢;. In particular, ¢, = O(p)¢1
for all p € E. Furthermore, (EV1)* = E™1 via ¢ > 1.

For any morphism ¢,: E'*! — E™! we have

(@590 (1) = (2= 21)(1) = @1(2p(r)) = 1(rp) = (O(P)p1)(r),

9For a proof, see [NVOO04, Section 2.4].

(—)*:
PP N> M — p": {
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(C]
hence ¢, corresponds in E-rows to the morphism Ex1 M)—) E™1 Since (—)* is additive, we
can explicitly construct it on E-rows.

(E-rows)? — E-rows,
(_>*_ E1><m — Ele
(Elxm E) E’1><n>Op — Elxn G(F); E1><m.
Any finitely presented left F-module M fits into an exact sequence

M
Em S g I M 0;

*

and since (—)* is left exact, we get another exact sequence

preom SO pan 70y,
Because of the universal property of kernels, (—)" can be extended to A(E-rows) & E-fpres =
E-fpmod as follows:

(A(E-rows))? — A(E-rows),
* . m M n X . n @(M) m
(=) : (M= (]31X = EIx )A — M* = ker((0—> Em)  —= (0= E™ )A),
o
(a5 N)™ > the induced kernel lift from N* to M*.

The exterior algebra is quasi-Frobenius [Die58], hence an E-module is projective if and only
if it is injective. In particular, E is injective, hence the functor (—)* = Hompeqd.g(—, F) is exact.
This means applying it on the above exact sequence yields again another exact sequence

M k3K
Etxm S gt T M 0.
In particular, we get a natural isomorphism

U idE‘—mod — (_)**7
' M — the cokernel colift of 7 along 7**.

This enables us to compute for each M in E-fpmod a monomorphism infy;: M — Iy

where I is an injective E-module: We compute an epimorphism E'** Ty M* from some free

M *
E-module, then take the composition M D e T gt

To sum up, the category E-fpmod = A(E-rows) = E-fpres is computable Abelian with
enough projectives and injectives. By Example 2.60, the class £ of all projective objects defines
a system of lifting objects. Analogously, by Example 2.62, the class Q of all injective objects
defines a system of colifting objects. Since £ = Q, the associated stable categories coincide:
¢ /L = ¢ /Q. This means, for a morphism ¢: M — N in E-fpmod, [¢] = 0 if and only if ¢ lifts
along £ : Ly —» N if and only if ¢ colifts along qpr: M — Q.

This whole discussion can be lifted to the graded case up to minor issues. Let F be a G-graded
exterior algebra and M an object in E-grmod, then'’

M* = HomE_mod(M,E(O)) = @ HOHld(M, E(O))7
deG

108ee Definition 2.7.
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hence, M* still belongs to E-grmod and for every d € G the homogeneous part (M*); consists
of the graded morphisms M — F(0) in F-mod of degree d. In particular, F(d)* is generated
as a G-graded left E-module by the map ¢;: E(d) — E(0), r — r whose degree is d and
E(d)* =2 E(—d) via ¢1 <> 1. Moreover, the dual of a morphism E(d) ), E(h) in E-grrows
is the morphism E(—h) @), E(—d) in E-grrows. Analogously, this can be extended to
A(E-grrows) = E-fpgrmod = E-grfpres and can be used to compute injective resolutions
in these categories.

The category E-fpmod is Abelian, hence exact. Since F is a quasi-FROBENIUS algebra, the
classes of projective and injective objects coincide, it is a FROBENIUS category. Consequently,
the associated stable category F-fpmod/Q is triangulated (cf. [HJR10]). See Appendix D for
a software demonstration of this category.



CHAPTER 6
Tilting Equivalences via Strong Exceptional Sequences

6.1. Overview of Tilting Theory between Algebras

Tilting theory is a mathematical tool introduced in the early seventies to characterize the
existence of equivalences between module categories over finite dimensional algebras by means
of a class of bimodules and the standard operations of Hom and ® functors (see e.g., [BGfP73|
and [BB80]). The derived version of the tilting theory has been initiated in [Hap88], [Bon81]
and [CPS86] via the notion of generalized tilting modules which enables the construction of
exact equivalences between derived categories of modules in terms of derived functors — @ T
and R Hom(7T,—). Soon after, Rickard introduced the notion of a tilting complex in his work to
characterize the existence of exact equivalences between derived categories of modules (cf. [Ric89]
and [Ric91)).

Remark 6.1. Let S, R, Q) be three rings. Then
(1) If M is an S-R-bimodule and N is an S-Q-bimodule then Homg (M, N) is an R-Q-
bimodule via (r¢q)(m) = p(mr)q.
(2) If M is an S-R-bimodule and N is a @-R-bimodule then Hompg(M,N) is an Q-S-
bimodule via (qps)(m) = qp(sm).
(3) If M is an S-R-bimodule and N is an R-Q-bimodule then M ®g N is an S-Q-bimodule
via s(m ® n)qg = (sm) ® (nq).
Remark 6.2. Let % be an additive category and let M be an object in %, then the Abelian
group Endy M = Home (M, M) can be turned into a ring in two different ways:
(1) We define the multiplication of two elements f,g: M — M by their pre-composition,
i.e., f-g:= f+g. This will be the default choice for considering End¢ M as a ring.
(2) We define the multiplication of two elements f,g: M — M by their post-composition,
i.e., f-g:= fog. The resulted ring is isomorphic to End> M.

Remark 6.3. Any Abelian group M is a right Endg M-module via m - f == f(m).

Let R and S be associative unital k-algebras and T an S-R-bimodule!. Then we have adjoint
functors?
— ®sT: Mod-S & Mod-R :Hompg(T, —).
One variant of Morita’s theorems states that these functors are quasi-inverse equivalences if
and only if

(1) T is a finitely generated projective right R-module,

'An S-R-bimodule is by definition a left S-module and right R-module.
?Each pair of adjoint functors between module categories is of this form [Kel07].

151
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(2) the canonical map

S — EndPT,
{T T,
s = s
t —s-t

is an isomorphism, and
(3) the free right R-module of rank one R is a direct summand of a finite direct sum of
copies of T.

In this case, we call T a tilting R-module and we say R and S are Morita equivalent.
Example 6.4. Let k£ be a field and A a finite dimensional k-algebra. Suppose Pi,..., P,
are the isomorphism classes of indecomposable direct summands of A4 which are necessarily
projective right A-modules. The A-module T' = @] P; is an End’ T-A-bimodule and satisfies
the above assumptions, hence it is a tilting A-module. Since P;’s are pairwise non-isomorphic the
algebra End%’ T is basic. In particular, any finite dimensional k-algebra is Morita equivalent to

a basic algebra. If k is algebraically closed, then End}’ T is isomorphic to an admissible quiver
k-algebra (see, e.g., [ARS97], [DW17] or [ASS06)).

The following is the derived version of Morita’s equivalence. For the proof we refer to [Hap88,
Theorem 2.10], [Kel07, Section 4] and [CPS86].

Theorem 6.5 (HAPPEL’s theorem). Let R and S be associative unital k-algebras and T' an
S-R-bimodule. The derived functors

(- ®5T): D(Mod-S) = D(Mod-R) :R Homp(T, )
are quasi-inverse equivalences if and only if
(1) As a right R-module, T admits a finite resolution
0P "—...5P 5T 50

by finitely generated projective right R-modules P?,
(2) The canonical map

S — Endp T,
{T T,
S = Qs
t —s-t

is an isomorphism and for each i > 0, we have EXtE(T, T)=0, and
(3) There ezists an acyclic complex

0R—-T' 5T ... 5 T™ =0

where R is considered as a right R-module over itself and the T* are direct summands
of finite direct sums of copies of T
If these conditions hold and, moreover, S and R are right noetherian, then the derived functors
restrict to quasi-inverse equivalences
(- ©57): D'(mod-S) = D' (mod-R) :R Homp(T, -).

where mod-S and mod-R denote the category of finitely generated right S-modules resp. R-
modules.
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Definition 6.6. Let R be a ring. A right R-module T will be called a generalized tilting
right R-module if

(1) T admits a finite resolution
0P "—...oP' 5T =0

by finitely generated projective right R-modules P,
(2) T has no higher extensions, i.e., Ext'(T,T) = 0 for all ¢ > 0,
(3) There is an acyclic complex

0R-T' 5T ... 5 T™ =0

where R is considered as a right R-module over itself and the 7% are direct summands
of finite direct sums of copies of T

Corollary 6.7. Let T be a generalized tilting right R-module, then the derived functors
— ®E qor 7 T: D(Mod-End®P T') = D(Mod-R) :R Hompg(T, —).
are quasi-inverse. If in addition, End°® T and R are right noetherian, then the derived functors
restrict to quasi-inverse equivalences
— ®% gov 7 T: D’(mod-End°? T') = D°(mod-R) :R Homg(T, —).
Remark 6.8. Let k be a field and A be a finite dimensional k-algebra. According to [Miy86]
and [Bae88, Definition 8.1], Axiom 3 in Definition 6.6 can be replaced by the following condition:
(3") R belongs to the smallest thick triangulated subcategory of D?(mod-R) containing T

This means, instead of verifying 3, we can now verify 3’ by, e.g., checking whether the counit
component
er: RHomp(T, R) @ qor 7 T — R

is an isomorphism (cf. Appendix E).
Remark 6.9. Let k be a field and A be a finite dimensional k-algebra. Then the category mod-A
of finitely generated A-modules coincide with the category fdmod-A of finite dimensional A-
modules. Any generalized tilting right A-module T" can be resolved by finitely generated projective
right A-modules, hence T belongs to fdmod-A. In particular, End T is also a finite dimensional
k-algebra. If the indecomposable direct summands of 1" form a strong exceptional sequence in
fdmod-A (cf. Definition 6.19), then End°? T" has finite global dimension (cf. Corollary 6.37).

The adjunction

— ®gnger 7 1 mod- End°? ' = mod-A :Homy (T, —)
can naturally be extended to the bounded homotopy categories
— ®pnaer 7 T2 KP(mod- End®? T) = Kb (mod-A) :Homy (T, —).

If A has finite global dimension, then by Corollary 3.38 and Remark 3.40, the localization

functors are adjoint to the natural embedding functors:
v: K¥(proj- End®? T) = K°(mod- End°? T)) : P
and
7: K¥(mod-A) = K’(inj-A) :u.
The composition of the above three adjunctions defines a pair of adjoint exact equivalences:
to(~@gnaer 1) + Z: KP(proj- End® T) = Kb(inj-A) s+ Homy (T, —)-P.
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Example 6.10. Let q be the right quiver:

V2
/ \
V4
; et
U3

U1

and let A be the k-algebra Qq/(p) where Qq is the path Q-algebra of ¢ and (p) < Qq is the
two-sided admissible ideal generated by the relation p = {ab — cd}. According to Theorem 2.70,
mod-QF,/(p) ~ mod-A. The object T'

3
(@
(1)

Ql/ &(@
\(@45

in mod-QJF,/(p) is a generalized tilting object, hence induces a derived equivalences
D’ (mod- End°P T) ~ D’(mod-QF,/(p)).

The indecomposable direct summands of T’ form a strong exceptional sequence. For details
we refer to Appendix E.

6.2. The Abstraction Algebroid of a Strong Exceptional Sequence

This section is devoted to review the definition of strong exceptional sequences in k-linear
triangulated categories. We develop algorithms to compute some of their invariants. For example,
an algorithm to compute an isomorphism between a strong exceptional sequence & and a k-linear
finitely presented category A defined by an acyclic quiver qg subject to an admissible set of
relations p C kFg. For detailed background we refer to [BvdB03], [Bon89] and [Huy06].

Definition 6.11. Let T be a triangulated category and let {T;};c; be a family of objects in
%. The triangulated hull of the family {7;};cr, denoted by (T;);cr, is the smallest triangulated
subcategory of ¥ containing all objects of the family.

Remark 6.12. The triangulated hull of the family {7;};c; can be obtained as the full additive
subcategory whose objects belong to the smallest collection with the following properties:
(1) Tt contains the family {7;}ies.
(2) For any object T in the collection, X¢(T") belongs to the collection for all i € Z.
(3) IfA % BL C 5 %(A) is an exact triangle in T and A, B are in the collection, then C
is also in the collection.

Definition 6.13. Let T be a triangulated category and let {T;};c; be a family of objects in
. We say that the family {T;},c; generates ¥ if its triangulated hull is ¥.

Definition 6.14. Let k be a field and ¥ a k-linear Hom-finite triangulated category.

e A full subcategory & C ¥ is called strong exceptional if the following hold:
(1) Tt is skeletal and has finitely many objects.
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(2) Homg(E,XYE')) =0forall E,E' € & and 0 £ £ € Z.
(3) Endgs E 2 k for all E € &.
(4) There exists a total ordering < on the objects of & such that F # E' and E 5 F’
implies Homg (E', E) = 0.
e A strong exceptional subcategory & C ¥ is called complete (or full) if its objects
generate ¥.
e A sequence of objects (E1,..., Ey,) is called strong exceptional sequence in ¥ if the
full subcategory generated by these objects is strong exceptional in ¥ and Fy < --- < E,.

Definition 6.15. Let T a triangulated category and T in ¥. For n > 1, we define (T,
by the full subcategory of objects in ¥ which, up to isomorphism, can be obtained from T by
taking finite direct sums, direct summands, shifts and at most n — 1 cones. It can be shown that
Up>1(T)r is the smallest thick triangulated subcategory of ¥ containing 7. We call T' a

(1) classical generator for T if (J,,>1(T)n = %,

(2) strong generator for T if there exists an integer n > 1 such that (T),, = %,
(3) weak generator for ¥ if Homz (7, X"(U)) = 0 for all i € Z implies U = 0.

Lemma 6.16. Let T be a triangulated category. Let T,U be objects in T. The following
statements are equivalent:
(1) Homsg (T, X4(U)) =0 for alli € Z,
(2) Homg (E,%4(U)) =0 for all i € Z and E € Up>1(T)n.

PrOOF. We will prove the assertion by induction on n. Let E € (T),, for some n € Z. If
E € (T')1, then the assertion is obvious. If E € (T),, for some n > 1, then by the definition of
(T')n, there exist two objects Ey € (T'),,,, Ea € (T'),, with nj,n2 < n and a morphism a: Ey — E»
that can be completed to an exact triangle

By S By E D S(E).
Suppose there exists i € Z such that Homg (E, X/(U)) # 0 and let ¢: E — $(U) be a nonzero
morphism. It follows by the induction hypothesis that 1+ = 0. By TR 3, the pair EF» — 0 and

E % S4(U) can be extended via a morphism ¢: F; — % 1(U) to a morphism of exact triangles
from

Eq - Eo : E = Y(Ey)
o O O 4 O 2(¢)
»i-L(U) 0 YHU) — YHU)
)

By the induction hypothesis ¢ = 0, hence ¢ = @+idyi) = 7+ Y(¢) = m+0 = 0, which is the
desired conclusion. The converse follows since T' € (T);. O

The following is an immediate consequence of the above lemma.
Corollary 6.17. Every classical generator is weak.

Example 6.18. Let & = (E; |i=1,...,n) be a strong exceptional sequence in T. We refer
to the object Ty == @) F; as the tilting object associated to &. If & is complete, then Ty is a
classical generator to .



156 6. TILTING EQUIVALENCES VIA STRONG EXCEPTIONAL SEQUENCES

Definition 6.19. Let % be an Abelian category. A full subcategory & in € is called (com-
plete) strong exceptional in ¥ if its embedding in D?(%) is (complete) strong exceptional.

Example 6.20. Let k be a field and q an acyclic quiver. Let A = kFy/(p) be a k-linear
finitely presented category defined by g subject to an admissible set of relations p. The image
of the Yoneda embedding A — A-mod is complete strong exceptional. Details can be found in
[Bon89, Lemma 5.5].

Example 6.21. Let £k = Q and q be the quiver

U1
T

V3 — U4

() y

and let Ay be the Q-linear finitely presented category defined by q. Consider in Kch (A?) =
DY(A4-mod) the following objects

—
<8
~—

VO = 0

Vi=[vi]o, Vari=[v2]o, V3:=][v3lo,  Vi:=[vd]o,
then & = (V1, Va2, V3, Vy) and E = (W, Vi, Vo, Vy) are both complete strong exceptional sequences
(cf. Appendix E).

Example 6.22. Let O be the quiver

™~ 7 T
1 v2 n

2 7 Y2 —
and let Ap be the Q-linear finitely presented category defined by O subject to the admissible

relations p = {x;y; — x;4; | 0 < i,j < 2}. Let AZ be the additive closure of Ap and K (A%) its
bounded homotopy category. The Yoneda embedding

U1 ) V2 0 U3 07

xo Yo

U3,

v /ZL'
~_,

Ao — Ap-proj C Ap-mod
can be extended to an exact equivalence

K'(AG) = K'(Ao-proj) = D'(Ao-mod).

Consider in K (A%) the following six objects:

x1 —xg O
i) @
3 0 z2 —x1 3 Y2

N——
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Ql = 0 'Ul 0 V2 0,

Oy = ’—’UlJo, 0 = [UQJ[L Oy = [D3J0’

0 v2 —un
y2 0 —yo
(7330 1 7:132) ®3 y1 —yo O ®3
)

05 = 0 U1 = U3 0.

Then 51 = (071,00,01), 52 = (071,91,00), 53 = (00,01,02) and 54 = (01,02,03) are
complete strong exceptional sequences. The objects Oy, Oz, O3 and Oy as objects in D(Ap-mod)
are isomorphic to their cohomologies at index 0, hence & and &4 live in the Abelian heart
Ap-mod C Db(Ao—mOd).

Definition 6.23. Let T be a Hom-finite k-linear triangulated category and & = (E; | i =1, ...

be a strong exceptional sequence in . For indices 1 < i < £ < j < n, we denote by &; the
k-vector subspace of Homs(E;, E;) generated by all morphisms that factor through Ej.

Example 6.24. Let & = (E; | i =1,...,n) be a strong exceptional sequence. Then
(1) &iij = &ij; = Homs(E;, Ej).
(2) If j < i, £ <iorj<{then & =0 (cf. Definition 6.14).

Remark 6.25. Any strong exceptional sequence & = (E; |i=1,...,n) is locular (cf. Defini-

tion A.34). Furthermore, for all 1 <1i,5 < n we have
H E, E;) ifi#£j

radg (B, By) = | Home o b)) A

0 ifi=j

and .
/I
rad (E;, E;) = { t=ia ) Z#j
0 if i = j.

Notation 6.26. For a pair of indices 1 < i # j < n we denote by B,L-Qj a basis of rad%(F;, Ej)
and by B;; a basis of a complementary k-vector space of rad% (F;, E;) in rade(E;, E;). In par-
ticular, the set {b+ rad%(E;, E;) | b € B;;} forms a basis for the space of irreducible morphisms
irre (E;, E;) = radg(E;, E;)/rad%(E;, E;) (cf. Definition A.34).

The identity morphisms in & will be called the paths of length 0 in &. For ¢ # j, we call the
elements of B;; the paths of length 1 or arrows in &. Compositions of arrows are called paths
of length greater than one in &. Since the quiver of € is acyclic, there is a finite number of
paths in &. It is obvious that B;; U ng forms a basis for Home (E;, E;) for all 1 <i # j < n.

The following lemma implies that the compositions of elements of B;;, ¢ < j completely
determine the morphism spaces of &:

Lemma 6.27. For all 1 < i # j < n, the k-vector space radzp(Ei, E;) is generated by the set
of all paths of length greater than one from E; to E;.
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PROOF. A path of length greater than one from E; to Ej; factors through some object Ej,
with ¢ < £ < j, hence lies in &; C rad% (FE;, E;). That is, all paths of length greater than one
already belong to rad?(E;, E;).

We prove the assertion by induction on j —i. In the case j —i = 1 there is no paths of length
greater than one from Fj; to Ej, hence the assertion holds since rad% (F;, E;)=0. For j —i>1,
we have radz@(Ei,Ej) = Eg;}+1(g&i€j, i.e., it is sufficient to prove that each of &, < € < j is
generated by a set of paths of length greater than one from FEj; to E;. Let p: E; — E; € &y and
@ = pig+ej for v € Homy (E;, Ey) and ¢ € Homeg(Ey, Ej). Since £ —i < j—iand j—{ < j—1,
it follows by the induction hypothesis that Bfe and Bl?j can be chosen to be sets of paths of length
greater than one. This means Homg(FE;, Ey) and Homg(Ey, E;) are generated by paths of length
one or greater. Consequently, ¢ can be written as a linear combination of paths of length greater
than one. 0

The proof of the above lemma translates to the following algorithms for computing B;; and
B2:
J

Algorithm 1: Computing the set of arrows B;;

Input: A strong exceptional sequence E = (E; | i =1,...,n) and two indices
1<i<ji<n
Output: B;;
if j —i =1 then
L return a basis for Home(E;, Ej) // e.g., via BasisOfExternalHom(E;, E;)
else

Perform the next algorithm to compute ij

Compute a set B such that BU Blzj is a basis of Homg(E;, E;)
return B

Algorithm 2: Computing the set of paths of length greater than one ij

Input: A strong exceptional sequence £ = (E; | i =1,...,n) and two indices
1<i<ji<n
Output: ij
if j —i=1then
| return ()
else
Compute By, By; and B?j for all i < £ < j; // inductively
Compute a generating set for rad?ga(Ei, E;) by B = U%;ilﬂ Bir -(ng U sz);
/] UV ={u-vflueUyveV}
Compute a maximal set of independent elements B in B; // e.g., via

RelationsBetweenMorphisms(-)
L return B




6.2. THE ABSTRACTION ALGEBROID OF A STRONG EXCEPTIONAL SEQUENCE 159

Remark 6.28. If ¥ (or &) is equipped with a k-mat-homomorphism structure via (1, H(—, —),v),
then we can deduce the k-linear relations between morphisms fi, fo,..., f; : By — E; in & from

the kernel of the map
( v(f1) )
V(J'cm)

19" ——"2 H(E;, Ej).

Notation 6.29. In the following T)» denotes the object @, E;, €g, denotes the natural
injection E; — T, and mg, denotes the natural projection T — E;.

Remark 6.30. Any endomorphism ¢: Te — Ty is given by a matrix

P11 P12 P13 Pin
0 w22 @3 - Yo
o= 0 0 w33 - @3
0 0 0 - ©um
where ¢;; € Homg(E;, Ej) for i,j = 1,...,n. Therefore, any morphism ;;: E; — E; can be

identified with the element 7g, ;- € E; in End Tg;
From now on, we will consider the bases B;; and BZZ]- for 1 <14 # j <n as subsets of End Tg.

The previous identification justifies the following lemma:

Lemma 6.31. The set
{idE1> ceey idEn} U U (Bl] U ng)
i<j
is a basis for the endomorphism algebra End Ty. Consequently, End Ty is generated as k-algebra
by the set of all paths of length zero or one.

PROOF. Since & is strong exceptional
EndTy, = @ Homs(E,E;)= €P Homs(E;, Ej).

1<i,j<n 1<i<j<n
The assertion follows from the fact that the basis of Homs(E;, E;) is {idg,} if i« = j and
B;j U B?j if 4 < j. The second assertion follows from Lemma 6.27. O

Notation 6.32. Let qs be the quiver associated to some strong exceptional sequence &.
The vertex which corresponds to E; will be labeled by v; and the arrow from v; to v; which
corresponds to the £’th element of B;; will be labeled by a;jy.

Lemma 6.33. FEvery strong exceptional sequence & = (E;|i = 1,...,n) is isomorphic to a
k-linear finitely presented category kFq./{(p) for an admissible set of relations p in kFy,.

PRrROOF. By the universal property of k-linear closure categories, there exists a k-linear functor
F: kFy, — & which maps the i’th arrow from v; to v; to the i’th arrow from E; to Ej, i.e., the
1'th element of B;;.
It follows from Lemma 6.31 that the k-linear maps
Fi,j : Homk]:qg (Uz‘, Uj) —» HOH],Q(EZ‘, Ej)

are surjective for all 1 < 1,5 < n.
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We define p := ,;<; B(ker(F; ;)) where B(ker(F; ;)) is a basis for the k-vector space ker(Fj ;).
Since the quiver is acyclic, kFg, is Hom-finite, hence p is a finite set. To show that p is admissible,
it is sufficient to prove that any element in p is a k-linear combination of paths of length greater
than one.

We prove the claim by induction on j —i. If j —i € {0,1}, then F;; is an isomorphism,
consequently ker(F; ;) = 0 and the claim holds. Suppose now that j—¢ > 1 and let p be an element
in ker(F; ;). Since p € Homyr, , (vi,vj), it can be written as a sum p; +pp where p; = E?glcgaijg,
n;j = |Bij| and ps is a k-linear combination of paths of length greater than one. By the definition
of F; j, we have Fj j(p1) = (Byj) and F; j(p2) € (B%) Since Homg(E;, Ej) = (B;j) ® (B%) and
F; j(p) =0, we have Fj j(p1) = 0 and F; j(p2) = 0; which implies that ¢, =0 for all 1 < ¢ < n; ;.
Therefore, p is a k-linear combination of paths of length greater than one. That is, every element
of p is a linear combination of paths of length greater than one and the lemma follows. O

Notation 6.34. The k-algebroid kFq, /(p) will be called the abstraction k-algebroid of
& and will be denoted by Ag.

The proof of the above lemma translates to the following algorithm to compute p:

Algorithm 3: The abstraction k-algebroid of a strong exceptional sequence
Input: A strong exceptional sequence & = (F; |i=1,...,n)
Output: An admissible set of relations p C kF,, with & = Ay = kFy,/(p)
Compute qs
p+—10
fori=1,....n—2do
for j=i+2,...,ndo
Compute a basis S;; for Homk;qg(vi,vj) // i.e., all paths from v; to v,
Apply Fj; on Sj; to compute a generating set G;; for im(Fj;)
Compute the set of k-linear relations p;; between the elements of Gi;
// e.g., via RelationsBetweenMorphisms(-)

p <= p U pij

return p

Lemma 6.35. Let & = (E;li=1,...,n) be a strong exceptional sequence and let Ty =
i1 Ei. Then Homz(Te,—): T — Ab factors along the embedding

As-mod ~ End Te-mod — Ab.
Furthermore, the restriction of the functor on & defines an isomorphism
Homz(Tg, —): & = indo(A ¢-proj)

where indg(Ag-proj) is the skeletal full subcategory generated by the indecomposable projective
objects in Ag-mod.

PrRoOOF. The equivalence Ag-mod ~ End Tg-mod follows from Lemma 6.33 and Theo-
rem 2.70. For any object U in ¥, Homg(Ts,U) is a left End Tg-module via f-m = fem.
An easy verification shows that for any morphism ¢: U — V the map

HOI’H‘}:(Tg, U) — HOmg(Tg, V),

HOmg(Tg,QD): { " Hw’@
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is a left End T,g-module homomorphism. Hence,
HOmfg(Tg, —) : T — End Tg-mod

is indeed well-defined.

Since End Ty = kqs/(p), it follows from Theorem 2.79 that the indecomposable projective left
End Tg-modules are, up to isomorphism, the cyclic modules End Ty - (7, *€g,) = Homz(Tg, E;)
for ¢ = 1,...,n where €g,: E; — Ty is the natural injection of E; in the direct sum T, and
g, . Te —» E; is the natural projection from the direct sum T on E;.

It remains to show that the restriction of Homs (7, —) to & induces a fully faithful functor

Homgz (T, —): & — End Ts-mod.
Let ¢;: E; — E; be a morphism with Homg (7, ;) = 0, then

0
0 = Homs(Ts, ¢ij)(7E;) = 7E, *pij = 5l

i.e., ¢;j; = 0. This shows that the restriction of Homg (7T, —) to & is faithful.

Let A\: Homg(Tys, E;) — Homs(Tg, E;) be a homomorphism of End Tie-modules. We claim
that Homxz (T, €g, + A(7g;)) = A where eg, be the natural injection E; — Te. For any ¢ €
Homgs (Ts, E;), we have

AW) =AY +€g, *TE,)
=M +¢€g,) 7E,)
= (-eg) - M7g,)
= ¢.6Ei ')‘<7TE1')
= Homg (T, ep, * A(mi,)) (1);
ie., A= Homz(Tg,€p, * A\(7g,)). This shows that the restriction of Homs(Ts, —) on & is full. O

Remark 6.36. Analogously to Theorem 2.70 the explicit construction of Homg (T, —) is given

by
T — Ag-mod,
A — k-mat,
v+ dimyg Homs(E;, U),
U o Home (T, ) the matrix of the map
0 {Homz(Ej, Uy — H;)mg(E U),
g = ad,eg
Home(Ts, -): w.r.t. B(Homs(E;, U)),]%(Homg(Ei, v)).
HOIng(T(gJ7 U) — Homg(Tg, V),
the matrix of the map
p: U=V +— Homz(Ts,¢): LoP = {Homg(Ei,U) — Homs(E;, V),
' g =g
w.r.t. B(Homg(E;,U)), B(Homz(E;, V))

where af}e denotes the £’th element of B;; and B(Homsg(E;, U)) denotes a particular choice of a
basis for Homz (E;, U).



162 6. TILTING EQUIVALENCES VIA STRONG EXCEPTIONAL SEQUENCES
Corollary 6.37. Let & = (E; | i=1,...,n) be a strong exceptional sequence in ¥. We have
the following equivalences
Kb (&®) = K (AZ) ~ K'(As-proj) ~ D'(As-mod) ~ D*(End Ts-mod).
PRrROOF. The first isomorphism follows by extending the isomorphism in Lemma 6.33 to addi-
tive closures then to bounded homotopy categories. The second equivalence follows by extending
the YONEDA isomorphism in Corollary 2.90 to additive closures then to bounded homotopy cat-

egories. The third equivalence follows by Theorem 3.61 and the fact that Ag-mod has a finite
global dimension (cf. Corollary 2.96). The last equivalence follows by Theorem 2.70. g

6.3. The Convolution Functor F

Let T be a triangulated category and & a strong exceptional sequence in ¥. The induced
exact equivalences in Corollary 6.37 can be depicted in the right side of following diagram:

ICb(T) -— > /Cb(éa@)

e (a3)

K" (A -proj)

J

T DY(A s-mod)
where the left side is merely the natural embedding functor. In fact, & is a complete strong
exceptional sequence in K?(&®). This follows from the fact that any object in K?(&%) with lower
bound £ is a standard cone object of a morphism between objects with common lower bound ¢+ 1
(cf. Construction 6.62).
Suppose T = D’(mod-A) for some finite dimensional k-algebra A and T is a generalized

tilting object in mod-A whose direct summands F, ..., E, form a complete strong exceptional
sequence &. Let Ty := @j, E; = T. Then HAPPEL’s theorem states that the derived functors

— ®@" T : D’(mod- End®? T)y) < D°(mod-A) : RHompeg.a (T, —).
are exact quasi-inverses. In particular, the composition
Kb(£%) — KP(mod-A) <, D’(mod-A)

defines an exact equivalence of categories where @ is the natural localization functor (cf. Re-
mark 3.42).

For arbitrary triangulated category ¥ finding a functor from K(&%) to ¥ is a tricky task.
The convolution construction (cf. [GMO03], [Orl97], [ BBHRO09]) associates to an object

T= -« .>Tt'51" 57150

in C*(F) a set tot(T) of “totalizations” for T all of which belong to the triangulated hull {T%|i €
Z}> C %. In general, the set tot(T) might be empty or might contain one or several non-
isomorphic objects.
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However, if all T%,i € Z live in the image of the natural embedding &% C ¥, then T has, up
to a non-canonical isomorphism, only one convolution in ¥ (cf. [GMO03] and [BBHRO09]). If S
is another complex whose components also belong to the image of the embedding &% C ¥, then
every morphism from 7" to S lifts to a morphism between the corresponding convolutions.

As we will see later, computing the convolution is based on an iterative computation of
(co)cone objects. The non-functoriality of the (co)cone construction in triangulated categories
prevents the convolution construction from being functorial.

In this section, we introduce an approach to rectify this limitation in the case where ¥ is the
bounded homotopy category K?(%) of a k-linear additive category %. Achieving the functoriality
is based on extending complexes over K’(%) and their morphisms to what we call standard
objects and morphisms in the category of Postnikov systems over ¥. We call them standard
because their construction depends on an iterative computation of chain homotopies. Let us first
state the theorem

Theorem 6.38. Let k be a field and € a Hom-finite k-linear additive category. Then any
strong exceptional sequence & C KP(€) induces a fully faithful exact functor

F: K(6%) — KY(%)
whose essential image is the triangulated hull &~ of & in KY(%).

The asserted functor will be called the standard convolution functor. This means, if & is
complete, then F becomes an exact equivalence of triangulated categories. The next two sections
are devoted to the proof of the above theorem. For an implementation of the presented con-
cepts we refer to the GAP packages TriangulatedCategories [Sal21f] and HomotopyCategories
[Sal21d].

Throughout this section ¥ will be a triangulated category equipped with a shift automorphism
(cf. Remark B.4). We start by defining the category of Postnikov systems over ¥:

Definition 6.39. Let ¥ be a triangulated category. A Postnikov system P over ¥ is a
family of exact triangles

P= (Ci =iy i 2 2(0@'))

1EL
depicted in the following diagram:
Ti—1 K T+l
K/Ayl AN i+l
i—1 < i < i+1
ct S c* S c*

We say P is bounded below if there exists ¢ € Z with T® = 0 for all i < ¢. Similarly, P is
bounded above if there exists v € Z with T% = 0 for all i > u.

Remark 6.40. The cone and cocone® objects of any morphism are unique up to (non-canonical)
isomorphism, hence

Cone(miil) ~ (O Cocone(ui).

3For a morphism ¢, we have Cocone(y) := X~ (Cone(p)) (cf. Remark 5.10).
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Remark 6.41. Suppose £ is a lower bound of P. We can extend the morphism 0 — C* to the
exact triangle

Z‘,*l(C'e) —-0—=C'—C"
Hence Ct7 =2 x—7 (C’K) for all ¢ > 0. Similarly, if u is an upper bound for P, then we can extend
C**1 — 0 to the exact triangle

c'tl -0 — E(C’“H) — E(C““).

Hence CvT1Hi = 3¢ (CuFL) for all 4 > 0.
Remark 6.42. The composition of any two consecutive morphisms of an exact triangle is zero,
thus the family (95 == p’+x"), ¢z, defines a complex over T:

4 (+1
T — . Ti—1 Or Ti Or Tit+1

We call T' the underlying complex of P.
In the following we define the category of Postnikov systems:

Definition 6.43. Let ¥ be a triangulated category. The category of Postnikov systems over
T consists of the following data:

(1) The objects are the Postnikov systems over ¥.
(2) A morphism from P; to P» is defined by a pair of families:

o= (¢ T 73) _, and o = (eb: € - CI)

which induce morphisms of exact triangles:

€L €L

st i M1

Cf Ty citt %(C1)
%J O »O’J O gt O JZ(%)
Cs : Ty oyt %(C5)

for all i € Z.
(3) The identity morphisms and the composition are inherited from .

Remark 6.44. Let [p,pc]: Pi — P> be a morphism of Postnikov systems and 77 and T5 the
underlying complexes of Py resp. P,. Since 8}, = u} -xit and O, = pih k5t for all i € Z, the
family ¢ = (¢': T{ = T}),, defines a morphism from T to Ty in C*(T). We call : Ty — T the
underlying complex morphism of [p, o] : P1 — Ps.

Definition 6.45. Let P be a Postnikov system bounded below by ¢. We define the convolu-
tion object F(P) of P by ©~* (CZ). Similarly, let [p, pc]: P1 — P» be a morphism of bounded

below Postnikov systems. We define the convolution morphism F([y, ¢c]) by ¥7¢ (gog) where
¢ is a common lower bound of P; and P;.
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Definition 6.46. Let T be an object in C®(¥) with an upper bound u. A Postnikov system
Pr over T:

€L

(C; L, 7t 2L, o 2L E(C;))
is called extension of T' to a Postnikov system if
(1) ugp-niﬁl = 0l for i € Z and
(2) K% =idgs for i > u.

u—3
aT

Cu—l < Cu — Tu

Cu—2 <

We define the set of convolutions associated to T' by the set of convolutions of all extensions
of T to Postnikov systems.

By axioms TR 1 and TR 2 in Definition B.1, Lemma B.5, and Corollary B.15, any morphism
a: T — B in T can be extended to the exact triangle

“(r(a
7 (m() )

Cocone(a) T % B 1, Cone(a).

The equality % = idpw in the above definition implies /ﬁ_l = 855_1. We can take /4;%_1

to be 71 (7r (u%_l)) If we do so, the next step toward computing a Postnikov system is the
computation of ,ul_ﬁd, which is equivalent to solving the two-sided linear system

X rg =08 I Pex =0
where the first equation is justified by Definition 6.46 and the second equation is justified by the
fact that the composition of any two consecutive morphisms in an exact triangle is trivial.

If such solution exists, we might continue with same procedure. The number of convolutions
associated to T' depends on how many solutions we get in each iteration.

Definition 6.47. Let T and S be objects in C®(%). Let Pr and Pg extensions of T resp. S
to Postnikov systems. An extension of a morphism ¢: T — S to a morphism from Pr to Pg is
a morphism [¢, ¢c]: Pr — Pg whose underlying morphism of complexes is ¢.

We define the set of convolutions associated to ¢ by the set of convolutions of all such
extensions of .

Remark 6.48. Let [¢, oc]: Pr — Ps be an extension of morphism ¢: 7' — S in C®(T). Due to
Lemma B.11, we can use induction to prove that ¢ is an isomorphism if and only [¢, ¢¢] is.

Definition 6.49. Let % be an additive category and T = K%(%) its bounded homotopy
category.

(1) An extension Pr of an object T in C(%) to a Postnikov system is called standard
if Cf == Cocone™(u%) and ki = X71(n(uk)) for all i € Z (cf. Definition 5.7 and
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Remark 5.10). The set of standard convolutions associated to T is defined by the set
of all non-isomorphic convolutions of all standard extensions of T to Postnikov systems®.
(2) An extension [¢, ¢c]: Pr — Ps of a morphism ¢: T — S in C*(%) to a morphism from
Pr to Py is called standard if Pr and Pg are standard and
wo € CoconeMorsZ’i-T’“is (gp’, gog'l)
for all n € Z. The set of standard convolutions associated to ¢, Pr and Pg is defined
by the set of convolutions of all standard extensions of ¢ to morphisms from Pr to Ps.

An object or morphism in C?(%) may have no associated standard convolutions or may have
one or several non-isomorphic associated standard convolutions:

Example 6.50. Let k be a field and q the following right quiver

T? Ts T? ‘ T?

2 o3
h? h3
al \ a%\ 0l ol
Bl
0
0
a3

T} \Tz T — 7}
h% \
9 _ TS 9 g 9

231

Let o7 the k-linear finitely presented category defined by ¢ subject to the relations:
{09-0} |1<j<4yu{di-aft —al-0i,, |0<i<1,1<j<3}

{09 - h;—al-al |1 <j<2}U{h? - 8],,—aF a7, |1<j<2}

1 2 1 0 1 1 :
UL0; - hi +hj - Oy —aj - ajyg [ 1 <7 < 2}

i.e., the sets defined by taking the sum of all paths between vertices T} and Tliﬂ;l+2 after
replacing each aé» in each path by (—1)i+j_1a§-. Let /% be the additive closure of & and
Kb(2/®) be the bounded homotopy category of .27®. For every j with 0 < j < 3, define T; by the
object of Kb(7®) whose differential at index 0 <14 < 1 is 8} For every j with 0 < j < 2, define

aj: T; — Tj11 by the morphism whose component at index 7 is «
Let T be the object in C° (Kb(szf@)) defined by the sequence

i.
%

0—>T1£>T2a—2>T3a—3>T4—>0

where T7 is concentrated at index 1.
There exists a unique lift morphism of as along k3 = L7 (7(a3)): Cocone®™ (ag) — T, say
p2: Ty — Cocone™(a3). However, aj+u% # 0; hence T' can not be extended to a standard

4A1l convolutions of a standard extension Pr of T are equal, regardless of which lower bound we use.
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Postnikov system. In particular, the set of associated standard convolutions of T is empty®. The
computations in this example can be performed analog to the example in Appendix F.

To rectify the situation in Example 6.50 we must add an extra arrow and impose more
relations:
Example 6.51. Let k be a field and q be the following quiver

2 2 2

7 T3

h2 h2 ’
ol ! ol 2 By o}

T T) — ab =T - T}

\ \ h

\
hi h}
B o \53 o

0 0 0 0
Tl 0 T2 0 T3 0 T4

ay [e'53 g

Let o7 the k-linear finitely presented category defined by g subject to the relations
{09-0} |1<j<4yu{di-aft —al-0i,, |0<i<1,1<j<3}

{07 -hj —af af, | 1< <2 U{h] - 0}p—af-afy, [1<j <2}

1,52 1,490 1,1 ;
{01 -1+ hi - of — oy - hatU{ol - hi +11 - 0§ — hi - o}

and let T" be defined as in Example 6.50. Then T can be extended to a standard Postnikov

system. In fact, this trick enables us to construct as many non-isomorphic standard convolu-

tions associated to T as we want: we simply add similar arrows and relations. For a software

demonstration of this example we refer to Appendix F.

Example 6.52. Example 5.16 can be used to construct a morphism with two associated
convolutions only one of which is standard.

Lemma 6.53. Let ¥ be a triangulated category. Let T;,i = 1,2,3,4 be objects in ¥ and

a;: Ty = Tiy1,1 = 1,2,3 morphisms with ;a1 = 0. If Homg(3(T),Ty) = 0, then for every
diagram

« o «@
T 1 T, 2 Ty 3 — Ty

A

Cocone(as)

By the end of this section, we will see that this occurs because Homyco (o) (X(T1), Ty) # 0.
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there exists a unique morphism pp: To — Cocone(as) such that ppe«kp = ag. Furthermore, if
Home (X(71),Ts) =0, then ay«pur = 0.

PROOF. Since the triangle
Cocone(as) 5 Ty =2 Ty 2Z5 Cone(a)
is exact and the functor Homg(—, 73) is a cohomological, we get the long exact sequence
=0

Homs (T2, »-1 (T4))

(=2 Y (kp — _2—1
(== (1)) Home (T, 5-1(T3) (-2 (as))

—(="(pr))

— Q3

HOmg(Tz, Cocone(ag)) c HomT(TQ, Tg) HOI’I]T(T27 T4) —_—
from which we can easily deduce that —-kp is a monomorphism. Since as € ker(—-a3) =
im(—+k7), there exists a unique morphism pp: To — Cocone(ag) such that pr«rxr = ao.

The morphism pr can be constructed by applying axiom TR 4 on the following diagram:

idp,

T, T 0 S(Ty)
a9 O
Cocone(as) o Ts @ Ty o Cone(as)

It remains to verify that ay « up = 0. Again by TR 4, there exists a morphism \: X(71) — Ty
that renders the following diagram

idyz,

T 0 2(T1) —— " B(T1)
Q- iy ®) @) A O (o +pr)
Cocone(as) o T3 & T, o Cone(as)

commutative, i.e., A« pr = X(ay «pur). It follows from the assumption Homsz(X(T1),T4) = 0 that
A =0, hence X(a « ur) = 0; and consequently oy +pup = 0 as desired. O

Lemma 6.54. Let ¥ be a triangulated category. Let T;,S;,1 = 1,2,3,4 be objects in ¥ and
a;: Ty — Tip1, Bit Si — Siv1 be morphisms with a; ;11 = 0 and B« Biy1 = 0 fori =1,2,3.
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Furthermore, let ¢: T; — S;,1 = 1,2,3,4 be four morphisms that render the following diagram

Ty a b} = T3 . T}
1 O P2 O 3 @) 4
51 B 52 B 53 B3 51

commutative. For a given pair of commutative diagrams

A a1 T (&%) . Ty
O r O
0
Cocone(as)
S1 b1 So Ba S3 B3 — Sy
o i S s
0 s Lps
Cocone(/33)

there exists a morphism 7: Cocone(as) — Cocone(33) giving rise to a morphism of exact trian-
gles:

Cocone(as) Sl T3 & T, — 2 Y (Cocone(ay))
T O ¥3 ORI O 5(r)
Cocone(f33) o Sa % S1 =53 ¥ (Cocone(S3))

Furthermore, if Homg(3(1%),S4) = 0, then any such T renders the following square

Hr

T, Cocone(as)
P2 @) T
Sa Cocone(33)

commutative.

Proor. By axiom TR 2 we get two exact triangles:

—X(kr)
—

Ts <2 Ty 225 Cone(a) > (T3)

and
(ks)

Ss 55 84 255 Cone(f3) —5), 31(s3).
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By TR 3, there exists a morphism s: Cone(as) — Cone(f3) inducing a morphism a exact
triangles:

. -3
T3 o Ty il Cone(as) (v7) X(T3)
®3 O ©4 O s O Y(¢p3)
Sg ﬁg 54 s Cone(ﬁg) —E(HS) Z(Sg)

The morphism 7 := X ~!(s) satisfies the required assertions.
Now suppose Homs(X(72), S4) = 0. The computation

(WT+T — @22 is) " Ks = UT*T*KS — P2+ 15 *Ks
=HUT KT *P3 — P2 USRS
= g3 — P2+ P2
=0
implies the existence of a morphism A: X(73) — Sy that renders the following diagram

)

Ty 0 (1) %(T)
BT T = P2 fus O O A O S(pr T — @20 ps)
Cocone(33) = Ss 5 Sy 5 Cone(/33)

commutative, i.e., X(pr 7 — @2+ pus) = A+ pg. Since Homz(X(72),S4) = 0, it follows that A = 0,
ie, X(upeT — @2+ ps) = 0; which holds if and only if pupe7 — po+pus = 0. O

The following lemma implies that our iterative construction of the convolution respects null-
homotopic morphisms.

Lemma 6.55. Let T be a triangulated category. LetT;,S;, i =1,2,3,4, a;: Ty — Tiy1, Bi: S; —
Siv1,0=1,2,3, ;i T; — S;, i =1,2,3,4 and h;: T; — Si—1,1 = 2,3,4 be cells in T. Suppose
that ;e aijy1 = 0,05+ Biv1 =0 fori=1,2,3 and o+ pir1 = i+ f; fori=1,2,3.

a

9 asg

Ty T 13 Ty
o1 O }LQ ©s hg ©3 h4 O v
S S S S

! B1 2 B 3 B3 4

If oo = as+hs+ ho+B1, w3 = a3+ hy + hs+ P2 and w4 = hy+Ps, then the asserted morphism

7: Cocone(ag) — Cocone(fs)
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in Lemma 6.5/ can be chosen together with a morphism r: Cocone(ag) — So such that po =
prer+hoef1 and T =1-pug.

T a T r Cocone(as)
1 "2 ) T @) T
S1 2 So e Cocone(fs)

PROOF. An easy diagram chase shows that r := kp+<hs and 7 := r+ug satisfy all the above
assertions. 0

Lemma 6.56. Let € be an additive category and (%) its bounded homotopy category. Let
TZ',SZ‘, 1 = 1,2,3,4, a;: T, — ﬂ+175’i: Sz — Si+1,i = 1,2,3, (o T — Si, 1 = 1,2,3,4 and
hi: Ty — Si_1,i = 2,3,4 be cells in K*(€). Suppose that a;+ciy1 = 0,8+ Bix1 =0 fori=1,2,3
and q;+@ir1 = @i B fori=1,2.3.

Ty 4 15 = 13 “ Ty
®1 hy ®2 hy ®3 hy (2
51 B 52 B2 53 B3 S
If we have

(1) Homg(3(T1),Ty) = Homg (2(T3), Ty) = 0,

(2) Homg(X(51), S4) = Homg (X(S2), Sa) =0,

(3) HomT(Z(T2),S4) = Homg (X(T3), 54) = 0,

(4) kr =X (m(w)), pr = —1(az), ks = X1 (1(B3)) and ps = —1(B3);

then the morphism 7: Cocone(as) — Cocone(fs) asserted by Lemma 6.54 can always be chosen
to be the element of Coconel\/[orsgg”33 (¢3,p4). Furthermore, if we have @3 = ag+hs + hof1,

03 = az+hy+ h3+Ba and ¢y = hy+ B3, then’ kp-hz-ps = 7.

Proor. By Corollary 5.18, Coconel\/Iorsa3 353, 4) is a singleton set. By Remark 5.11, the
morphism 7: Cocone(as) — Cocone(f3) is given at index i € Z by

oy s
O(pfll

rio= Tio Tt Sia St

where (sé: Tgf — Sffl) . is a chain homotopy associated to ag«pq — @3+ 3.
(3
According to the proof of Lemma 6.53, pg: So — Cocone(fs) is given at index i € Z by

, , (85 —hg,) , .
il = S : Si St

6Te., this choice satisfies the assertion of Lemma 6.55.
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where (h’;SQ 0 Sh— Sffl) - is a chain homotopy associated to s+ (3.
(2
Hence the morphism ¢ = kp+hs+ug is given at index ¢ € Z by

(hé'ﬂé —hé'his2>
0 0

o= TieT Sje s

Let (té: Ti — Sg_l), and (ti: Ti — SZ_I) .. be chain homotopies of az+hy + hz+ P2 — ¢3
1EL USY/
resp. hy+ B3 — 4.
It can be shown that the family
(Ai — téﬂ .B:z)') _ héﬂ .hggl _ aéJrl .tiJrl _ Séﬂ: T§“ N 53'1)%2
defines a morphism A: X(73) — Sy. It follows from the assumption Homg(3(73),S4) = 0 that
A=0. Let (yi: T — Sfl_l) - be a chain homotopy associated to A.
K3
For i € Z, we define
té —yimt
—hit ot

W= Lo Sy te sy
A straightforward verification shows that
. , C i A .
6ocono(a3) ‘ hH_l +h'e 8éocone(ﬁg) =o' =T
for all 7 € Z, hence o = 7. O

Example 6.57. Let € be an additive category and let K?(%) be its bounded homotopy
category. Let

be commutative square such that Homys g (3(71), S2) = 0. A direct consequence of Lemmas 6.55
and 6.56 is
CoconeMorsy! 5(¢p1, p2) = {Cocone(c) N Cocone(f)}.

Lemma 6.58. Let € be an additive category and let KY(€) be its bounded homotopy category.
Let T and S be objects in C (Kb(%)) with common lower and upper bounds ¢ resp. u such that
(1) Homyen ) (37 (T7), T7) = Homyes ) (E7(S7), 87) = 0 for all v > 0 and i < j with (i,7) #
(u—1,u), o
(2) Homyes ) (27(T7),87) =0 for all 7 > 0 and i < j.
Then
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(1) For any standard Postnikov systems Pp and Ps of T resp. S, any morphism ¢: T — B
can be extended to exactly one standard” morphism of Postnikov systems from Pr to
Pg. Furthermore, if @ is null-homotopic, then the associated standard convolution of ¢
18 zero.

(2) The object T can be extended to a standard Postnikov system. Furthermore, any two
such extensions are isomorphic.

PROOF. We use induction on v — £ > 0.
(1) In the case u—¢ = 0, the morphism ¢ is an ¢-stalk morphism and its standard convolution
is ¥ ¢ (goé). An /(-stalk morphism is null-homotopic if and only if ¢ = 0, which holds

if and only if £ ¢ (cpg) is zero. Suppose now that u — ¢ > 0. By Lemma 6.56, there

exists a unique morphism 7: C% ' — C4™! in CoconeMorsgi%,lﬁg,l(ap“_l,gou) with
22 = 74 47? inducing a morphism ¢': A’ — Y
T wr
_3 _92 u—1
T3 T Cocone(@T ) —0
¢u73 O @“72 O \T
u—3 u—2 u—ly)
S P S = Cocone (85 ) 0

If, in addition, ¢ is null-homotopic, then so is ¢’ by Lemmas 6.55 and 6.56. By
Lemma B.10 ‘ 4

o Homy () (E’" (T’),Cocone(@%fl)) = Homyes ¢ (Er (S’),Cocone(afg‘*l)) =0,

o Homye 4 (ET (Ti),Cocone(ag_l)) =0
for all » > 0 and i < u — 2, i.e., ¢’ satisfies the assumptions of the lemma. Since 7 is
uniquely determined, there is one-to-one correspondence between extensions of ¢ and
¢’ to morphisms of Postnikov systems. Hence, the assertion follows by the induction
hypothesis.

(2) Let ¢7 and ur be lower resp. upper bounds of 7. We will prove the existence by
induction on ur — ¢7. By the definition of a standard Postnikov system, p% =T" — 0,
hence k% = Y7 H(m(p%)) = idpw and pit = Ot T — T If up — by = 0,
then we are done. Suppose now that ur — €y > 0. By Lemma 6.53, there exists a
unique morphism ulfF_Q: T"~2 — Cocone (8%_1) with ,u%_Q Syt (71' (u%_l)) = 8%_2 and
O3 4% = 0. By Lemma B.10, we have Homyco ¢ (ZT (1), Cocone(@%_l)) = 0 for
all 7 > 0 and i < u — 2, i.e., the complex A’ defined by

u—3 u—2
or Hr

Tu—3 Tu—2

Cocone (8};71)

u—1

fulfils the assumption of the lemma. Hence, the existence follows by the induction
hypothesis. The morphism M?TQ is uniquely determined, however it might be represented

7<p might be extended in different ways to morphisms from Pr to Pg, however only one of them is
standard.
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by different morphisms in C?(%), which leads to different (but isomorphic) cocone objects
in the next iteration, i.e., to different standard Postnikov systems. Suppose (%,‘1*2 is
another representative of ,u%_2. Then we still have the following morphism:

811,73 u—2
T3 a Tu-2 T Cocone(@%_l) —0
5 5
Tu—3 p Tu—2 = Cocone (&fﬁ*l) —0
T T

which, by (1), can be extended to a morphism between the corresponding different
Postnikov systems. The assertion follows now by Remarks 6.48 and B.12.

O

Let T be an object as in Lemma 6.58 and Pr a standard Postnikov system of 7. Since no
assumption has been made on Homcs 4 (S(Tv~1), Tv), the first assertion of the lemma does not
apply to the identity morphism of 7. In other words, the set

CoconeMorsgtu_l gu—1 (idpu-—1,idgu)
T 7T

might contain more than one element. That is, idp might be extended to different standard

isomorphisms on Pr which restricts the convolution construction from being functorial. We can
rectify this situation by imposing more assumptions:

Construction 6.59. Let € be an additive category and let 2 C K?(%) be an additive full
subcategory such that Homg(X"(X),Y) =0 for all » > 0 and X,Y in Z. Since the assumptions

of Lemma 6.58 hold on all objects and morphisms of K*(2) c K° (Kb(%)), every morphism can
be extended to exactly one standard morphism between standard Postnikov systems. It follows
from Lemmas 5.12 and 5.13 that the composition, addition and additive inverses of standard
morphisms are also standard. Hence, the standard convolution construction becomes functorial.
We call the induced functor

F: K(2) — KY(%)

the convolution functor.

The consideration of Lemma 6.58 gives rise to the following two algorithms for computing
standard Postnikov systems and their convolutions. Both algorithms are implemented in the GAP
package HomotopyCategories [Sal21d].
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Algorithm 4: Standard convolution of an object

Input: An additive category € and an object T' € K? (Kb(%)) with the assumptions as
in Lemma 6.58.

Output: The standard convolution F(7")

£ = some lower bound of T’

u = some upper bound of T’

if u = /¢ then

return X ¢ (TE)

else
e Compute a chain homotopy (h%fmz Tv=2 T“’i_l) - of Oy~ 2. oyt
7

/* See Remark 3.19

e Define ,uaﬂ_zz T% 2 — Cocone (8%_1) by the morphism whose component at i € Z is

u—2,1 u—2,1
M;—Q,z‘ L pu-2i (077" —hy™>") UL g pusi-1

/* According to Lemma 6.53, ,11,%—2 is the only morphism in K’(%) which satisfies
/% 0% e =0 and pf 22N (w(08Th)) = 042
e Redefine T by

u—3 u—2
or Hr

P%U—l —_ ... Tu—3 Tu—2

u—1

Cocone (83‘51>

e return F(T)

*/

*/
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Algorithm 5: Standard convolution of a morphism

Input: An additive category € and a morphism ¢: T — S € Kb (le(‘K)) with the same

assumptions in Lemma 6.58.
Output: the standard convolution of ¢
e /:= Some common lower bound of T" and S

e 1 := Some common upper bound of 7" and S
if u =/ then
return X ¢ (g%)

else
e Compute a chain homotopy (hf};lﬁi: Tv i S“’Z’l)iez of 8%_1 et — Ul -ag_l

/* See Remark 3.19 */
e Define @%‘1: Cocone (8%_1) — Cocone (8g_1) by the morphism whose component at i € Z is

Lpu—l,i h;il’i
0 sOu,ifl

(plé—l,z — Tufl,i @ Tu,ifl Sufl,i D Su,ifl
/* By Lemma 6.56, ¢ ' is the unique element in CoconeMorsi 1 .1 (9" 1, ¢") */
T Y
/* and p4? -@Zfl = U2 -ug_Q. */
e Redefine ¢ by
8%73 M%—Q .
Tu—3 Tu—2 Cocone(c’)% ) — 0
L,9u73 (,9“72 \@Z‘l
Su—3 Su—2 , Cocone(agfl) —0
83—3 ug—Z

e return F(yp)
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Let € and 2 be defined as in Construction 6.59.

Lemma 6.60. The convolution functor F: K*(2) — K*(€¢) commutes up to a natural iso-
morphism with the shift functors.

PROOF. For an object T in K’(2), we define T® by the object in K°(2) whose differential
at i € Z is Ope = —0%. In fact, this construction is functorial: for a morphism ¢: T — S,
©°: T9 — S° is defined at i € Z by ¢'. Of course, T = T© via the natural isomorphism
er: T — T° defined at i € Z by en = (=1)"T! . idp. It follows that ep-¢® = p-eg and
e;l = €e70o.

The morphisms ¢ and 3(¢)® consist of the same differentials and morphisms and differ only
in the lower and upper bounds, hence, F((E(«p))e) = X(F(y)).

Functors sends isomorphisms to isomorphisms, hence

nr = F(exqr)) : FXT)) = F(S(T)7) = B(F(T))
is an isomorphism. By applying F to the equation

€33(T) '(E(ﬂﬂ))e = X(p) *€33(S)

we get a commutative diagram

rey ) sy S(F(T))
F((p)) O F(2(¢)°) O S(F(p))
F(2(S = F(2(9)° S(F(S
(2(S)) o (2(9)°) (F(S))

which translates to the naturality of the following assignment:
JE-F = F-%,
1 { T —nr :zF(eE(T)>.
O

Lemma 6.61. Let € be an additive category and KC°(%) its bounded homotopy category. Let
T and S be objects in K° (Kb(%)) with a common upper bound u and the following properties:
(1) Homyes ) (37(T*), T7) 2= Homyes g (27 (S°),87) = 0 for all v > 0 and i < j,
(2) Home(%)(Er(Ti), S7) = Homyes ¢ (Z7(SY),T7) =0 for allr >0 and i < j with (i,j) #
(u,u).
Then for any morphism @: T — S, running Algorithm 5 on the sequence

T % 5 %) Cone(p) 22 (1) 2D, 53(1)°

~

yields a sequence of standard morphisms of Postnikov systems

P, Py(p) Pr(y) Peser)
Pr — Pg —— PCone(ap) — PE(T) ?) PE(T)e
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whose convolutions

F(T) 2% F(S) T2 F(Cone(p)) " B (S(T)°) = S(R(T)

form an exact triangle in K°(€).

PROOF. The sequence

T % 519, Cone(y) (@), X(T) =W, »(T)°

is depicted in the following diagram:

aufii au72 aufl
Tu73 T Tu72 T Tufl T T — 0
gOu73 Spu72 SOuil gﬂ“
4 o4 oyt
Su—3 Su—2 Su—l Sv — ()
| | |
(0idgu-3) (0idgu—2) (0idgu-1) idgu
l 70'7—2 pu—2 i 7('),7,_1 pu—l i o
0 oy 0 oy (o51)
—_—

Tu72 ey Buf?) Tufl ey Bu72 T @ Bu71 N =
\ \ \
(idTS,z ) (idTaH ) (idgu )
l u— l u— l
Tu—2 _aT ’ Tu—l _aT 1 T 0 0
| | |
(=1)*"2 - idpu—2 (=)t idpu (=1)*-idr
} . } -
Tu—2 aT i Tu—l BT 1 Tivu 0 0

from which we observe that ¢, t(p), 7(®) and ex(7) satisfy the assumptions of Lemma 6.58, hence
they can be extended to a sequence of standard morphisms

I Py(y) Pr(y) Pes(r)
Pr— PS E— PCone(go) PE(T) — PE(T)G'

Computing the preceding sequence relies on computing chain homotopies of zero morphisms
in K?(%) which are usually not uniquely determined. Let

Q Qu(e) Qr(p) Qex(r)
Qr = Qs — QCone(p) — Qu(r) —— Quye-

be another extension to standard morphisms of Postnikov systems where Q7 and Qz(T)e consist
of the same exact triangles®. By Lemma 6.58, the morphisms idp, idg, idy(r) and idE(T)e can
be extended uniquely to standard isomorphisms I7: Pr = Qr, Is: Ps = Qg, Isry: Py =
Qx () and IE(T)G: PE(T)G = QE(T)@. However, since no assumptions have been made about
Homyer ) (T, 5), the morphism idcene(,) may be extended in different ways to standard iso-
morphisms between Prope(p) and Qcone(p): Let ¢t Poone(yp) = (QCone(p) be one them. Due to

8The exact triangle in QZ(T)e at index i € Z is identical to the exact triangle of Qr at index i + 1.
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the fact that standard morphisms are closed under composition, any such ¢ renders the following
diagram

P, R,(w) Pr(w) szm

Pr Pg Ptone(y) Py Py, rye

~|Ir O ~|1s O N\Q O N\IE(T) O N\ s(T)°
one ~ Q

Qr o Qs " QCone() o @x(7) G £(1)°

commutative. Therefore, the associated convolutions form isomorphic triangles (after composing
the last two morphisms in each sequence). In other words, while proving the assertion, we can
use arbitrary chain homotopies as long as the triangle formed by the convolutions is well-defined.

We will prove the lemma using induction on v — ¢ > 0 where ¢ is a common lower bound for

both T"and S. If u — ¢ =0, then T'= [T*|, and S = [S*|,. The sequence

T % 5 %) Cone(p) 22 (1) 2Dy 53(1)°
is illustrated in the following commutative diagram:
0 0 T = 0
-
0 0 S 0
Jidsu
0 T2 g 0
\idw
0 ™ 0 0
J (—1)* - idg
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The first iteration of Algorithm 5 yields the following commutative diagram:

0 YT — 0 0
27(e")

0 »H(SY) 0 0
(0dsuio1 )z

0 — Cocone(p") 0 0
(%) o

0 T 0 0
(—1)* - idgw

0 T 0 0

The associated convolutions form the following sequence:

e - “ 01id u,i—1—(u— .
S0 (51 (7)) T (5-1(pu)) $--1) (531 (5%) (0idgui-1-(u-1) ),y

e (idTu’ia(%l)hez e (D@
»~ =1 (Cocone(p")) ——— 5 B (=) () —~ (=1 (v
which can be simplified to
sow(rey 2O, g guy 2N,
s-(Come()) T, ou(w(yy O, souy)

~

By composing the last two morphisms, we get an exact triangle according to Lemma B.18,
since

v ()

T £ 5v ()

Cone(p) — X(T)

is exact.
Suppose that u — ¢ > 0. Let (h?’z: Tm — Tm+27i_1) i (hgn’z: St Sm+2’i_1> and
7

€L
(h"” T — SmH”'_l).eZ be chain homotopies of 94«9t 9% -9G! resp. O .M —
7
@™ -0g for every m € Z. We Can use these chain homotopies to compute chain homotopies

of 8cone( ) 800';6(@ and gy Tr) E(T) for every m € Z. That is, they can be used to compute

standard Postnikov systems Qcone(y), @x (1) and QE(T)9 of Cone(y), (T resp. L(T)°

The first iteration of the Algorithm 5 on ¢, «(p), 7(¢) and ex(ry (whose common upper

<u 1 Q<u 1 Q<u 1, <u 1 Q<u 1
R :

bound is u) yields four? morphisms quq: ) Cone(p

9The morphism eéx(r) remains unaffected because its upper bound is u — 1.
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<u 1 <u-—1 <u—1 <u—1 __ <u—1 _ . ; 3
Q Qcone ©) QE(T) with QE T = ¥(T), and QF ) = () depicted in the follow-
mg commutatlve diagram:
0r° pr = (07 —hi )i
T3 Tv 2 — Cocone(@“ 1)
_ _ _ u—1,i pu—1lyi
SDu 3 L,Ou 2 wié 1_ <LP ‘ Wﬁle),eZ
K1
8u—3 /1572 _ (au—Q,'L _hu—Q.z) . l
C - S S i
Squ—3 i Su—2 s Cocone(ag_l)
(-idgu-3) (+idgu—2) 1 idgu—1,i .
S S ’/(SO)Z‘ — ( 9. idg, >L€Z
l _3;72 kpu—Z l w—2 . _3;71,1‘ ¢u—1,1 h:—l,z l
. 3;*3 'LLCone( ) . (‘7;*11 _hg*2v1 iz
. > Tu-2 g gu-3 Tu-1 g pu-2 Cocone(@é nle ))

\ \ ‘
id gy — id g — .
() () o= (),

l _61711—2 l H; 2 871 1
T’IL*2 Tufl Tu
. u—1 u—1 .
(—1)"2 - idpu—2 (=1)" ! - idgu (em))c = (=1)%-idgu
u—2 _ qu-—1 i
l 3%_2 l Bsre = or
Tu—2 Tu—l Tu

A straightforward verification shows that the families
u—3,7j+1. u—1lg u—3,i+1. u—2,%, u—3,i+1 u,b

(i ouh gt huH T =T )iez

and
(hu 3,i+1 8u 1, 8u B+l pu—2i. gu-3i+l _>Su,z‘)
o s i€

define morphisms tr: (T%3) — T% resp. tg: 3(S*%) — S It follows from the assump-
tion Homycs () ((T%7%), T") = Homyesg) (2(S*7%),8%) = 0 that t7 = 0 and tg = 0. Let
(si P pu=3itl i1y, o and (s %" §uT3Hl  §uitly, s be chain homotopies of tr
resp. tg. Similarly, the family

u—2,i+1, qu—Lli _ gu—23+1 45 u—2,i+1, 3 u—2,i+1 u—2,i+1 g u—14+1. pu—2,i+1 U,
(hw a4 h Wi+ h + o h T ~ S

iez.
defines a morphism t,: X(7T%?) — S* which, due to Homes () (T*=2,8%) = 0, should also be
zero. Let (s Z;_Q’i' Te241 5 §ui=l), .7 be a chain homotopy associated to t,

The second iteration ylelds the morphisms Q<“ 2, Q<“ 2 Q<" 2, Q<“ 2. Q<u 2

<u—2 <u—2, A<u—2 <u—2 <u—2 ~ ~<u—2
chne ,Qﬂ(uw chne ZE‘ and Qf;T)z. E?T) = Qiz})@ depicted in the followmg
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u—3 w—3, —3,i —3,i—1
py® = (0 —hyT sy )ieZ w2
Tv 3 —— Cocone (“T )
‘ Qui puH _gu2icl
90“73 ngz — . Quli=1 h;_l i—1
. wi—2
. » €L
u—3 __ w—3,i u—3,i _u—3,i— l
. Hg = (95 —hg ™" sg )ieZ w—2
Su—3 Cocone(us' )
| e
(‘ idqu_3 ) dgu
Su u—2 . . . .
wple ™ = < . 1d5 T s
l u—3 _guBi pumi _pu2i pumi _gu-2i-1 i swi=2 /) iez,
FCone(p) = Hu—3ii _pu—3i u—3ii-1
w—2 3 s s s €L u—2
- - Tu=2 g pu- Cocone(uconew))
&) | s
N u—2 id
Q) © = S dguin
. . i€Z
l u—3 __ Su—2,i u—2,i l
, Nz(T) = (-0 —hp )zEZ w2 w1
Tu— Cocone (uZ(T)> = Cocone(—@T )
u—2 id - .
—2 . _ _1\)u—1, Tu—1,4
(=1 -idgu-2 (GZ(T)>C = (=1) ( c —idgy ,i—l)zez
U— Au—2 u—2 l
l /’LE(T)b - (dT 7hT )iEZ
T“72

Set X = Pz* 1YV = P5" " and ¢ =
the assumptions:
(1) Homyper(qr) (E57(X1), X7) =
(2) Hom,cb(%ﬂ)(Er(X’),YJ)
(Z7]) 7é (’LL - 17u - 1)7

Homycs(

~Y

Cocone (u;sz)@> = Cocone(@%‘fl)

= Pg“ 1. X — Y. By Lemma B.10, X and Y satisfy

%)(Z"(Yi),Yj) =0forall r>0andi<j,
Hom,cb(cg)(

Y(Y,X7) =0 for all » > 0 and i < j with

and since their common upper bound is v — 1, the induction hypothesis applies for

Applying Algorithm 5 on ¢, t(¢), w

<u—2 <u2 <u2 <u—2
7 Quy

<u— 2
QCone (¥)? Q

picted in the follovvlng commutative dlagram

(¥) and ex(x) yields the following four morphisms: Qiu_g

<u—2
Cone(p

<u2

Qg

<u—2.
en(x) *

<u—2 ~

— Q5

<u—2

z(x)oF 4¢

S(X)
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u—3 _  u—3 __ w—3,i u—3,4 u—3,i—1
I Py = WHp = = (3T —hy. St )ieZ C 2) _ w2

T — ocone(dy ) = ocone<,uT )

pu—2i B 2,4 _u—2i-1

w—3 u—2 _  u—2 __ uil i—1 uil.i—l

@ Yo T=wo T = e R
: : [ i€Z
u—3 _  u—3 __ (au—fi,t hu—B,z u—3,i—1 ) l

Py ~=Hg =9 “hs o Ss i€Z 2 w2

gu—3 Cocone(@s ) = Cocone(us )

. Lid . .

< id gy — idgu—2,i
(- idgu-3) w—2 .
= (T g
o : : idgu,i—2 / ;
u—2,i pu—2,i -2 u—2,i w—2i—1 S, i€z
w—3 (- h pu=2i p! s s
l NCone(w) - ( T T' gu—3.i 7};‘73,1 sulp—ii,z—l l
© -T2 Bt u : i €2, Cocone( 92
© Cone(v)

idpu—1,i
id _2) ekt
(¥ R = ( | d)
i : : i€z

3 -2 u—2,0 pu—2,
l #%( X) = —pp = (=0 R )y .
Cocone(@%_ )

Tu—2

(=1)""2 - idpu-2

-3 -2 qu—2,i u—2,i
l /’L’EIE(X))O = N?" = (dT > hT >

Tu—2

he Cocone ((9%71>

When we compare the morphisms in the above two diagrams, we see that they are identical up

to the order of some objects, e.g., the difference between Cocone (u%ﬁew)) and Cocone (aCOne( w))
or up to the multiplication of certain morphisms by —1 , e.g., the right-lower morphisms.

<u—2 <u 2
The following two isomorphisms: f: Qcone () Qcone )
w3 7[);72‘1 QUi 7;#72,1' ]#72‘1 75:4;2,171
lu“Cone(\p) . @;—3,1 . 7h;—3,i 8273,171 ez )
. u—2 u—3 Z U—
—T" o B Cocone (ucone(@) —— 0
idpu—1,i
. . idqu_n:
u—3 __ 3 . . u—2 __ . —id ! S‘ >
f = ldTu—Ze}Bu—d O f = idpu,i-1
: : idgu—1,i—1 .
J . . . . idgu,i—2 ez

Cocone (ngfe(w)) —0

3
leé‘Dnc(U)

oy u—2 u—3
T @ B u—2,i pu—2,0 y—2,i pu—2,i u—2,i—1
—0p ho © " hg —5,
gu—i _pu—3i  u—3,i-1
S g Ss icZ
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(T) Z(X)
g e l‘z(% = (-0 =ry 7 )ien COCOHG(M%&%)> 0
I
g2 :‘ idpu-2 O gt = (idlv%ﬁl.l —idfikl >i€Z
l \
T =TI D

induce a commutative diagram:

<u—2 <u 2 Q<u -2 Qu=2
<u—2 <u—2 Q<u 2 (90) g 2 €(T) QSU72
T Q Cone(p Z E(T)6
O O N\f \ O
<u—2 <u—2 Su—? g gu—Qe
X <u—2 Y <u—2 Cone(y) <u—2 E <u-2 %(X)
Qi/;u QL(?’.‘I) Qﬂ(“l,)) Q‘Z“(X

Hence, by repeatedly applying Algorithms 4 and 5, we get a commutative diagram of standard
Postnikov systems:

Qe Q. Qx Qex -

QT - QS © QCone(gp) ) QZ(T) @ QE(T)G
O O ~ \ Q O ~lQ, O

@x Qy Qy Quw) QCone(I/J) Qv QZ(X) Qoorn, £(X)°

By taking convolutions, we get isomorphic triangles one of which is exact by the induction
hypothesis, hence so is the other as desired. O
Construction 6.62. Let T be an object in K’ (ICb(CK)) and let ¢ be a lower bound for 7'

Let [T¢]s41 the (£ + 1)-stalk complex defined by T¢ and let 72! be the brutal truncation of T
below £ 4 1. We denote by 77, the morphism

[T 41 = 0 7! 0 0
Ty %

agj—l 8%—#2
T=4+1 0 Te+1 Tl+2 T+3

It follows immediately that Cone(r7,) =T

Theorem 6.63. Let € be an additive category and K°(%) its bounded homotopy category.
Let 2 be an additive full subcategory with Homg (X" (X),Y) = 0 for allr > 0 and X,Y in 9.
Then

F: K(2) — KY(%)
s exact and fully faithful.
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PRrROOF. The exactness follows by Lemma 6.61. The functor is fully faithful if and only if
F: HOIIlK;b(@) (T, S) — HOmlcb(cg) (F(T), F(S))

is an isomorphism for all objects 7' and S in K?(2). We proceed by induction on N = up —
br + ug — £g where {1, lg, ur and ug are lower resp. upper bounds for 7" and S. If N = 0, then
{7 = ur and g = ug. This means F(T) = £~ (TET) and F(S) = ¥~ %s (SZS). In the case
{r = g, the assertion follows by the fact that the shift functor ¥ is an autoequivalence. Assume
lr # €s. Then Homy () (T, S) = 0 because their common object-support is empty. On the other
hand, Homye ) (F(T'), F(5)) = Homye 4 (EES*ET (TKT),SZS) = 0, since T* and B’ belong to 2.

Suppose that N > 0, then either upr — ¢ > 0 or ug — g > 0. If up — ¢ > 0, then by
Construction 6.62, we can create a standard exact triangle

T 51 O T s

such that up, — ¢, = 0 and up, — f1, = ur — 7 — 1. The rotation of the above exact triangle is

7, 40 1 I, sy 20, ),

hence the triangle
-1

€ «(=%(7)
20T s(1y)° 2 S(Ty)
is exact as well. These data incorporates into the following commutative diagram:

7(T)*es(Ty)

u(7)

HOm;Cb(g)(Tl,S) _ HOHl;Cb(g)(Tl, S) = HOm;Cb(cg)(F(Tl),F(S))
! f t
99"* w-‘ - F(p)-—
|
Homyer () (12, S) === Homys(4)(T2, 5) ,]i Homyes ) (F(T2), F(9))
f f f
uep)— up)— F(u(y))-—
| | |
HOHle(@) (T, S) Hom,cb(@) (T, S) F Hom,cb(%) (F(T), F(S))
f f t
m(p)e— T(p)*exiry) F(ﬂ(w) 'EZ(TO) -
\ B | \
Homys (g (S(T1), §) ~— - Homyes g ((Z(Tl))@, s) Hommys ¢) (F((E(Tl))e> , F(S))
T 4 \
~3(p) - Etry) (=2(9)) - enmy) - — F (gl (—2(9) - enmy) ) -
‘ (T2 | |

Homys () (S(T3), S) Homgs ) ((S(15))7, S) Homps ) (F((3(12))7), F(S))
Since Homyes ) (—,.5) is a cohomological functor, the left hand side column is exact; hence, so
is the isomorphic middle column. The right hand side column is exact as well because F is exact

by the first assertion. By the induction hypothesis, the right upper and lower two morphisms are
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isomorphisms. Hence, by the 5-Lemma, the right middle morphism is also an isomorphism. The
same trick can be used for the remaining case, i.e., when up — 7 = 0 and ug — £g > 0. Il

Corollary 6.64. Let k be a field, € a k-linear Hom-finite additive category. Let & a strong
exceptional sequence in KP(€) and &% the additive closure of &. Then the convolution functor

F: K°(8%9) — KY(%).
1s fully faithful and exact.

6.4. The Replacement Functor G

Let k be a field, € a k-linear additive Hom-finite category and & = (F; |[i=1,...,n) a
(complete) strong exceptional sequence in K?(%). This section is devoted to constructing a right
adjoint G to the convolution functor F introduced in Theorem 6.63. The constructions and proofs
in this section are inspired by the theory of derived tilting equivalences [Ric89], [KZ98].

In order to construct this functor we need the concept of &-approximations of objects in
K2(%).

Definition 6.65. An &-approximation of an object A in (%) consists of an object Py s
in the the image of the embedding &% — K°(%’) and a morphism mas: Pas — A such that the
map
Hom,cb(gg) (Tg7 PA’g) — Hom,cb(%n) (Tg, A),

f = femas
is surjective in the Abelian category A e-mod ~ End Te-mod. An &-approximation is called &-
cover if Homycs 4 (Te,ma,6) is a projective cover'? for the left End Tie-module Homyeo ) (Tes, A)
(cf. Lemma 6.35).

A detailed construction of the functor
HOHIK:b((g) (Tg, —)I K:b(%) — Ag-mOd

Hom,cb(%)) (Tg’, 7TA’(§>) : {

is given in Remark 6.36. We prove in Remark 6.71 that computing &-covers in K?(%) amounts
to computing projective covers in A s-mod which is easy due to Theorem 2.95.

Example 6.66. Let A be an object in K*(¢) and {fi,..., fm} a basis of of the k-vector
space Homycs () (T, A). Then the morphism
fn

5 ——— A
is an &-approximation of A.

We will see that computing G(A) for an object A in K?(%’) is based on an iterative construction
which starts with the input

Y

Al =M (A)
and each iteration returns an intermediate value

Al = Efl(Cone(wAﬂ@m))

0By Lemma 6.35, Homyes () (Te, Pa,s) is a projective object in A g-mod =~ End Tis-mod.
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for some &-cover mar g of A’. The iteration terminates as we eventually get an object A" whose
set of &-exceptional shifts is empty (cf. Definition 6.67 and Construction 6.72).

It turns out that A belongs to &2 C K?(%) if and only if the last obtained A’ (while computing
G(A)) is zero, i.e., if and only if A’ is a contractible complex over %. This observation is
algorithmically very important, because if K?(%) is generated as a triangulated category by a
finite set of objects B = {B4,..., By}, then checking B C &% enables us to decide whether &
is complete or not. Checking whether & is strong exceptional is also straightforward if %', and
consequently K?(%), is equipped with a (k-mat)-homomorphism structure (cf. Chapter 4).

Definition 6.67. The set of &-exceptional shifts of an object A in K?(%) is defined by

QA7(5a = {l S/ | HOm,Cb(%?) (Tc?a EZ(A)> # 0}

The maximal &-exceptional shift of A, denoted by uy4 ¢, is defined by max Q4 o if Q4 ¢ #
(), and by —oo otherwise. Analogously, the minimal &-exceptional shift of A, denoted by ¢4 «,
is defined by min Qg4 ¢ if Q4 ¢ # 0, and by +oo otherwise.

Example 6.68. (1) Since Homyeo (4 (Tee, X" (Ts)) = 0 for all 7 # 0, we have usyr(7,).s =
ezr(Tg)’g = —T.
(2) Since Homyes 4y (T, £7(0)) = 0 for all r € Z, we have ug s = —o0 and £g s = +00.

(3) For any object A, we have fxr(4) s = fa,s — 7 and usr(a) 6 = uags —r for all v € Z.

Lemma 6.69. Let A be an object in KY(%), L4 a lower bound of A and us an upper bound
of A. Then
la—ur, <i<ug— AL,
forallic Que.

PROOF. There exists a nonzero morphism between two objects in IC(€) only if their supports
overlap. Hence, for i € Z, Homy 4 (T, X' (A)) # 0 only if ur, > lyia) and b, < ugi(a), ie.,
ur, > s —1and b, <ug —1, hence 4 —ur, <i<wuyg—Ll1,. O

The following corollary highlights the relation between the exceptional shifts of an object in
& and the property of being isomorphic to the zero object.

Corollary 6.70. Let A be an object in the triangulated hull &~. Then the following state-
ments are equivalent:
(1) A0,
(2) uas # —00,
(3) KA,,g # +00,
(4) ba—ur, <las <uae <us—ALr,.

PrOOF. By Example 6.18, T is a classical generator for &2, thus a weak generator by
Corollary 6.17. This implies that A 22 0 if and only if there exists an integer i € Z with
Homyes ) (T, £°(A)) # 0. The assertions follow by Lemma 6.69. O

For each object F; in &, we denote by m; the natural projection Ty —» F;. The following
remark enables us to compute better &-approximations:
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Remark 6.71. Let A be an object in (%) and

n
{fji EZ']. — A,j =1,.. .,m} C U Hom,cb(cg)(Ei,A)
i=1
a generating set of Homy ) (T, A) = @D Homyo () (Ei, A) as a left End Te-module, i.e., for
every morphism g: T — A, there exist endomorphisms A;: Ty — Te,j = 1,...,m such that
g =20 (mj. -fj) = Y721 Ajemi;+ fj. Then applying the functor Homyu ) (Ts, —) on the

composition
Tiq f 1
T o= L f =
@ By, — Il 4

yields a surjection Homys()(Tis, 7+ f), 1., 7o f. Tg — A is an &-approximation of U. Since

7 is a split-epimorphism, Homy ¢ (Ts, ) is also a split-epimorphism, thus surjective. The sur-
jectivity of Homys () (T, 7+ f) and Homyes ) (T, ) implies the surjectivity of Homyw ) (T, f),
i.e., f is also an &-approximation.

The above discussion gives rise to an algorithm for computing an &-cover of the object A.
According to Lemma 6.35, F' = Homyeo o) (Ts, A) can be considered as an object in

End Ty-mod ~ A g-mod = [AJ’, k-mat]

which is Abelian and has computable projective covers (cf. Theorem 2.95). Let

n

Ap: @B —»F

i=1
be a projective cover in A g-mod of I where v;’s are the objects of AZ”. The morphism Ap can
be used to obtain a minimal generating set of F' by simply applying Ar to the generator of each
Py, that appears in @;_; P;". In particular, for each object v; € Agap, we get m; elements in
F(v;) = Homyes (o )(EZ,A) This yields an &-approximation

f: EB E™ — A
i=1
of A. Applying the functor Homye ) (T, —) on f yields the epimorphism

Homycs (¢ @ P — F.

Since Ar is a projective cover, the lift morphlsm say 7 € End @i P, of Homyes (T, f)
along A is an epimorphism. On the other hand, 7 is an endomorphism of a finite dimensional
k-vector space, hence 7 is an isomorphism. This means Homc ) (Ts, f) is a projective cover,
hence f defines an &-cover of U.

Construction 6.72. For an object A in K?(%), we recursively define the sequences (XY
and (RY)

i1Sua, g
of objects in K?(%), together with a sequence of exact triangles

(Xi—l = (n(r)) Ry —(r) E(Xi—1)>

1<ug,g

iE€EZ
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according to the following steps:
(1) Compute the maximal &-exceptional shift uy s € Z U {—00}.
(2) For each i € Z define r': R* — X' as follows:
o if i > uy e, then
— define X' := %(A), R* :== 0 and r' == R’ 5 xi
o if i <wuy e, then
— define X* := Cocone(rit?),
— if Qyi o = 0, then terminate the computation,
— otherwise, compute an &-approximation 7xi g: Pxi g — X ¢ for X?,
— define R* :== Pyi £ and ri = TXi &

We use these sequences to construct a complex R whose upper bound is uy4 s and whose
differential at index i € Z is 0% = r'+ X7 (7 (r*™1)). The complex R is called an &-replacement
of A (or &-resolution). It is called minimal &-replacement if ¢ is an &-cover of X' for all
i € Z. The computation steps can be depicted in the following diagram:

i—2 i—1 i wa g1
Op Ri—1 OR Ri Or o Ruas—1 0 Russ
o / \ o \ \ - / \
-1 (ﬂ_(ri—l)) pi—1 2—1(7r(rz')) ri puas—1 - A, g) puAe
/ AN / A \ \ / A \
el =< 5 XZ’*]. < 5 X’L XuA7g 1 < 5 X“A,é"

The following lemma states that the maximal &-shifts of all X*’s in an &-replacement of an
nonzero object A are non-positive.

Lemma 6.73. Let A 2 0 be an object K*(€) and R an &-replacement of A. We have
uxi e <0 foralli <uage.

Proor. We will use backward induction on 7 < ug . For i = uy e, we have X"4.¢ =
Yuae(A), ie., uxi e = 0. Now, suppose the assertion holds for some ¢ < ug ¢, and let us show
it holds for 7 — 1. By the construction of an &-replacement, we have an exact triangle

XL R X n (X

where 7% is an &-approximation of X7, i.e., Homyes ) (s, r) = —«r? is surjective.
Since Homyes (4 (T, —) is a cohomological functor, we get a long exact sequence:
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=0

HOH])Cb(c,g) (T£7 2_1 (RI) )

),

Hom,@(%) (Tg, E_l (Xl))

Homyes ) (Tie, X'71) Homyo () (T, RY) Homyes () (T, X7)

HOHl}Cb(g) (T57 El (Xz_l))

Homyeo (4 (Ts, El(Ri>) Homyes o) (T, &' (XZ))

Homye (T, £2(X771)) Homy (T, 52 (R')) ———; T Hompu (T, =2(x7)),

=0 =0

in which the zeros in the right column are due to the induction hypothesis; and the zeros in
middle column are due to the fact that Ty is the tilting object associated to a strong exceptional
sequence. Since the sequence is exact and — «7? is surjective, we get Homlcb(cg) (Tg, »n (X ifl)) =0
for all n > 1. Consequently uxi-1 4 < 0 as desired. g

While the previous lemma investigates the behavior of the maximal &-exceptional shifts of
X?¥s in an &-replacement of A, the following lemma investigates the behavior of their minimal
&-exceptional shifts. The lemma asserts that these shifts increase with each iteration until they
become 0 after a finite number of iterations. Of course, these shifts can not exceed 0 as long as

X2 0 (cf. Lemma 6.73).

Lemma 6.74. Let A 20 be an object K*(¢) and R an &-replacement of A. For alli < us. e,
if in7g < 0, then in7g < infléa.

PRrROOF. Analogously to Lemma 6.73, we can create a long exact sequence:
-0 =0

Homps g (T, 2% 7% (RT)) —— Homye () (T, 2062 (X))

/\/

Homyes ) (Tie, S8~ (X)) — Homye g (T, D% ™ (R)) —— Homyen ) (T, D50 7 (X7)

Homyeo (4 (s, Dhxie (Xi1)) —— Homyo () (T, nixie (Ri)) Homyco (o) (T, B°X76 (X i));

=0 #0
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in which the zeros in the right column are due to the assumption of the lemma; and the zeros in
the middle column are due to the fact that T is a tilting object associated to a strong exceptional
sequence. Since the sequence is exact, it follows easily that Homc 4y (T, 2" (X =1)) = 0 for all
n < lxi o. Consequently, £xi o < lxi-1 s as desired. O

Lemma 6.75. Let A %0 be an object K*(€) and R an &-replacement of A. For alli < UA &,
if Uxi o =0, then
(1) eXi—léo =0 or exi—17g = +00.
) »-1 i R’ )
(2) Applying the functor Homye ) (Te, —) on X1 M R' T X' yields a short
exact sequence of left End Tg-modules

—e21(x())

0— HomICb((za”) (Tr«?v Xi_l) Hom;cb((g) (T@@, Rl) _—.r—l» Hom,cb(%)) (Tg’, XZ) — 0.

(8) The morphism

_.5i3 ) _.5i2 ] _.gict )
n HOIH;Cb(%/) (Tg, RZﬁQ) R Hom,cb (%) (Tg, R’Lil) i HOIH;Cb (%) (Tg, Rl) — ()

— -ri
0 Homyeo (o) (T, X') — 0

18 a quasi-isomorphism, i.e., a projective resolution of Homyeo o) (Ts, Xi). Furthermore,
if R is a minimal &-resolution for A, then the above induced projective resolution is also
minimal.

PRrOOF. Analogously to Lemma 6.73, we can create a long exact sequence:

=0 =0

Homyos ¢ (T, £ (Ri)) Homyos ¢ (T, £ (X"))

Home((g) (Ts, Xi_l) S

Homyeo (4 (T, T(X) Homyeo () (T, © (Ri)) Homyeo () (Tes, & (XZ))

=0 =0

Homye () (T, R') Homyes ) (T, X*)

in which the zeros in the right column are due to the assumption £yx: o = 0 and Lemma 6.73;
and the zeros in the middle column are due to the fact that Ty is a tilting object associated to
a strong exceptional sequence. Hence, Hom () (T, X" (X"1)) = 0 for all n # 0, which implies
the assertions (1) and (2).

In order to prove the third assertion, we need to show that —-7ji is a cokernel projection
for — o@f{l and for each j < i — 2, the unique lift morphism of —+@9, along the kernel embed-

ding of —-%H is an epimorphism (See Remark 3.7). By definition 0% ' = r~1. %71 (x(r?)),
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hence —+9% ! = (—+771) «(=+ 7Y (x(r7))). Tt follows from the second assertion that —7""! is
an epimorphism and —«r’ is a cokernel projection for —+X 7! (7 (r")), hence —«r" is a cokernel
projection of —+d% ! as well. Similarly, for each j < i — 2, the morphism —- X7 (7(r7*2)) is a
monomorphism and —+X 7 (7(r/*1)) is a kernel embedding of —«r/*1, hence —« X! (7(ri 1))
is a kernel embedding for —-6{;1 as well. This means —-6}% lifts along the kernel embedding
of —-(‘)g% via the epimorphism —«77, i.e., the morphism is indeed a quasi-isomorphism resp. a
projective resolution. If R is a minimal &-resolution of A, then each — .77 is a projective cover
for X7, hence the induced projective resolution is minimal. O

The algorithmic content of the following lemma allows us to detect whether a given object A
lives in the triangulated hull &2 of &. In other words, computing an &-replacement of A can be
thought of as a kind of iterative reduction of A modulo &2, such that A belongs to &2 if and
only if the remainder is zero.

Lemma 6.76. Let A be an object in K°(€¢) and let R be a minimal &-resolution of A as
introduced in Construction 6.72. Then R is bounded, i.e., R belongs to ICb(@‘"@). Furthermore, if
¢ is a lower bound of R, then A belongs to &% if and only if X*~1 = 0.

PROOF. Lemma 6.73 states that ux: o < 0 for all i < uge, ie., for all i < uy e either
Uxig=+ooor lyi g <uxipe < 0. On the other hand, by Lemma 6.74, we see that after at most
uae — L iterations, we reach an integer i € Z for which either £y: » = +oc or £xi o = 0.

Now if £xi e = +o00, then the &-cover 7 is given by 0 — X' and X'~! = Cocone(r’) =
¥71(X") whose lower &-exceptional shift is again +oo, hence by induction we find that R/ = 0
and X/~ = $71(XY) for all j <i. Hence, R is bounded below by i + 1.

If £xi s = 0 then by Lemma 6.75, {x; o € {0,400} for all j < i —1 and we get a minimal
projective resolution

i—3 i—2 i—1
— 0

. —+0 ) —-0 .
Hom,@(%ﬂ) (Tg, RZ_Q) B Hom,Cb(%) (T(g”, Rl_l) K Hom,Cb(%:) (Tg’, Rl) — 0

0 Homyer (o) (T, X*) — 0

of Homycs (¢ (T, X*). By Lemma 6.33 and Corollary 2.96, we see that the global dimension
of End Te-fdmod is finite and is bounded by the number of vertices of the quiver qeg of &,
which is exactly the number of objects of &, i.e., n. By Corollary 3.58, Homy () (T, X'77) is
a projective object, hence isomorphic to the zero object because otherwise the above projective
resolution would not be minimal. It follows that fxi—n o = +00, hence similar to the above
discussion we conclude that R is bounded below by ¢ —n 4+ 1.

Suppose that A belongs to &%, then X¥4.¢ = $%4.6(A) also belongs to &2. Since each X7 is
the cocone object of a morphism from R/*! to X7+ we can inductively prove that X7 belongs
to &2 for all j < uy,e. Since £ is a lower bound of R, the &-cover r*~1is given by 0 — X*~! and
lxe-1 o = +00, hence X =1 = (0 by Corollary 6.70. The converse statment follows by induction

since X*~1 =0 and each X7 is the cone object of a morphism from X7~! to R7. O

Lemma 6.77. Let A be an object KP(%€) and R in KY(P) be an &-resolution of A. Then A
belongs to &2 if and only if F(R) = A.
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PROOF. Suppose that A belongs to &2. By Lemma 6.60, we can assume without loss of
generality that u4 s = 0. We denote the brutal truncation of R below some integer i € Z

i i+1
aR 8R

0 Rz - Ri+1

2

by R=‘. We can depict the computation of R and F(R) by the following diagram:

AR

. - Y- F(REY)) < SHH(F(R=H)) < »

A / A /
S () jio! o (a5 oY

m(*)

i)
/ 7 / ©
ai—1 i
Ri-1 O R Ok Ri+1
O / O /

pil S (rt) yi 1 (r (r41)) pitl

/ ° / A

- < Xi—l < z XZ < z Xi+1 - z

—u(r) —u(rith) —u(rit?)

It follows from Construction 6.72 that X° = A, and if ¢ is a lower bound of R, then X¢~1 =
by Lemma 6.76. By definition j° is given by the zero morphism R® — 0, hence 7T(j0) = idg(Ro)-

We will prove the lemma by constructing a morphism F(Rzi) Y’ A for each i < —1, then proving

that these morphisms will eventually become isomorphisms.
We claim the existence of a family of exact triangles

(z—i—l(Xi) i F(R=41) CANG/RAEN z—i(Xi))

that fit together into a commutative diagram:

1<—1
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BRI

i1 (Xz) |

) E—i(Xi—i)

20) £ ()

We will construct the family by a backward induction on i < —1. For i = —1, we define u "

=1 (x(r0 _ (0
by X1 M RO, 0 by RY s A and w° by A ﬂ $(X 1), hence
XS RS 4 w(x )
is exact triangle by the rotation axiom. Moreover, the asserted equalities
L 27 (r) et = £ 1(5%) and
2. u'+((-)7ET R (n (1)) = (1) TP (x (),
for i = —1 hold because X7} (7 (j°)) = idgo and 1. X7} (x(r?)) = 95" = ;7.
Now, suppose we have computed the asserted exact triangle
witl

27171<Xi) KN F(RziH) AEN/IARNS D (Xi)7

for some ¢ < —1 and let us compute the asserted exact triangle for ¢ — 1.
Applying Lemma B.18 on the standard exact triangles

r xi 0, (x1) =, (R
and _ _
Jr AN 2“’1( (RZZ'H)) ‘_(Ji)_> Ez’—i—l(F(RZi)) M E(Ri)
yields two exact triangles

Efi71<Ri) = () 2471(Xi> =) - (Xifl) RG] Efifl(Rz)
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and

sl (Rz> =) F(R>z+1> (i) F<R2i) (-1 s (57)) i (Rz>
By the Octahedral Axiom TR 4, there exists an exact triangle
57 (XY 5 B(RP) U 4 ni (X

rendering the diagram

$-i-1 ()

R )

-i-1(Ri) i1 (x7) i (Xi-1) 51 (R)
i O Jui—t O
T o 1) B s Sl PO
o i o \zm
A A “ £ (X)
(o) — e )

commutative. All claimed equalities can easily be read from the diagram except for

- Z—i(ri—l) O Z—i<ji—1>_
Z—i(ri—l).ui—l.(_1)—i—12—i—1<7r<ji)) _ (E i(ri—l)) (—1)"In i 1( (Tz))
(5 (2 ()
= (-1~ e (o)
<1>”E‘Z((le {(=())))
- (57 ()0 )

shows that X7 (r=1) «yi=! — B (jifl) lies in the kernel of the morphism

_ .(71)—i—12—i—1(7r(ji))

HOme(%) (Z_l (Ri_l) 5 F(RZZ)) > HOH’le(:g) (2_7’ (Ri_l), E_i (Rz)>,

i.e., to prove the equality, it is sufficient to show —«(—1)"*"1X~"1(7(4%)) is a monomorphism.
Let [R*™!]; be the i-stalk object in K?(6%) defined by R'~!, then Homys(ga) ([R™ |3, RZH) = 0
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because the object-supports of [R*~!|; and RZ"*! do not overlap, hence by Theorem 6.63,
Homyes ) (B (R, F(RZ""1)) = Homyes ) (F([R'1 ), F(RZ"1)) = 0.

Therefore, the claim that —«(—1)""'X~"!(7(5%)) is a monomorphism follows easily from the
long exact sequence resulted by applying Homy ) (Z7%(R*1), —) on the exact triangle

E_i_l(RZ) (i) F<R2i+1> =1 (e(d)) F<R2i> (-1~ mmi (n (")) Z—i(Ri)

Let ¢ be a lower bound of R. By Remark 6.41, F(R) = F(RZK). It follows from Lemma 6.76

44
that X‘~! 2 0, consequently F(Rﬂ) Z5 A is an isomorphism by Lemma B.22.

Conversely, if A = F(R), then A belongs to & because F(R) is constructed by iterated
computation of cocone objects of morphisms that already belong to & and by shifting the last
cocone according to its cohomological index. O

Corollary 6.78. Let A be an object in &%, then all &-resolutions in KP(&P) of A are iso-
morphic.

PRrROOF. Let R4 and R/; be two bounded &-resolutions for A. By the previous lemma, there
we have isomorphisms Ag: F(R4) — A and X,: F(R))) — A, hence F(R4) and F(R/)) are
-1 By Theorem 6.63, F is fully faithful, therefore, there are two
morphisms R4 - R/, and R/, 4y Ry such that ¢ = F(i) and p=! = F(j). Consequently,
F(i-j—idg,) = 0 and F(jz - idRrA) =0, i, i+j=idp, and j+i = idg,. O

isomorphic via ¢ = A4 +(N})

Lemma 6.79. Let & be a complete strong exceptional sequence in KP(€). Then the convo-
lution functor F: KP(&®) — KY(€) has a right adjoint functor.

PROOF. For each object B in Kb(%), we fix a bounded &-resolution Rp for B and an isomor-
phism Ag: F(Rp) — B; and for each object Q in K°(£%), we denote by ®¢ g the composition
of the two isomorphisms

Homyei () (F(Q), B) = Homyg ) (F(Q), F(Rp)) = Homgs gay(Q, Rp),
where the first isomorphism is given by — -)\731 and the second follows from the fact that F is
fully faithful; hence, ®g p(y) = ¢ if and only if F(¢) = (p-)\]_;.
We define the Replacement functor
G: K'%) — K" (£9)
as follows

e an object A is mapped to some bounded &-resolution R4 for A.
e a morphism a: A — B is mapped to ®r, p(Asa+«), ie., to the unique morphism
G(a): G(A) — G(B) whose convolution renders the following diagram
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F(G(A)) - & A
F(G(a)) @) a
F(G(B)) - - B

commutative.

We still need to show that for any morphism a: A — B in K°(%) and any morphism f: Q — P
in K2(&9), the following diagram

Homye ) (F(P), A) Ppa Homye se (P, G(A))
F(f)--al fo—+G(a)
Homyco () (F(Q), B) Ton Homys (g0 (Q, G(B))

is commutative. Let ¢ be any morphism in Homy ) (F(P), A), then
F(f-®pa(p):G(a) =F(f)-F(Ppaly)) - F(G(a))

=F(f) ¢+ 21" F(G(a))

= F(f)-cp-)\zl-)\,q-oz-)\gl

=F(f)-p-a-A5h
ie., ®oB(F(f) p-a) = fPpa(p):G(a), consequently, the above diagram is commutative as
desired. O

Remark 6.80. By Definition A.20, the unit of the adjunction F - G is the natural transformation

id,cb(ge;) - F-G,
n: .
Q = Q= P Q) (ldF(Q)> 1 Q = G(F(Q)),

i.e., @ is mapped to the unique morphism ng for which F(nq) = Apiy. By Lemma A.15, F is

F(Q)
conservative, hence g is an isomorphism.

The counit is the natural transformation

G-F — id,cb ©)>s
€: _ .
A = €4 = (I)GI(A)A(ldG(A)) : F(G(A)) — A
ie., (I)G(A),A(ﬁA) = idG(A), hence F(idg(A)) = EA’)\Zl and €4 = A\a.
This implies the following:

Corollary 6.81. The functors F and G are quasi-inverse.
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Corollary 6.82. The replacement functor
G: K'%) — K" (69)
defined in Lemma 6.79 is fully faithful and exact.

PROOF. Since the counit € of the adjunction F - G is a natural isomorphism, it follows by
Lemma A.22 that G is fully faithful. According to Lemma 6.61, F is an exact functor; and to
Lemma B.30, any right adjoint of an exact functor is also exact. Hence G is exact. g



APPENDIX A

First Steps Toward Constructive Category Theory in Cap

The stringent interpretation of the phrase “there exists” as “we can construct” distinguishes
constructive mathematics from the classical mathematics. In classical mathematics, one can
demonstrate the existence of a mathematical object without explicitly “constructing” it by as-
suming its non-existence and then deriving a contradiction from that assumption. Following a
constructive approach to verify a mathematical statement means we must reinterpret not just
the existential quantifiers, but also all the logical disjunctions utilized in proving the statement
[BP18]. For example, to prove the statement “3JzP(z)” we must construct an object  and prove
that P(z) holds, and to prove that PV Q we must either have a proof of P or a proof of Q. In
particular, the law of excluded middle: “For every statement P, either P or —P holds” is not an
axiom from the viewpoint of constructive mathematics. The constructiveness concept is usually
exemplified by the following proposition:

“There exists a pair of irrational numbers a,b such that a® is rational”.

Consider the following argument: Either \/5\/i is rational, in which case ¢ = v/2 and b = /2

satisfy the desired property; or \@ﬂ is irrational, in which case a = \/5\/i and b = /2 satisfy
the property. However, as written, this argument does not enable us to determine which of the
pairs satisfies the property, hence the argument is not correct from the point view of constructive
mathematics. A constructive proof can be established by providing an instance of such pair,
e.g., a = /2 and b = 2logy(3). Further details about constructive mathematics can be found in
[BP18]|, MRRA88| and [nLa20].

Following a constructive approach to category theory was the primary motivation behind
CAP [GSP22|. CaP stands for Categories, Algorithms, Programming, is an open source software
project for constructive category theory written in the computer algebra system GAP [GAP21].
The development of CAP started in December 2013 by Sebastian Gutsche and Sebastian Posur
followed by major contributions of Jystein Skartsseterhagen in 2015 and Fabian Zickgraf since
2018. CAP was developed to facilitate the implementation of categories and categorical algorithms
on the computer.

From the constructive viewpoint of CAP, a category % which belongs to a doctrine! D is
determined

(1) by data structures for the objects Objy, and the morphisms in Homg¢ (A, B), along with
operations for associatively composing morphisms, deciding their mathematical equality
and constructing the identity morphisms id4 € Homg (A, A), where A, B € Objy;

IWe use the term “doctrine” to describe a class of categories with specified additional properties or
structures, e.g., additive, Abelian, monoidal, etc.
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(2) a collection of categorical algorithms realizing the defining axioms of the doctrine D.
This is accomplished by formulating all the existential quantifiers and disjunctions of
the doctrine’s axioms in terms of explicit algorithms?.

Let us illustrate the concept of formulating quantifiers and disjunctions in terms of operations
with a concrete example:

The standard category theory textbooks define kernels of morphisms?® in preadditive categories
as follows: A kernel® of a morphism a: A — B in a category € is an object K in € and a morphism
t: K — A such that t+a = 0 with the following universal property: Given any 7: T — A such
that 7-a = 0, there exists a unique® morphism A: T'— K such that A-¢ = 7. The definition can
be depicted in the diagram:

The constructive interpretation of the preceding definition demands algorithms to perform
the following categorical operations:
(1) Given a: A — B, compute an object KernelObject(«) in Obje.
(2) Given a: A — B, compute a morphism

KernelEmbedding(«): KernelObject(a) — A

such that KernelEmbedding(a)+a = 0.
(3) Given a: A — B and 7: T — A such that 7+« = 0, compute a uniquely determined
morphism
KernelLift(a,7): T'— KernelObject(c)

such that KernelLift(«, 7)+<KernelEmbedding(a) = 7.

2This procedure is usually called a skolemization of the axioms [RVO1].

3The existence of (co)kernels of morphisms is required in the doctrine of Abelian categories (cf. Defi-
nition A.44).

4The dual concept of the kernel is the cokernel.

5This assumption implies that ¢ is a monomorphism.
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KernelObject(«) —_
A r\ 0
KernelEmbedding (o)

N

A

KernelLift(a,T)

K

\
N\
\

Let us perform the above operations in a concrete category. The category Q-mat of matrices®

over (the field of rational numbers) Q consists of the following data:
(1) Objg.mat = No.
(2) For two objects m,n in Q-mat, we define Homg.mat(m,n) by Q™.
(3) The composition of morphisms is just matrix multiplication and the identity morphism
of an object m is the m x m identity matrix over Q.

In the following we use the JULIA package CapAndHomalg [CAP21a] to compute the kernel

data of the morphism:

1

2

3

a=3 ———1

julia> using CapAndHomalg
CapAndHomalg v1.1.8
Imported OSCAR's components GAP and Singular_jll
Type: 7CapAndHomalg for more information

julia> LoadPackage( "LinearAlgebraForCAP" )

julia> Q = HomalgFieldOfRationals( )
Q

julia> Qmat = MatrixCategory( Q )
Category of matrices over Q

julia> o = HomalgMatrix( "[ [ 11, [ 21, [ 31 1",3,1, Q) / Qnat
<A morphism in category of matrices over Q>

julia> K = KernelObject( « )
<A vector space object over Q of dimension 2>

julia> ¢ = KernelEmbedding( « )

<A split monomorphism in category of matrices over Q>

6This category is equivalent to the category vecg of finite dimensional Q-vector spaces (cf. Exam-
ple 2.16). More precisely, an object m € Ny in Q-mat corresponds to the Q-vector space Q™ in vecg.
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julia> Display( ¢ )
[[ _2: 1: 0]:
1]

[ _3’ 0’ ]

A split monomorphism in category of matrices over Q

The morphism
(- 12 -8)
T=1———53

satisfies 7+ = 0, hence 7 is uniquely liftable along . Let us compute the induced kernel lift:

julia> 7 = HomalgMatrix( "[ [ 0, 12, -8 1 1", 1, 3, Q) / Qmat
<A morphism in category of matrices over Q>

julia> IsZeroForMorphisms( PreCompose( 7, a ) )
true

julia> A = KernelLift( «, 7 )
<A morphism in category of matrices over Q>

julia> Display( A )
([ 12, -81]1

A morphism in category of matrices over Q
We depict the outputs by the following diagram:
2 \
. 0
-2 10
<73 0 1)
1
e 0 ()2
3

(0 12 -8)

]Vfi::::;__-—~—””0

The kernel object K = 2 encodes the dimension of the space of row-syzygies’ of a and the rows
of the kernel embedding ¢ encodes an actual basis of this space. The kernel lift expresses every
matrix (in this case 7) containing row-syzygies of a as Q-linear combinations of the basis given
by the rows of «.

One of CAP’s most distinguishing features is its derivation mechanism, which facilitates de-
riving categorical algorithms from other existing algorithms by utilizing the constructive proofs
in the standard text books. We illustrate this concept by deriving an algorithm to compute
the images of morphisms in Abelian categories, then using this “derived algorithm” to derive an
algorithm to compute the homology objects of differential pairs.

Let us first state the categorical definition of the image objects:

7I.e., the Q-relations between the rows of a.
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Example A.1 (The computation of images in Abelian categories). The image® of a mor-
phism «: A — B consists of an object I and two morphisms e: A — I and ¢: I — B such that s
is a monomorphism and €+x = a with the following universal property: Given any other triple
(T,0: A— T,7: T — B) with 7 a monomorphism and é«7 = «, there exists a unique morphism
u: I — T such that esu =9 and u+7 = k.

«Q

A \6 ' h/ B
\ O\ I/O /
N1

T

The constructive interpretation of the definition of the image is depicted in the diagram:

A\ @ /B

CoastrictionToImage(a) () ImageEmbedding(a)

5 (O  ImageObject(a) O T
\

UniversalMorphismFromImage(c, [, 7])

|

T

The constructive proof of Lemma A.2 enables us to compute the image data as follows:
(1) The image object can be computed by the CAP formula:

I = KernelObject(CokernelProjection(«)),
(2) The image embedding can be computed by the CAp formula:
k = KernelEmbedding(CokernelProjection(w)).
(3) The coastriction morphism e: A — I can be computed by the CAP formula:
€ = KernelLift(CokernelProjection(a), @)

(4) Consider a triple (7,0: A — T,7: T — B) with 7 a monomorphism and §+7 = a. The
universal morphism u: I — T with esu = § and u+7 = k can be computed by the CAp
formula:

u = ColiftAlongEpimorphism(e, ).
where ColiftAlongEpimorphism is the operation which corresponds to the second axiom
in the definition of Abelian categories (cf. Definition A.44).

8The dual concept of the image is called the coimage.
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Let us illustrate this by computing the image data of the morphism

2 21
11 2
111

o=3
in Q-mat:
julia> « = HomalgMatrix( "[[ 2, 2, 1], [ 1, 1,27, [ 1, 1, 11I", 3,3, Q) / matQ

<A morphism in category of matrices over Q>

julia> ¢ = ImageEmbedding( « )
<A split monomorphism in category of matrices over Q>

julia> Display( ¢ )

trf 1, 1, o1,
[ 0, 0, 111

A split monomorphism in Category of matrices over Q

julia> € = CoastrictionToImage( « )
<A morphism in Category of matrices over Q>

julia> Display( € )

tft 2, 11,
L1, 21,
L1, 111

A morphism in Category of matrices over Q

We depict the outputs in the following diagram:

(1) ——=s
SHREEE
2

The image object I = 2 encodes the dimension of the row-space of a and the image embedding
L outputs an actual basis for this space while the coastriction morphism expresses the rows of «
as Q-linear combinations of the basis given by the rows of ¢.

Example A.2 (The computation of homology in Abelian categories). Let € be an Abelian

category and A = B B, ¢ a differential pair of morphisms, i.e., with a+3 = 0. The homology
object of this pair is defined by the cokernel object of the canonical embedding of the image
object of av in the kernel object of 3 (cf. Definition A.51). Hence, it can be computed by the CAP
formula

CokernelObject(KernelLift(/3, ImageEmbedding())).
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Let us illustrate this by computing the homology object of the differential pair

-2 2
-5 3
1 -2
7T 1
Tl 11 3 —2
-5 2 -1 - -1 -1 -2
2 5 2

in Q-mat:

julia> « = HomalgMatrix( "[ [7/4, -1/2, -1, 1, 11,
[_5’ 21 _1’ O, -1 ] ]”: 2’ 5, Q ) / Qmat
<A morphism in category of matrices over Q>

julia> § = HomalgMatrix( "[ [ -2, 21,
[ -5, 31,
[ 1, 21,
[ 3, 21,

[-1, 211", 5,2, Q) / Qmat
<A morphism in category of matrices over Q>

julia> HomologyObject( a, S )
<A vector space object over Q of dimension 1>

julia> CokernelObject( KernellLift( [, ImageEmbedding( o ) ) )
<A vector space object over Q of dimension 1>

The current implementation of the category Q-mat is accomplished by directly implementing
methods for 66 categorical operations’, and a total of 329 operations become available thanks to
the derivation mechanism (cf. [BP19a] or [GP21a]).

julia> InfoOfInstalledOperationsOfCategory( Qmat )

66 primitive operations were used to derive 329 operations for this category which
* IsEquippedWithHomomorphismStructure

IsLinearCategoryOverCommutativeRing

IsAbelianCategoryWithEnoughInjectives

IsRigidSymmetricClosedMonoidalCategory

IsClosedMonoidalCategory

IsAbelianCategoryWithEnoughProjectives

¥ ¥ X X %

A.1. Categories, Functors and Natural Transformations

In our constructive setting, we are going to work with categories with Hom-setoids. Before
defining this type of categories, let us first review the classical definition of a category.

Definition A.3 (Category, classical definition). A (locally small) category ¢ consists of
the following data:

9The majority of them are expressed in terms of algorithms afforded by computable rings (cf. Defini-
tion 2.32), which in the case of fields are ultimately based on the GAUSSIAN algorithm.
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(1) A class Obj, (objects).

(2) Depending on A, B € Objy, a set Homy (A, B) (morphisms).

(3) Each object A € Obj, has a specified morphism id4 (identity morphisms).

(4) For any pair of morphisms o € Homy(A, B), and f € Homy (B, (), there exists a
specified morphism a+ 8 € Homy (A, C) (composition).

These data are subject to the following two axioms:

(1) For any morphism « € Homg (A, B), the compositions id4 +« and «+idp are both equal
to a.

(2) For any triple of morphisms A % B 502 D the composites a+(S+7) and (a+f3) ey
are equal'®.

The mathematical equality of a pair a, f € Home (A, B) of morphisms is implicitly inherited in
the preceding definition by the assumption that Home (A, B) is a set. However, in the constructive
setting of CAP the mathematical equality of morphisms is provided as an additional algorithm
which acts on pairs of morphisms. In other words, the classical tautology “For any two morphisms
a, 3 € Homg (A, B), either (« = 3) or (o # () holds” should be interpreted constructively. To
this end, CAP adopts a slightly more general notion of a category: The homomorphism sets
Homy (A, B) are not just sets; they are setoids, i.e., a set with an equivalence relation as an
additional datum. The following is the formal definition of this type of categories (cf. [Gutl7]
and [Pos17]):

Definition A.4 (Category with Hom-setoids). A (locally small) category (with Hom-
setoids) ¥ consists of the following data:

(1) A class Obj, (objects).

(2) Depending on A, B € Obj, a set Homg (A, B) (morphisms), equipped with an equiv-
alence relation “=4 p” (congruence of morphisms). If & =4 g f for two morphisms
a, B in Homy (A, B), we say they are congruent.

(3) An algorithm that computes for given A, B and C' in Obj, , @ € Hom¢ (A, B), and
f € Homy (B, C) a morphism a-«f € Homy (A, C) (composition) such that

(a) The composition is compatible with the congruence relation, i.e., if a, &' € Home (A, B),
B,6" € Homy(B,C) with a =4 p o/ and S =p¢c ', then a-f=4c0a - [,

(b) For any triple of morphisms A % B LAY D, we require
a«(B+v) =ap (a+p)+y (associativity).
(4) An algorithm that constructs for given B € Obj, a morphism idp € Homg (B, B)
(identities). Furthermore, for any pair of morphisms A % B EN C, we require
a-idp =4 p a and idg+ 3 =p,c B.
Remark A.5. The above definition encompasses two notions of morphism equality:

e The “syntactic equality” or “naive equality” which signifies that the two morphisms
are treated identically as elements in the morphism sets. This is often accomplished
by checking that the two morphisms are defined by the same data, i.e., that they are
represented similarly on the computer. Due to its simplicity, this syntactic equality is
usually easily verified and is mostly utilized for compatibility purposes. Because any

10Thus denoted by a++7.
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form of comparison between morphisms needs comparing their sources and ranges, this
naive equality necessitates establishing another naive equality on the objects, which is
also often accomplished by checking that the two objects are defined by the same data.

e The “semantic equality” or “mathematical equality” signifies that the two morphisms
are congruent in the sense of the above definition. That is, in CAP, a morphism might
have (syntactically) different representations on the computer. That is, the classical
mathematical interpretation of the set Hom¢ (A, B) can be recovered as the factor set
Homg¢ (A, B)/=4a.p (see [Pos17, The CAP Project]). Implementing the mathematical
equality (i.e., verifying the congruence of morphisms) is typically the first obstacle we
encounter when implementing a new category on the computer, as it typically requires
a non-trivial computation that produces an additional datum'!, commonly referred to
as a witness for morphism equality. When determining morphism congruence, we utilize
naive equality of objects to determine if they have the same source and range. In
other words, we make no effort to introduce mathematical equality on objects. All
categorical invariants and properties can be transmitted from one object to another
once an isomorphism exists between them. As a result, there is no “categorical need”
to verify any kind of mathematical equality on objects.

Convention. Unless otherwise specified, whenever we use the term “equality of morphisms”
or the notation “a = 87 (for two morphisms a and ), we mean the mathematical equality.

Flipping all the morphisms in a category % defines another category:

Definition A.6. The opposite category €°P of a category % consists of the same objects
and morphisms as % after interchanging the source and range of every morphism.

Typically, categories may be enriched with additional structure, transforming them into in-
stances of various doctrines, for example, additive, Abelian, triangulated, and so on. (see Defini-
tions A.24, A.38 and A.44).

Definition A.7. A category % is said to have decidable equality of morphisms (alter-
natively, ¢ is computable) if we can algorithmically decide the congruence between morphisms
with the same source and range. A category % is called computable as instance of a doctrine
D if all the existential quantifiers and disjunctions in the defining axioms of D are realized by
algorithms.

Lift and colift morphisms are ubiquitous in category theory. They are essential ingredients
for defining many categorical concepts such as kernels, cokernels'?, projective objects, injective
objects, etc.

Definition A.8. Let € be a category.

(1) ¥ is said to have decidable lifts if we have an algorithm which for a cospan
A5 B-C

HGee e.g., the equality of morphisms in the FREYD categories and bounded homotopy categories
(cf. Section 2.1.1 resp. Section 3.2).
12And more generally, limits and colimits.
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decides the solvability of the equation x+vy = «, and in affirmative case computes a
particular solution x: A — C. If such x exists, we say that « is liftable along'® v and
we call y a lift morphism'*. of « along ~.

(2) ¥ is said to have decidable colifts if we have an algorithm which for a span

A«<~B-LC
decides the solvability of the equation v+x = «, and in affirmative case computes a

particular solution y: C' — A. If such y exists, we say that a is coliftable along'® v;
and we call x a colift morphism!% of o along 7.

A functor between two categories is a mapping on objects and morphisms which respects
composition and identity morphisms.

Definition A.9. A (covariant) functor F' from a category € to a category Z consists of the
following data:
(1) An algorithm that computes for a given A in ¢ an object F(A) in 2.
(2) An algorithm that computes for a given morphism a: A — B in % a morphism
F(a): F(A) — F(B).
(3) For a given object A in €, we have F(ida) = idp(4).

(4) For given objects A, B,C and a pair of morphisms A = B LNV , we have
Fla:f) = F(a):-F(8).
Remark A.10. A contravariant functor F from % to & is a functor F': €°P — 2.

Similar to the notions of injections, surjections, and bijections between sets, functors between
categories carry analogous notions.

Definition A.11. Let F': € — Z be a functor.
(1) F is called faithful (resp. full, fully faithful) if

Fa p: Homy (A, B) — Homg(F(A), F(B))

is injective (resp. surjective, bijective) for all objects A, B in €.

(2) F is called essentially surjective on objects if for each B in &, there exist an object
A in ¢ and an isomorphism F(4) = B.

(3) F is called conservative if for any morphism f in ¥, F(f) being an isomorphism
implies that f is an isomorphism.

(4) F is called embedding if it is faithful and injective on objects, i.e., F' is injective on
morphisms. In this case F' identifies ¥ with a subcategory of 2.

(5) F is called isomorphism if it is fully faithful and bijective on objects.

Remark A.12. The properties in the previous definition are closed under composition of func-
tors. In other words, if two composable functors satisfy one of the previous properties, then so
does their composition.

13Gee the CAP operation IsLiftable.
1Gee the CAP operation Lift

15See the CAP operation IsColiftable.
16Gee the CAP operation Colift.
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Example A.13. (1) The embedding functor Ab < Grp from the category of Abelian
groups in the category of groups is fully faithful, but it is not essentially surjective on
objects.

(2) The forgetful functor Ring — Ab from the category of rings to the category of Abelian
groups is faithful, but neither full nor essentially surjective on objects.

Lemma A.14. Let F': € — 2 be a faithful functor and f: A — B a morphism in €. If
F(f) is an epimorphism (resp. monomorphism), then f is also an epimorphism (resp. monomor-
phism).

PROOF. Suppose that F(f) is an epimorphism and let g,h: B — C be a pair of morphisms
such that feg = f+h. Then F(f)-F(g) = F(f)+F(h). Since F(f) is epimorphism, it follows
that F(g) = F(h). Since F is faithful, it follows that ¢ = h. The case of monomorphism is
treated similarly. O

Lemma A.15. Let F': € — 2 be a fully faithful functor. Then F is conservative.

PROOF. Let f: A — B be a morphism such that F(f) is an isomorphism. Since F' is full,
there exists a morphism g: B — A with F(g) = F(f)"". It follows that F(f+g) = F(id4) and
F(g+f)= F(idp). Since F is faithful, we have f+g =id4 and g+ f = idp. O

There are also “maps” between functors:

Definition A.16. Given categories ¥ and Z and functors F,G: € — %, a natural trans-
formation 7n: F' — G consists of an algorithm that computes for a given object A in € a
morphism 74: F(A) — G(A) so that for any morphism ¢: A — B in % induces the following
commutative diagram:

F(A) 2 G(4)
F(p) O G(p)
F(B) — G(B)

The morphisms 774 are called the components of 7. A natural transformation 7 is called natural
isomorphism if all its components are isomorphisms. In this case, we depict n asn: F = G.

In the following we define the equivalence of categories:

Definition A.17. Let ¥ and Z be two categories.

e An equivalence between % and 2 consists of the following data:
(1) A functor F : € — 2,

)
(2) A functor G: 2 — €,
(3) A natural isomorphism 7 : idy — F -G,
(4) A natural isomorphism € : G+ F = idg.

In this case, we write F': € = 2, and we say that F' and G are quasi-inverse.
e An isomorphism between % and Z is an equivalence for which all components of 7
and e are identity morphisms.



210 A. FIRST STEPS TOWARD CONSTRUCTIVE CATEGORY THEORY IN CAP

When two categories are equivalent, then all categorical information available in one of them
can be realized unchanged in the other category. In other words, they are categorically identical.
The only difference that could happen, is that they could contain different numbers of isomorphic
“copies” of the same objects.

Equivalences of categories can be characterized as follows:

Proposition A.18. Any equivalence of categories is fully faithful and essentially surjective
on objects. Assuming the axiom of choice, any functor with these properties defines an equivalence
of categories.

PROOF. See [Riel6, Theorem 1.5.9]. O

Definition A.19. A category % is called skeletal if isomorphic objects in ¥ are equal. The
skeleton category sk(%) of a category € is the unique (up to a natural isomorphism) skeletal
category that is equivalent to % .

An adjunction consists of a pair of functors that are related to each other in a particular way.
They are ubiquitous in mathematics and often arise from constructions which enjoy universal
properties. For instance taking the free groups over sets or the free categories over quivers are
adjoint to the corresponding forgetful functors.

Definition A.20. An adjunction from a category ¥ to a category Z is a pair of functors
F:¢=9:G
and, for all P in € and A in 2, a bijection
®p 4: Homg(F(P),A) — Homy (P, G(A)),

which is natural in the sense that for every a: A — B and f: Q — P, the following diagram

Homo (F(P), A) —— . Homy (P, G(4))
F(f)—-a O fe=+G(a)
Homg (F(Q), B) o Homg (Q, G(B))

is commutative. The above adjunction is denoted by F' 4 G; and F' is called the left adjoint
of G, while G is called the right adjoint of F. The unit of the adjunction is the natural
transformation 7: id¢ — F'+G whose component at an object P in % is

and the counit is the natural transformation e: G+ F — idy whose component at object A in &
is

ea =gl 4 (ida)) : FG(A)) — A.

Even though the unit and counit of an adjunction are images of identity morphisms under
the adjunction bijection and its inverse, they completely determine the adjunction:

Lemma A.21. Let F -G be an adjunction, with unit n and counit €. Then
Ppa(e) =np-Gla)
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for any morphism «: F(P) — A, and

for any morphism f: P — G(A).

The following Lemma highlights a very useful relation between adjoint pairs and the associated
unit and counit (see e.g., [Riel6, Lemma 4.5.13)).

Lemma A.22. Let F -G be an adjunction. Then

(1) F is fully faithful if and only if the unit n is a natural isomorphism.
(2) G is fully faithful if and only if the counit € is a natural isomorphism.

Example A.23. Let F': Set — Grp be the functor assigning to each set Y the free group
generated by the elements of Y, and let G: Grp — Set be the forgetful functor, which assigns
to each group X its underlying set. Then F' is left adjoint to G.

A.2. From (pre)Additive Categories to (pre)Abelian Categories

This section provides an constructive approach to the preadditive, linear, additive, pre-
Abelian and Abelian categories. In this section we formulate the existential quantifiers and
disjunctions in the classical definitions of these concepts in terms of explicit algorithms. We refer
to [Gutl17] and [Pos17] for a more in-depth constructive treatment of these concepts.

A category is preadditive if it is enriched over the category Ab of Abelian groups.

Definition A.24. A category % is called preadditive or Ab-category if we have

(1) An algorithm that computes for a given pair of morphisms «, 5: A — B in % a morphism
a+ f[: A— B (addition).
(2) An algorithm that constructs for a given pair of objects A, B in ¢ a morphism 0: A — B
(zero morphism).
(3) An algorithm that constructs for a given morphism a: A — B a morphism —a: A — B
(additive inverse).
(4) For all objects A, B in ¢, the given algorithms turn Homg¢ (A, B) into an Abelian group.
(5) The composition of morphisms is bilinear, i.e., we have
a. (a+a)-B=a-B+ap,
b. a«(f+p)=af+a-p and
for all a,0’: A— B, 3,8: B— C.
A functor F': ¥ — 2 between two preadditive categories is called additive if for any two
objects A, B in ¥ the induced map

Hom(,,;)(A, B) - HOH]@(F(A), F(B))7

FA,B .
e — F(a)

defines a group homomorphism.

Example A.25. Every ring R can be interpreted as a preadditive category € (R) consisting
of only one object, say *, whose endomorphisms are the elements of R (cf. Section 2.1.2).

Linear categories are preadditive categories which are enriched over a category of modules.

Definition A.26. Let k be a commutative ring. A preadditive category ¢ will be called
k-linear category if we have
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(1) An algorithm that constructs for a given element r € k and morphism a: A — B a
morphism r - a: A — B (ring action on morphisms). Furthermore, the ring action
turns Home (A, B) into a k-module.

(2) For all r € k,a: A — B, f: B — C we have r - (a+f) = (r-a)-8 = a«(r-3) (k-
bilinearity of the composition).

A functor F': ¥ — 2 between two k-linear categories is called k-linear if for all pairs A, B
in ¥ the induced map

Homg (A, B) — Homg(F(A), F(B)),

Fyp:
o' — F(a)

is a k-module homomorphism.

Example A.27. If the ring R is a k-algebra for some commutative ring k, then %’ (R) in
Example A.25 is k-linear.

Example A.28. For any commutative ring k and any preadditive category €, there exists
a k-linear category k% and an embedding € < k% such that any additive functor from % to a
k-linear category factors uniquely along ¢ (cf. Section 2.2.1).

Definition A.29. The endomorphism k-algebra'” of a k-linear category % is the (possibly
nonunital) associative k-algebra

End % = @ Homy (A, B)
A,BE?
whose multiplication is defined by the bilinear extension of the following product

a- = {a-ﬁ if Range(ar) = Source(3)

0 otherwise.

Remark A.30. Any morphism a: A — B in € can be interpreted as an element in End €.
Precisely, we identify a with i4 p(«) where i4 p is the natural injection of Home (A, B) in End %'

Remark A.31. If ¥ has finitely many objects then End € is a unital algebra whose unit is given
by 1 := @ acyida.

Example A.32. The path k-algebra of a quiver q is the endomorphism k-algebra of the
k-linear closure category kJFy of the free category Fy defined by g (cf. Example 2.50).

Definition A.33. A k-linear category ¥ is called Hom-finite if Hom¢ (A, B) is finitely gen-
erated as a k-module for all objects A, B in €.

The notion of a locular k-linear category % allows us to visualize € in terms of quiver qy.
For the original treatment we refer to [GR92, §3], [ARS97, Ch. 9] or [Kel07].

Definition A.34. A k-linear category % is called locular if it is small, skeletal and the
endomorphism algebra of every object is local'®. It can be shown that in a locular category the

set of non-invertible morphisms forms a two-sided ideal of morphisms in %', which we call the
radical ideal of ¥ and denote by rady. More precisely, radg (A, B) = Homy (A, B) if A # B,

1"The name is justified by the fact that if ¢ has finitely many objects then End ¢ = Endye Dicec A
where €'® is the additive closure of ¢ (cf. Definition 2.24).
I8A ring is called local if the non-invertible elements form an ideal.
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whereas radg (A, A) is the maximal ideal of the local algebra Endy A. For n > 1, we denote by
radf the two-sided ideal of morphisms generated the compositions of n morphisms in rady. For
two objects A, B in %, the space of irreducible morphisms is defined by

irr¢ (A, B) := radg (A, B)/ rad% (A, B).

Definition A.35. Let k be a field and % a locular k-linear category. The generating quiver
qy of € consists of the following data:

e The vertices of q¢ are labeled by the objects of €.
e The number of arrows from a vertex v4 to vp is given by dim irry (A, B) where irry (A, B)
is the k-vector space of irreducible morphisms from A to B.

Example A.36. Any strong exceptional sequence & in a k-linear triangulated category ¥ is
locular (cf. Definition 6.14).

Example A.37. Let k be a field and % a k-linear category. Suppose % is multilocular,
i.e., each object is a finite direct sum of indecomposables?® with local endomorphism algebras.
Then the skeleton of the full subcategory of ¥ generated by indecomposable objects is locu-
lar (cf. [GR92, §3]). Examples include the category of finite-dimensional modules over finite-
dimensional algebras (cf. [GR92]) and the category of coherent sheaves on a projective variety
X (cf. [Ser55]). Furthermore, their bounded derived categories are also multilocular.

An additive category is a preadditive category which admits all finitary biproducts.

Definition A.38. A preadditive category ¢ is additive if it is equipped with an algorithm
which for a given finite (possibly empty) list of objects Aj,..., A, in ¥ computes their direct
sum, i.e., an object @;-; A; in € together with pairs of morphisms

n
Ly 5
A]’ — @AZ — Aj
=1

for each j € {1,...,n}, such that the identities
a. Z?ﬂ Tgel; = idea?:l A
b. ¢j+m; =id4, and
C. lj*Ty; = 0

hold for all 4,j =1,...,n and i # j.

Remark A.39. By [Bor94a, Proposition 1.3.4], a functor F': ¥ — & between additive categories
is additive if and only if it preserves finite direct sums.

Example A.40. Let R be a ring. The full subcategory of R-mod generated by the free
R-modules of finite rank is additive (cf. Section 2.1.3).

Example A.41. For any preadditive category ¢, there exists an additive category €% and
an embedding functor € < €® such that any additive functor from € to some additive category
factors uniquely along ¢ (cf. Section 2.2.2).

19The maximal ideal of a local ring is formed by the non-invertible elements of the ring (see, e.g.,
[AMG69]).

20An object in a linear category is called indecomposable if it is not a direct sum of two non-trivial
objects.
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The primary doctrine over which homological algebra can be developed is the doctrine of
Abelian categories. MAC LANE proposed the concept and the term in [Mac50], while GROTHENDIECK
is credited with the modern axiomatization in [Gro57].

In our constructive setting we adopt the following definitions of pre-Abelian resp. Abelian
categories.

Definition A.42. An additive category ¥ is called pre-Abelian if

(1) We have an algorithm that computes for a given morphism a: A — B
(a) an object ker(«) in € (kernel object),
(b) a monomorphism ¢,: ker(a) — A such that ¢+« = 0 (kernel embedding) and
(c) for any morphism 7: T — A with 7+« = 0, the algorithm computes a lift for 7
along tq, i.e., a morphism \: 7" — ker(«) such that A+i, = 7 (kernel lift)

T

ELD)
;O
ker(a) ¢ A B,

Lo «

and furthermore, the morphism A is uniquely determined (up to the equality =)
by this property.
(2) We have an algorithm that computes for a given morphism a: A — B

(a) an object coker(«) in € (cokernel object),

(b) an epimorphism 7,: B — coker(a) such that a+m, = 0 (cokernel projection)
and

(c) for any morphism 7: B — T with a+7 = 0, the algorithm computes a colift for 7
along 7y, i.e., a morphism A: coker(a) — T such that 7, +A = 7 (cokernel colift)

[e%

B—= coker(a)
O

A

and furthermore, the morphism A is uniquely determined (up to the equality =)
by this property.
The following proposition is an immediate consequence of the preceding definition.
Proposition A.43. FEvery morphism a: A — B in a pre-Abelian category has a canonical
decomposition
A T2y coker(ta) 25 ker(my) <=2 B
where m,, is the cokernel projection of the kernel embedding v, of o and i, is the kernel embedding
of the cokernel projection m, of a.

Usually, an Abelian category is defined as a pre-Abelian category satisfying the following
equivalent conditions:
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e For every morphism ¢: A — B, the canonical morphism @: coker(t,) — ker(my) in
Proposition A.43 is an isomorphism.
e Every monomorphism is a kernel embedding of its cokernel projection and every epi-
morphism is a cokernel projection of its kernel embedding.
By unwrapping the second condition and using the same notations as in Definition A.42, we
get the following definition of Abelian categories.

Definition A.44. A pre-Abelian category ¥ is called Abelian if the following holds:

(1) We have an algorithm?! which computes for a given monomorphism a: A < B and
given morphism 7: T'— B with 7.7, = 0 a lift of 7 along «, i.e., a morphism A\: T'— A
with Aea = 7:

A« B coker(a)

« Mo

The lift morphism A is then uniquely determined because « is a monomorphism.

(2) We have an algorithm?? which computes for a given epimorphism a: A — B and given
morphism 7: A — T with o7 = 0 a colift of 7 along «, i.e., a morphism A\: B — T
with ae A = 7:

ker(a) Lo A

The colift morphism A is then uniquely determined because « is an epimorphism.
The following is an immediate consequence of the definition.

Corollary A.45. Let € be an Abelian category.
(1) A morphism T: T — B is liftable along a monomorphism «: A — B if and only if
T+ = 0 where mq: B —» coker(«) is the cokernel projection of a.
(2) A morphism 7: A — T is coliftable along an epimorphism «a: A — B if and only if
to+T =0 where 1o ker(a) — A is the kernel embedding of c.

Remark A.46. The preceding corollary enables us to enhance the derivation mechanism in CAP
with a derivation rule in Abelian categories for the operation IsLiftableAlongMonomorphism
from the two operations CokernelProjection and IsZeroForMorphisms. This kind of deriva-
tions is called doctrine-based derivation.

In the following we briefly sketch the construction of images in Abelian categories. Images and

their dual notion coimages are essential for many homological computations, e.g., the homology
objects of differential pairs and left and right derived functors.

21See the CAP operation LiftAlongMonomorphism.
22Gee the CAP operation ColiftAlongEpimorphism.
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Definition A.47. We say a category % has images if we have an algorithm that computes
for a given morphism a: A - B in ¥

(1) an object im(«) in ¢ (image object),

(2) amonomorphism &, : im(«a) — B (image embedding) and a morphism ¢, : A — im(«)
(coastriction morphism) such that €, +ky = a.

(3) Given any triple (T,6: A — T,7: T — B) with 7 a monomorphism and J+7 = ¢, the
algorithm computes a morphism u: im(a) — T such that eqeu = § and u+7 = K,
(universal morphism from image object).

A B

T
The dual concept of images is called coimages.

The constructive proof of the following lemma can easily be turned to algorithms (cf. Exam-
ple A.1).

Lemma A.48. Let € be an abelian category. Then € has images and coimages.

PROOF. Define im(«) := ker(m,) where m,: B —» coker(a) is the cokernel projection of «,
and set Ky = Ly, : im(a) — B where ¢, is the kernel embedding of 7.

We set the coastriction morphism e,: A — im(«) to the composition of the first two com-
ponents of the canonical decomposition of a (cf. Proposition A.43), hence, € is an epimorphism
(since € is Abelian). In fact, since a-m, = 0, €, is the kernel lift of o along ¢, : im(a) — B.

Consider a triple (7,6: A — T,7: T — B) with 7 a monomorphism and 6«7 = a. We need to
compute a morphism u: im(«) — T with €, +u = § and u+7T = Kk,. The coastriction morphism e,
is an epimorphism, thus, a cokernel projection of its kernel embedding. Let ¢, be the kernel em-
bedding of €. Then, te, *0+T = te, * @ = L, *€a* ko = 0+ Ko = 0, and since 7 is a monomorphism,
Le, +0 = 0 as well, i.e., there exists a unique colift morphism u: im(«) — T of § along €,, i.e., with
€o*u =0 (cf. Definition A.44). That is, €4 (ko — U*T) = €q4* ko —€q U T =a—0+T=a—a =0,
i.e., Ko = u+T because €, is an epimorphism. The existence of coimages follows by a similar
argument. O

Remark A.49. In fact, any category with universal epi-mono factorization has images and
coimages (cf. [Pos17, Lemma 1.36]).

Remark A.50. For any morphism « in an Abelian category the objects im(«) and coim(«) are
isomorphic.

The following definition can also be turned into an algorithm (cf. Example A.2).

Definition A.51. Let € be an Abelian category and let A = B 5 Cbea differential pair
of morphisms, i.e., they satisfy a+3 = 0. Let A =% im(a) <= B be an image factorization of «
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and let tg: ker(f) — B be a kernel embedding of 3. Since a+f = 0 and €, is an epimorphism,
we get Ko+ 3 =0, i.e., there exists a unique kernel lift, say &, g: im(a) — ker(53), of x, along ¢g.
Since £, g+tg = Ko and both 15 and K, are monomorphisms, &, g is a monomorphism as well.
We call &, g the canonical embedding of im(c) in ker(f). The homology object or defect of
exactness of the differential pair («, 3) is defined by coker(&, 3).

The following two examples are the primary examples of Abelian categories in this thesis.

Example A.52. Let R be a left coherent ring (cf. Definition 2.32). Then, the category
R-fpmod of finitely presented left R-modules is Abelian. We model this category on the computer
using FREYD categories (cf. Section 2.2.3).

Example A.53. Let k be a commutative ring and &/ a k-linear category. The category
[¢/, €] of k-linear functors from &/ into an Abelian category ¢ is also Abelian (cf. Section 2.2.7).






APPENDIX B

Background from Triangulated Categories

In this chapter we give a compressed account of the triangulated categories and their prop-
erties. For a more extensive treatment we refer to the standard sources, for example [HJR10],
[Hap88], [May01], [GMO03] and [Nee01].

Definition B.1. Let ¥ be an additive category. A structure of a triangulated category
(T,A,Y) on T is given by the following data:
(1) An additive autoequivalence ¥: T — ¥, called the shift autoequivalence of T,
(2) A class A of exact triangles

A% B0 n(A),
subject to the following axioms:

TR 1. The following holds:
(a) Any morphism a: A — B can be completed by an object Cone(a) in ¥ and two
morphisms ¢(«) and 7(«) to an exact triangle

A% B, Cone(a) @), X(A),
called the standard exact triangle associated to a.. The object Cone(«) is called
the standard cone object associated to a.

(b) Any triangle of the form A a4 50— Y(A) is exact.
(c) Any triangle isomorphic to an exact triangle is itself exact.
TR 2. For any exact triangle
A5 BL O R(A),
the triple

B4 o mx) 229 5B,

defines an exact triangle. We refer to this axiom as the rotation axiom.

TR 3. If the rows of the following diagram are exact triangles and u, v are morphisms with
a1 +v = u-ag, then there exists a morphism w (not necessarily unique) that renders the
following diagram

[e%1 L1 st

Ay By 1 Y(Ar)

u @) v O Jw @) S(u)

A2 o B2 = 02 = b)) (Ag)
commutative.

219
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TR 4. Any triple of exact triangles
A%B#U”ﬂ&

and
AL CcSV AR
with v = a+ 8 can be completed via an exact triangle
UL vELwW 5 %0)
into a commutative diagram:

« L ™

A B U Y(A)
O B O U O id
! % ¢ L S— T}
3 ) v O Y(a)
W id I/}/ T =(B)
T o w
2(B) ()

Remark B.2. Since ¥: T — ¥ is an autoequivalence, there is an endofunctor ¥~!': T — T and
an adjunction X! - ¥ whose unit n: idy = Y7'+¥ and counit e: ¥+ X! = idg are natural
isomorphisms.

Remark B.3. By the unit-counit triangle identities, we have for each object A in ¥ the equalities
idy-104) = (27 (na)) sex-1(4) and idg4) = 1x(4) * X(€4). In other words Y lna) = 6511(14) and
Y(ea) = ni(lAy

Remark B.4. Every triangulated category is equivalent to a triangulated category whose shift

functor is an automorphism, i.e., ¥ and £~! are inverses to each other “on the nose”. For details
we refer the reader to [Ver96].

Lemma B.5. Let T be a triangulated category and let
AL BLC L %A
be an exact triangle in . Then the following triangles
A% B 505 n(A),
AL B 505 %A
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and
A% B S C 5 (A
are also ezact.
PROOF. It is easy to prove that each of the given three triangles is isomorphic to
AL BLSC D YA
For instance, the isomorphism from
A% BSOS (A,
is given by the triple (id4, —idg, —id¢). O
Lemma B.6. Let T be a triangulated category and let
AL BLSC D YA
be an eract triangle in €. Then, for any object U in T, the two sequences
Homg (U, A) —% Homg (U, B) —% Homg(U, C)
and
Homg (A, U) <= Homg(B,U) <“— Homg(C,U)
are exact.
PRrROOF. Since Homz (U, —) is an additive functor and a«¢ = 0, it follows that im(—-a) C

ker(—+¢). Let u be some morphism in ker(—-+¢), i.e., u+¢ = 0, then by TR 2 and TR 3, there
exists a morphism w: X(U) — 3(A) inducing a morphism of exact triangles:

—id
U 0 S(U) "0 ()
u @) O Jw @) ¥(u)
B ) C - EA) —— 5 B

If we take x: U — A to be the' morphism which satisfies X(x) = w, then v = y-a and
u € im(—-+«). Hence, ker(—+¢) C im(—+«) and the first sequence is exact. The exactness of the
second sequence follows by a similar argument. O

Definition B.7. Let T be a triangulated category and & an Abelian category. An additive
functor H: ¥ — &7 is called homological functor if for every exact triangle
AL BL 0L 2(A)
the sequence
H(A) By 2% m(e)
is exact. Similarly, a contravariant functor L: ¥ — & is called cohomological functor if for
every exact triangle

H(a)

A% BLC I R(A)

Tt can be computed using the unit of the adjunction =1 - .
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the sequence
L(a) L(v)
L(A) +—— L(B) +— L(C)
is exact. In other words, a cohomological functor from ¥ to &7 is a homological functor from ¥
to o7/ °P.

Example B.8. Let U be an object in a triangulated category ¥, then the functor Homs (U, —): T —
Ab is a homological functor, while Homz(—,U): ¥ — Ab is a cohomological functor. This is an
immediate consequence of Lemma B.6.

Example B.9. Let € be an Abelian category. Then its homotopy category K (%) is trian-
gulated and the 0-cohomology functor H’: k(%) — % is cohomological.

Lemma B.10. Let ¥ be a triangulated category and let A, B,C be objects in X. If
Homgz (X" (C), A) 2 Homs (X" (C),B) =0
for all r > 0, then
Homg (X" (C'), Cocone(ar)) =0
for all r > 0 and morphisms oc: A — B.
PROOF. Since ¥ is an autoequivalence, the assumption Homg (X" (C), A) = Homs (X" (C), B) =

0 for all » > 0 is equivalent to Homz(C,X"(A)) = Homg(C,X"(B)) = 0 for all r < 0. Since
Homg(C, —) is a homological functor, we get the following long exact sequence

—+(-Z7%(a)) —(-Z7%()

Homgs(C,$73(B))
—-(=37!(m)

Homg (C, £73(Cone(w)))

Homgs(C,¥71(B))
—+(=3Y(m))

Homgz(C, A) Homgz(C, B)

—ea —-L

from which we find out that Homz(C, X" (Cone(a))) = 0 for all r < —1, which holds if and
only if Homg(C, X" (Cocone(a))) = 0 for all » < 0, which is equivalent to the desired assertion:
Homg (X"(C'), Cocone(ar)) = 0 for all r > 0. O

Lemma B.11. If the morphisms u,v in TR 3 are isomorphisms, then so is w.
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Proor. By the TR 2, we can extend the morphism of exact triangles in TR 3 to the fol-
lowing commutative diagram:

a1 “ m —%(a1)

Ay B Ch Y(Ar) ¥(B1)
u v Jw 2(u) E(v)
Ao - By _ s _ 2(Ay) ——— S(By)

For an arbitrary object U in ¥, applying Homs (U, —) gives rise to a commutative diagram
whose rows are exact sequences and whose first and last two columns are isomorphisms. Hence, by
the 5-lemma, the morphism —+w: Homg (U, Cy) — Homg (U, C9) is also an isomorphism. Hence,
by Corollary 2.89, w is also an isomorphism. O

Remark B.12. By repeatedly applying TR 2 and the fact that 3 is conservative (see Lemma A.15),
we can prove that if two out of w,v and w are isomorphisms, then so is the third.

Lemma B.13. Let € be a triangulated category. A triangle
AL BLSC D YA
is exact if and only if

B4 5 xa) 2,

%(B)
18.

PrRoOOF. The direct implication follows from TR 2. To prove the converse, we need to
construct an exactness witness, i.e., an isomorphism ¢: C' = Cone(a) with ¢+ = () and

Yem(a) =T
Applying TR 2 multiple times to
AL BL 0L 2(A)

yields the following two exact triangles:

s(4) 29 wg) Y, w0y 220, 52(0)
and
2(4) =2 5By 21 v Cone(a)) —2T9, 2 4),

By TR 3 and Lemma B.11, there exists an isomorphism w: 3(C) — X(Cone(wa)) with
Y()sw =3(1(a)) and weX(7(a)) = X(7). The functor ¥ is fully faithful, hence by Lemma A.15,
it is also conservative, i.e., there exists a (unique) isomorphism t: C' — Cone(a) with 3(¢)) = w.
Since ¥ is faithful, we have ¢+¢ = ((a) and ¢ «7(a)) = 7 as desired. O

Lemma B.14. Let T be a triangulated category. A triangle
A% B 0T n(A)
is exact if and only if its inverse rotation triangle

no(e) 2OV, o, e, (510

18.
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PRrROOF. The assertion follows by Lemma B.13 and by the fact that the rotation of the triangle

(-=7'm)

(o) A% B v (37H0))

is isomorphic to the triangle
AL BLC D YA
via the following isomorphism of triangles?:

A « B L C T Z(A)
ida O idp O nc O ids(a)
A a B Lenc 2(271(0)) %(4)

—3(=27}(7)) - X(ea)

O
Corollary B.15. Let ¥ be a triangulated category with shift automorphism 3. Then a triangle
AL BL oL 2(A)
1s exact if and only if its inverse rotation

- (x «a L
i (o) QNG NN SNV

is also ezxact.
Corollary B.16. Let T be a triangulated category with shift automorphism X and let
AL BLC L xA)
be an exact triangle in T. Then, for any object U in X, the following long sequences

—(=27(@) —(-27'()

Home (U, ©71(B))

Homg (U, X71(C))

2See Remark B.3
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and
O ome(31(B),0) T Home(5-1(C), U)
/—\ (=27 ()~ \_/
Homg (A, U) & Homg (B, U) v Homg(C,U)
e
Homs(£(4), U) —— D" Homg(3(B),U) — — ...
are exact.

PROOF. By repeatedly applying the axiom TR 2 and Corollary B.15, we can extend the
exact triangle
A% B4 C T 5(A)
into a so called helix, i.e., an infinite sequence of morphisms in ¥ where each three consecutive
morphisms form an exact triangle. Henceforth, the assertions follow by applying the functors
Homg (U, —) resp. Homz(—,U) on the morphisms of the helix, and then by Lemma B.6. a

Notation B.17. For any integer ¢ > 0, we denote by

(1) xi the i-fold composition of the autoequivalence 3,
(2) ¥~¢ the i-fold composition of the autoequivalence ¥~ and
(3) X0 the identity functor ids.

Lemma B.18. Let ¥ be a triangulated category with shift automorphism % and let
A5 BLOD2(A)
be an exact triangle in ¥. Then for all i € Z, the triangle

E%A) 2 (a) E%B) () 21(0) (—1)*E%(m) Eerl(A)
s also exact.

PRrROOF. By applying the the rotation Axiom TR 2 three times on the given exact triangle,
we get the exact triangle:

s(4) 229 5By Y, w0y 2D, 52(4),
Hence, by Lemma B.5 the triangle
2(4) 2 w(B) 2 no) 227 v2(4)
is also exact. Similarly, by applying Corollary B.15 three times, we get the exact triangle:
2-1(A) -3 (o) >-1(B) -2 »-1(0) —-X!(m) A,

i.e., the triangle

-1(y -1, _y—1(p
E() 2() Zfl(c) Z()A

ST (4) =74(B)
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is also exact. Therefore, the assertion follows by a forward resp. backward induction on the
values of ¢ > 0 resp. ¢ < 0. ]

Corollary B.19. Let T be a triangulated category. Then any morphism a: A — B in T can
be extended, up to isomorphism®, to only one exact triangle.

PROOF. Any exact triangle of the form
A5 BLCD (A
is, by Lemma B.11, isomorphic to the standard exact triangle

A% g1, Cone(a) ), Y(A)

associated to «, simply by setting u resp. v to id4 resp. idp. O

Remark B.20. By Corollary B.19, exact triangles with equal domains define an equivalence
relation on the set of all exact triangles and each equivalence class can be represented by a
standard exact triangle.

Definition B.21. A witness of exactness of a triangle
A% BY Oy
is defined by an isomorphism \: C' = Cone(a) which satisfies 1+ A = () and A-7(a) = 7.

Lemma B.22. Let ¥ be a triangulated category. Then a morphism a: A — B in ¥ is an
isomorphism if and only if Cone(«) is zero.

PROOF. If « is an isomorphism, then the assertion follows by TR 1, TR 3 and Lemma B.11:

A 2 B @) Cone(a) ) Y (A)
o~ O idp |~ O Jw:~ O E(a)
B O B 0 ¥(B)

On the other hand, if Cone(a) is zero, then the triangle A < B — 0 — (A) is exact and
so is then its inverse rotation 0 — A = B — 0. Hence, by TR 1, TR 3 and Lemma B.11 there
exists an isomorphism of exact triangles

[e%

0 A B 0
~ O idg |~ O Jw : ~ O
0 A W A 0

O

Furthermore, we find in [LHO9, Exercise 1.4.2.1], [NeeO1, pp. 42-45] or [Hap88, Lemma
1.4] the following equivalent statements.

3Not necessarily unique.
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Lemma B.23. Let T be a triangulated category and a: A — B a morphism in T and

(@)

A% B Cone(a) — X(A)

the standard exact triangle associated to «; then the following statements are equivalent:

(1) « is a monomorphism,

(2) () is an epimorphism,

(3) m(a): Cone(a) — 3(A) is zero,

(4) there exist morphisms A < B <~ Cone(a) such that

as+s =idy, sca+i(a)-t =idp, tei(a) = idcone(a)s
i.e., B= A& Cone(a).
In other words, every monomorphism in a triangulated category is split and every epimor-

phism is also split.

Definition B.24. Let F': 1 — T3 be an additive functor between triangulated categories.
Then F' is called exact if

(1) There exists a natural isomorphism p: 3+« F = F 3.
(2) IfA% BS C 5 $1A is an exact triangle, then the triangle

F(C)
is as well.

Remark B.25. Let T1,%5 be two triangulated categories. For any exact functor F': ¥ — %o,
there is a natural isomorphism 21—1 = FeYy ! This is a direct consequence of Lemma 2.86
and the following isomorphisms for any object A in ¥ and U in %,

Homs, (U, F(Z7(4))) = Hom, (Sa(0), So(F(S7(4))))
> Homs, (S(U), F(21(311(4))))
= Homg, (S2(U), F(A))
~ Homs, (U, 5 (F(A))).

Definition B.26. Let T be a triangulated category. A full replete* additive subcategory ®
of ¥ is called triangulated subcategory of ¥ if

(1) D is closed under the functors ¥ and 71
(2) For any exact triangle A <> B % C = %(A) in %, if A and B are in D, then C is also
in ©.
A triangulated subcategory ® is called thick if for any direct sum A & B in ©, both A and B
are also in ®. In other words, ®© is closed under taking direct summands.

Remark B.27. Since ¥ is an autoequivalence and the triangulated subcategory ® is closed
under ¥ and £ 7!, we can restrict ¥ to an autoequivalence on ®. A triangle in ® will be declared
as exact if it is exact in €. In this way, ® is a triangulated category and the inclusion functor
® — T is exact.

4A subcategory 2 C € is called replete if for any object A in 2 and any isomorphism a: 4 = B in
%, both B and « are also in Z.
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Remark B.28. For any triangulated subcategory & C ¥, the rotation axiom TR 2 implies that
for any exact triangle A % B % C = ¥(A) in ¥, if two out of the objects A, B or C are in D,
then so is the third.

Example B.29. Let F': 1 — %5 be an exact functor. Then the full subcategory generated
by ker(F') .= {A € T;|F(A) = 0} is a triangulated subcategory of ¥;.

Lemma B.30. Let F': 1 — Ty be an exact functor between triangulated categories. If F
admits a right adjoint G: T2 — %1, then G is also exact.

PRrOOF. In the following we will only construct the natural isomorphism p: ¥9:G — G+%4
that turns G into an exact functor. For a complete proof we refer the reader to [Nee01, Lemma
5.3.6] or [HuyO06, Proposition 1.41]. Let A be an object in Ty. Since F is exact we can construct
a natural isomorphism ¢: Homg, (—, G(22(A4))) = Homg, (—,X1(G(A))), whose component at
an object U in T is given by the isomorphism &;: Homg, (U, G(¥2(A4))) — Homg, (U, X1(G(A)))
defined by the following equalities:

Homfl(U7 G(EQ(A))) = HomTQ (F(U

= Homg, (U, £1(G(A4))).
By Lemma 2.86, the natural isomorphism £ corresponds to the canonical isomorphism p4 =
§a(sa(A)) (idg(zz(A))> : G(X2(A)) — 21(G(A)). This defines the natural isomorphism p: Y9G =
G-¥1, A— pa. O



APPENDIX C

A Demo for Computing Ext"(A, B) as Hom(A,¥X"(B)) in
D'(Q[z, y]-fpmod)

Let Q be the field of rationals and R the polynomial ring Q[x,y]. The category R-fpmod
of finitely presented left R-modules can be modeled by the FREYD category A(R-rows) where
R-rows is the category of rows over R. Since R is computable and commutative, the cat-
egory A(R-rows) is Abelian with enough projectives and is equipped with an A(R-rows)-
homomorphism structure that is equivalent to the external Hom bifunctor (cf. Section 2.2.3).

The R-module Q is presented by the matrix (). In the following we construct Q as an object
in A(R-rows) and compute Ext!(Q, Q) using two approaches.

We start by loading the JULIA package CapAndHomalg [CAP21a] and the GAP packages
FreydCategoriesForCAP [BP19a] and DerivedCategories [Sal21c]:

julia> using CapAndHomalg

CapAndHomalg v1.1.8

Imported OSCAR's components GAP and Singular_jll
Type: 7CapAndHomalg for more information

julia> LoadPackage( "FreydCategoriesForCAP" )
julia> LoadPackage( "DerivedCategories" )

Next, we construct the ring R and the categories R-rows and A(R-rows):

julia> Q = HomalgFieldOfRationalsInDefaultCAS( )
GAP: Q

julia> R = Q["x,y"]
GAP: Q[x,y]

julia> Rrows = CategoryOfRows( R )
GAP: Rows( Q[x,y]l )

julia> InfoOfInstalledOperations0fCategory( Rrows )

59 primitive operations were used to derive 238 operations for this category which
IsEquippedWithHomomorphismStructure

IsLinearCategoryOverCommutativeRing

IsRigidSymmetricClosedMonoidalCategory

IsClosedMonoidalCategory

IsAdditiveCategory

* X X ¥ ¥

julia> Rmod = FreydCategory( Rrows )
GAP: Freyd( Rows( Qlx,y] ) )

229
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julia> InfoOfInstalledOperationsOfCategory( Rmod )

57 primitive operations were used to derive 324 operations for this category which
* IsEquippedWithHomomorphismStructure

IsLinearCategoryOverCommutativeRing

IsSymmetricClosedMonoidalCategory

IsClosedMonoidalCategory

IsAbelianCategoryWithEnoughProjectives

* ¥ X ¥

julia> m = HomalgMatrix( "[ [ x ], [y ] 1", 2, 1, R)
GAP: <A 2 x 1 matrix over an external ring>

julia> m = m / Rrows
GAP: <A morphism in Rows( Q[x,yl )>

julia> Q@ = m / Rmod
GAP: <An object in Freyd( Rows( Q[x,y]l ) )>

)

Next, we create the categories C°(A(R-rows)), K?(A(R-rows)) and D?(A(R-rows)); then
interpret Q as an object in D?(A(R-rows)):

julia> Show( Q )

(Rl><2 Rle)

A

julia> C_R = ComplexCategoryByCochains( Rmod )
GAP: Cochain complexes( Freyd( Rows( Q[x,yl ) ) )

julia> K_R = HomotopyCategoryByCochains( Rmod )
GAP: Homotopy category( Freyd( Rows( Q[x,y] ) ) )

julia> D_R = DerivedCategoryByCochains( Rmod )
GAP: Derived category( Freyd( Rows( Qlx,y] ) ) )

julia> Q =Q / C.R/ KR/ DR
GAP: <An object in Derived category( Freyd( Rows( Q[x,y] ) ) ) with active lower bound
0 and active upper bound 0>

The first approach toward computing Ext"(Q, Q) depends on computing it as the n’th derived
functor of the external Hom functor

Hom 4(g-rows)(—, Q) : A(R-rows)’® — A(R-rows) C Ab

i.e., we apply Hom 4(r_rows)(—, Q) “degreewise” on a projective resolution of Q and then we
compute the n’th cohomology object. The second approach depends on Definition 3.52, i.e., on
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computing a generating set for the external Hom group

Eth(Qv Q) = Home(A(R-rows)) (@’ En((@))
The first approach yields only a presentation matrix of Ext"(Q,Q) as an R-finitely presented
module, while the second approach yields an explicit generating set for Ext"(Q, Q) as a group of
morphisms in the bounded derived category.
In the following we perform the first approach:

julia> Q = HomalgMatrix( "[ [ x 1, [y 1 1", 2, 1, R ) / Rrows / Rmod
GAP: <An object in Freyd( Rows( Q[x,yl ) )>

julia> PQ = ProjectiveCochainResolution( Q, true )
GAP: <An object in Cochain complexes( Freyd( Rows( Q[x,y] ) ) ) with active lower bound
-2 and active upper bound 0>

julia> Show( PQ )

(R1X0 Oox1 RIX1)
/]\
(%)

-y
|-1
(R0 Ooxz2 RI?)

A

A

(y’—l‘)

1x0 Oox1 511
(R0 002, o)

julia> Hom_PQ_Q = CochainComplex(
[ HomStructure( DifferentialAt( PQ, -1 ), Q ),
HomStructure( DifferentialAt( PQ, -2 ), Q )
0

1,
)
GAP: <An object in Cochain complexes( Freyd( Rows( Q[x,y] ) ) ) with active lower bound

0 and active upper bound 2>

julia> Show( Hom_PQ_Q )
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(3)
(RIXQ Yy Rlxl)
A
/]\
Y
—T
1
x .
Y
- T
Y
(R1><4 ERIXQ)A
T
(—2 —y)
lo
(3)
(RIXQ Yy RIXI)
A
julia> extl = CohomologyAt( Hom_PQ_Q, 1 )
GAP: <An object in Freyd( Rows( Q[x,y]l ) )>
julia> Show( extl )
Y
y .
- T
T
€T
Y
;I‘ .
y .
(R1><8 R1><2)A
julia> extl = SimplifyObject( extl, infinity )
GAP: <An object in Freyd( Rows( Q[x,y]l ) )>
julia> Show( extl )
Y
y .
- I
;I‘ .
(R1><4 R1><2)A

This says that Extl((@, Q) is presented by the above matrix, i.e., it is generated by two elements
subject to 4 relations.
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In the following we perform the second approach:
Ext'(Q, Q) := Homps(4(r-rows)) (@, st (Q)) :

By Corollary 4.35, D°(A(R-rows)) can be equipped with an A(R-rows)-homomorphism
structure. The generators of Ext!(Q, Q) can be computed via the isomorphism

Yozl@
Hompn 4 rows)) (@ B1(Q)) =2 Hom g(p-rows) (1, H(Q, 31(Q))).
by first computing a generating set for

HOm_A(R-rows) (]1’ H(Q’ El(Q)));

and then computing their pre-images under the isomorphism vg x1(q)-
We start by computing the distinguished object 1 of the A(R-rows)-homomorphism structure
of D*(A(R-rows)):

julia> 1 = DistinguishedObjectOfHomomorphismStructure( D_R )
GAP: <A projective object in Freyd( Rows( Q[x,y] ) )>
julia> Show( 1 )

1x0 Qox1 p1x1
(R —>RX)A

Le., the distinguished object 1 corresponds under the equivalence A(R-rows) = R-fpmod to the
finitely presented row R-module R'*1.
Next, we compute H(Q, ~1(Q)) in A(R-rows):

julia> H_Q_shiftQ = HomomorphismStructureOnObjects( Q, Shift( Q, 1 ) )
GAP: <An object in Freyd( Rows( Q[x,yl ) )>

julia> Show( H_Q_shiftQ )

-y x 1
. r 1
T
)
(R1X5 —Y -1 R1><3)A

Hom 4(r-rows) (1, H(Q, X'(Q))) is generated as an R-module by the following three mor-
phisms:

-y z 1
. x 1
(1 - ) ;T
g1 = (R1XOO(J_xl>R1><1>A (R1><5 -y -1 R1x3)A’
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—y z 1
. z 1
1 T
go = (R1><O Oox1 R1x1)A( ] ) (R1><5 v -1 R1><3)A’
-y z 1
: z 1
(-« - 1) Y
g3 = (R1><O Oox1 R1><1>A (R1><5 —Y -1 R1X3)A'

That is, Homps(4(r rows)) (Q; $1(Q)) is generated (over R) by ¢; == V@}EI(Q) (gi) for i =1,2,3.
julia> ml = HomalgMatrix( "[ [ 1, 0, 01 1", 1, 3, R ) / Rrows
GAP: <A morphism in Rows( Q[x,y] )>

julia> gl = FreydCategoryMorphism( 1, m1, H_Q_shiftQ )
GAP: <A morphism in Freyd( Rows( Q[x,y] ) )>

julia> @1 = InterpretMorphismFromDistinguishedObjectToHomomorphismStructureAsMorphism(
Q, shift( Q, 1), gl )
GAP: <A morphism in Derived category( Freyd( Rows( Q[x,y]l ) ) )>

julia> Show( @1 ) # morphisms in D°(A(R-rows)) are defined by roofs over K'(A(R-rows))

(R? }21x1)/4 « (-1) — (RXO Oox1 }21x1)/1 — Oixo = (R1%0 Ooxo }%1x0)A
) ) )
(ox1 ( z > O1x0
|1 -1 -1
(v)
(R0 Ooxo }%1X0)¢1 © (oo — (RO Oox2 1%1X2)f1 _ ( ‘*% ) & (RY2 Y 1%1x1)A
) ) )
(oxo (z —y) (Jox1
|—2 |2 |2
(R1X0 Ooxo }{1x0)A “ Oixo — (RO Oox1 1%1x1)A ~ Oixo = (R1%0 Ooxo 1%1x0)A

julia> m2 = HomalgMatrix( "[ [ 0, 1, 01 1", 1, 3, R ) / Rrous
GAP: <A morphism in Rows( Q[x,y] )>

julia> g2 = FreydCategoryMorphism( 1, m2, H_Q_shiftQ )
GAP: <A morphism in Freyd( Rows( Q[x,y] ) )>

julia> @2 = InterpretMorphismFromDistinguishedObjectToHomomorphismStructureAsMorphism(
Q, Shift( Q, 1), g2 )
GAP: <A morphism in Derived category( Freyd( Rows( Q[x,y]l ) ) )>
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julia> Show( @2 )

x
(3) X X
(Rlxz Rlxl)A . ( ] ) _ (R1xo Oox1 Rlxl)A — Oixo — (Rlxo Ooxo Rle)A
) ) )
(ox1 ( g ) O1xo0
-1 |-1 -1
(3)
(RIXO (oxo RlXO)A — QOaxo — (R1x0 Oox2 RIXQ)A _ ( 1 ) N (R1><2 Y R1x1)A
) ) )
(Joxo (z —y) Oox1
|2 |—2 |—2
(RO Ooxo RlXO)A © Owo — (RO Oox1 R1><1>A ~ O — (RO Ooxo Rle)A

julia> m3 = HomalgMatrix( "[ [ 0, 0, 11 1", 1, 3, R ) / Rrows
GAP: <A morphism in Rows( Q[x,y] )>

julia> g3 = FreydCategoryMorphism( 1, m3, H_Q_shiftQ )
GAP: <A morphism in Freyd( Rows( Q[x,y]l ) )>

julia> 3 = InterpretMorphismFromDistinguishedObjectToHomomorphismStructureAsMorphism(
Q, shift( Q, 1), g3)
GAP: <A morphism in Derived category( Freyd( Rows( Q[x,y]l ) ) )>

julia> Show( ¢3 )

(V)

(R12 R1x1)A  (-1) — (RXO Oox1 RIXI)A — O — (RO Joxo RlXO)A
) 0 )
(ox1 < z ) (1x0
|-1 -1 -1
(v)
(R1X0 Qoxo RlXO)A e (Oaxo — (RO Oox2 RlXQ)A _ ( ) (R Yy R1><1)A
) ) )
(Joxo (z —y) (Jox1
|—2 |2 |2
(R1¥0 Ooxo RIXO)A e Oixo — (RO Qox1 RIXI)A — Oixo — (RO Qoxo RlXO)A

We notice that 3 = v~ 1(g3) = 0, hence g3 should also be zero:

julia> IsZero( g_3 )
true
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Hence, Ext!(Q, Q) is generated (over R) by {¢1,¢2}. This could have been detected if we
had first simplified H(Q, ¥'(Q)):
julia> sH_Q_shiftQ = SimplifyObject( H_Q_shiftQ, infinity )
<An object in Freyd( Rows( Q[x,y]l ) )>

julia> Show( sH_Q_sigmaQ )

-y

- =
1x4 1x2
(R R,

julia> f = SimplifyObject_IsoToInputObject( H_Q_shiftQ, infinity )
GAP: <A morphism in Freyd( Rows( Q[x,y] ) )>

julia> IsIsomorphism( f )
true

julia> Show( f )

—y T
) . x 1
)iy L

Yy 1 -y
(R1><4 x R1><2)A ) ) (R1><5 Y 1 R1><3)A
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A Demo for the Stable Category of a Frobenius Category

Let E = Qleg, €1, e2] be the Z-graded exterior algebra with dege; = —1,7 = 0,1,2. In the
following, we will equip the category E-fpgrmod of finitely presented graded E-modules with the
class of lifting objects introduced in Example 2.60; then construct its associated stable category.

We start by constructing the Z-graded exterior Q-algebra F:

gap> LoadPackage( "FreydCategoriesForCAP" );
true

gap> LoadPackage( "StableCategories" );

true

gap> Q = HomalgFieldOfRationalsInDefaultCAS( );
Q

gap> S = GradedRing( Q["x,y,z"] );

Qlx,y,z]

(weights: yet unset)

gap> SetWeightsOfIndeterminates( S, [ 1, 1, 1] );
gap> E = KoszulDualRing( S );

Q{e0,el,e2}

(weights: [ -1, -1, -1 1)

Let E-grrows be the category of graded rows over E and A(FE-grrows) its FREYD cat-
egory. Then E-fpgrmod = A(E-grrows) (cf. Example 2.37). It follows from Remark 4.14
and Example 4.9 and Corollary 4.28 that E-grrows and A(E-grrows) are equipped with a
Q-mat-homomorphism structures.

gap> E_GRows = Category0fGradedRows( E );

Graded rows( Q{e0,el,e2} (with weights [ -1, -1, -1 1) )

gap> InfoOfInstalledOperationsOfCategory( E_GRows );

45 primitive operations were used to derive 161 operations for this category which
* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAdditiveCategory

gap> RangeCategoryOfHomomorphismStructure( E_GRows ) ;

Category of matrices over Q

gap> E_fpgrmod := FreydCategory( E_GRows : FinalizeCategory := false );

Category of f.p. graded left modules over Q{e0,el,e2} (with weights [ -1, -1, -1 1)
gap> InfoOfInstalledOperationsOfCategory( E_fpgrmod );

40 primitive operations were used to derive 112 operations for this category which
* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAbelianCategoryWithEnoughProjectives

237
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gap> RangeCategoryOfHomomorphismStructure( E_fpgrmod )
Category of matrices over Q

Next, we equip A(FE-grrows) with the class of lifting objects introduced in Example 2.60.
In order to do so, we need to “add” the corresponding categorical “primitive methods”! to
A(E-grrows) (cf. [Sal21e]).

gap> AddIsLiftingObject( E_fpgrmod,
{cat, obj} -> IsProjective( obj )
);

gap> AddLiftingObject( E_fpgrmod,
{cat, obj} -> SomeProjectiveObject( obj )
);

gap> AddMorphismFromLiftingObject( E_fpgrmod,
{cat, obj} -> EpimorphismFromSomeProjectiveObject( obj )
)3

gap> AddSectionOfMorphismFromLiftingObject( E_fpgrmod,
{cat, obj} -> ProjectiveLift(
IdentityMorphism( obj ),
MorphismFromLiftingObject( obj )

)

gap> AddLiftingMorphismWithGivenLiftingObjects( E_fpgrmod,
function( cat, L_S, alpha, L_R )
local S, R, ell_S, ell_R;
S = Source( alpha );
R = Range( alpha );
ell_S = MorphismFromLiftingObject( S );
ell_R = MorphismFromLiftingObject( R );
return ProjectiveLift( PreCompose( ell_S, alpha ), ell_R );
end

)

gap> Finalize( E_fpgrmod );

gap> InfoOfInstalledOperationsOfCategory( E_fpgrmod );

44 primitive operations were used to derive 283 operations for this category which
* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAbelianCategoryWithEnoughInjectives

* IsAbelianCategoryWithEnoughProjectives

For the documentation of primitive methods we refer to [GSP22].
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Since A(E-grrows) is equipped with Q-mat-homomorphism structure, it has decidable linear
systems (cf. Theorem 4.17). In particular, it has decidable lifts. Hence, we can derive an algorithm
to decide whether a morphism ¢: M — N lifts along ¢ : Ly — N. That is, the associated stable
category has decidable equality of morphisms (cf. Remark 2.56).

gap> CanCompute( E_fpgrmod, "IsLiftable" );

true

gap> CanCompute( E_fpgrmod, "IsLiftableAlongMorphismFromLiftingObject" );

true

gap> stable_E_fpgrmod := StableCategoryByClass0fLiftingObjects( E_fpgrmod );

Stable category( Category of f.p. graded left modules over Q{e0,el,e2} (with weights [
-1, -1, -1 1) ) defined by a class of lifting objects

gap> InfoOfInstalledOperationsOfCategory( stable_E_fpgrmod );

40 primitive operations were used to derive 121 operations for this category which

* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAdditiveCategory

gap> RangeCategoryOfHomomorphismStructure( stable_E_fpgrmod )

Category of matrices over Q

Consider the following objects

( 260 — 461 36061 56061 )

M = (E(1) » B(0) ® B(-1)%%) ,
and
—€Q —260 —360
—3eg ey + 261 2eq + 2e;
deg 4+ 6e2  —3eg + 3e e
N = (E(0)%3 0T 0T 2 E(-1)%),
in A(E-grrows). In the following we construct the morphism
3€0
1
1 . .
p: M N

in A(E-grrows) and check whether [¢] = 0.

gap> sM = GradedRow( [ [ [ 11, 111, E);

<A graded row of rank 1>

gap> rM = GradedRow( [ [ [ 01, 11, [ [ -11, 211, E);

<A graded row of rank 3>

gap> m = HomalgMatrix( "[ [ 2*e0O-4*el, 3xeOxel, 5%elxel ] ]", 1, 3, E );

<A 1 x 3 matrix over a graded ring>

gap> m = GradedRowOrColumnMorphism( sM, m, rM );

<A morphism in Category of graded rows over Q{e0,el,e2} (with weights [ -1, -1, -1 1)>

gap> M = m / E_fpgrmod;

<An object in Category of f.p. graded left modules over Q{eO,el,e2} (with weights [ -1,
-1, -1 1)>

gap> sN = GradedRow( [ [ [ 01, 311, E);

<A graded row of rank 3>



240 D. A DEMO FOR THE STABLE CATEGORY OF A FROBENIUS CATEGORY

gap> rN = GradedRow( [ [ [ -1 1, 311, E);
<A graded row of rank 3>
gap> n = HomalgMatrix( "[ [ -e0, -2%e0, -3*e0 1, \
[ -3*e0, e0+2*el, 2xe0+2%el ], \
[ 4*xe0+6%e2, -3*%e0+3xel, e2 ] 1", 3, 3, E );
<A 3 x 3 matrix over a graded ring>
gap> n = GradedRowOrColumnMorphism( sN, n, rN );
<A morphism in Category of graded rows over Q{e0,el,e2} (with weights [ -1, -1, -1 1)>
gap> N = n / E_fpgrmod;
<An object in Category of f.p. graded left modules over Q{e0,el,e2} (with weights [ -1,

-1, -1 1)>
gap> IsWellDefined( M ) and IsWellDefined( N );
true
gap> phi := HomalgMatrix( "[ [ 1/3%e0, 0, 0 ], \
[1, 0, 01, \
[1, 0, 011", 3,3, E);

<A 3 x 3 matrix over a graded ring>
gap> phi := GradedRowOrColumnMorphism( rM, phi, rN );
<A morphism in Category of graded rows over (Q{e0,el,e2} (with weights [ -1, -1, -1 1)>
gap> phi = FreydCategoryMorphism( M, phi, N );
<A morphism in Category of f.p. graded left modules over Q{e0,el,e2} (with weights [
-1, -1, -1 1)>
gap> IsWellDefined( phi );
true
gap> IsZeroForMorphisms( phi );
false
gap> P = ProjectionFunctor( stable_E_fpgrmod );
Canonical projection onto stable category
gap> Display( P );
Canonical projection onto stable category:
Category of f.p. graded left modules over Q{e0,el,e2} (with weights [ -1, -1, -1 1)
|
v
Stable category( Category of f.p. graded left modules over Q{e0,el,e2} (with weights [
-1, -1, -1 1))
gap> P_phi := P( phi );
<A morphism in Stable category( Category of f.p. graded left modules over Q{e0,el,e2} (
with weights [ -1, -1, -1 1) ) defined by IsLiftableThroughLiftingObject>
gap> IsZeroForMorphisms( P_phi );
true

Since [¢] = 0, there exists a lift morphism E: M — Ly of ¢ along {ny: Ly — N.

gap> L_N = LiftingObject( N );

<A projective object in Category of f.p. graded left modules over Q{eO,el,e2} (with
weights [ -1, -1, -1 1)>

gap> Show( L_N );

(0 (oxs E(_l)@S})A
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gap> ell_N := MorphismFromLiftingObject( N );
<A morphism in Category of f.p. graded left modules over Q{e0,el,e2} (with weights [
-1, -1, -1 1)>
gap> Show( ell_N );
1
—eo —2eg —3eg
—3eg eo + 2e1 2e0 + 2e1
4eq + 6 —3ep + 3
(E(0)®3 eo e e el €2 E(_l)EB?))

(0 22, p(—1)%3)

A A

gap> lambda := WitnessForBeingLiftableAlongMorphismFromLiftingObject( phi );

<A morphism in Category of f.p. graded left modules over Q{e0,el,e2} (with weights [
-1, -1, -1 1)>

gap> Show( lambda );

—2eg 7%60 + %61 71*7260 + %61
1 . .

1 . . .
E(O) @E(*l)@Q)A (0 (oxs E(*I)GBJ)A

( 2eg —4e1  3epe1r  Seper )

(E()
gap> IsCongruentForMorphisms( PreCompose( lambda, ell_N ), phi );
true

Using Remark 4.12 we can compute bases of the Q-vector spaces Hom 4(g_grrows) (M, N ) and
Hom g(g-grrows)/c(P(M), P(N)):

gap> HomomorphismStructureOnObjects( M, N );
<A vector space object over Q of dimension 11>
gap> Hom_MN := BasisOfExternalHom( M, N );;
gap> Length( Hom_MN );

11

The morphism-datum matrices (cf. Definition 2.28) of the above 11 morphisms are given by:

1 1 11 1
e - e - - —13€0 - —z€o —2e9 3 €0 460—362

—210ey 1leg

gap> PM = P( M );;

gap> PN = P( N );;

gap> HomomorphismStructureOnObjects( PM, PN );
<A vector space object over Q of dimension 2>
gap> Hom_PM_PN := BasisOfExternalHom( PM, PN );;
gap> Length( Hom_PM_PN );
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The morphism-datum matrices of the above two morphisms are given by:
*21062 1162
1
The category A(E-grrows) is Abelian with enough projectives and injectives and since F is

a Frobenius algebra, the category A(E-grrows) is Frobenius (cf. Example 5.37).
Next, we compute the natural isomorphism v(M): M = M**.

gap> nu_M = IsomorphismOntoDoubleDualOfFpModuleByFreyd( M );
<A morphism in Category of f.p. graded left modules over Q{e0,el,e2} (with weights [

_13 _1’ -1 ])>
561 . 5
. 5.
—2 _3 .

gap> Show( nu_M );
In the following, we compute a monomorphism q,; from M into some injective object Qas.

2eg —4e1  3eper  Hepey ) ep — 2e1

(r(1) L R(0) & R(-1)°2) , (r(1) L ), R-1)%2 & R(0))

gap> q_M := MonomorphismIntoSomeInjectiveObject( M );

<A morphism in Category of f.p. graded left modules over Q{e0,el,e2} (with weights [
-1, -1, -1 1)>

gap> IsMonomorphism( gq_M );

true

gap> IsInjective( Range( q_ M ) );

true

gap> Show( q_M );

5e1  deg
5

eg — 4de epe epe -3 -2 -4
ozt S 200 ), po) o R(-1)P),

(R(1) (© Oox3 130—1)®3)A

Since [¢] = 0, there exists a colift morphism of ¢ along gas:

gap> lambda := Colift( q_M, phi );

<A morphism in Category of f.p. graded left modules over Q{e0,el,e2} (with weights [
-1, -1, -1 1)>

gap> Show( lambda );

1
5 7 7 —ep —2eq —3eo
2. @ @ —3eg eo + 2e1 2eq + 2e;
()OXS @3 _5 _% _@ ®3 4deg + 6ea —3eg + 3er (2} @3
(0 L R(-1)%%) (R(0) R(-1)77) ,



D. A DEMO FOR THE STABLE CATEGORY OF A FROBENIUS CATEGORY 243

gap> IsCongruentForMorphisms( PreCompose( q_M, lambda ), phi );
true






APPENDIX E

A Demo for the Happel Theorem

Let k be a field, q be a finite right quiver. In Section 2.2.5 we defined the free category Fy, its
linear closure kF, and the k-linear finitely presented category A = kFy/(p) defined by q subject
to a set of relations p C kJFy.

The category of k-linear functors Homy (A, k-mat) is denoted! by mod-A and is called the
category of A-modules?. That is

(1) an object F' in mod-A is a functor F' : A — k-vec and its data structure is a pair of
lists. Namely, a list of vector spaces (represents the images of the objects of A under
F) and a list of k-linear maps (represents the images of the generating morphisms of A
under F);

(2) a morphism 9 : F' — G is a natural transformation and its data structure is a list of
morphisms (represents the images of the objects of A under v)).

In this appendix we use the JULIA package CapAndHomalg [CAP21a] to demonstrate the
following computations:

(1) Create a quiver q, the free category Fy, the k-linear closure kFy and the k-linear finitely
presented category defined by q subject to an admissible set of relations p C kFy.

(2) Construct the Abelian category mod-A of A-modules.

(3) Construct the Yoneda embedding Y : A°? — mod-A and the Yoneda equivalence Y :
A°P® = proj-A and use it to compute the isomorphism classes of the indecomposable
projective objects in mod-A (cf. Corollary 2.90).

(4) Construct the categories C®(mod-A), K’(mod-A) and D’(mod-A) and use the Yoneda
equivalence to construct equivalences

K (AP®) ~ Kb (proj-A) ~ D’(mod-A).

(5) Create an object C in K’(A°P®) and compute its image in D’(mod-A).

(6) Use C to construct a complete strong exceptional sequence & = (Fj, Es, F3, F4) in
mod-A where Ty = @% E; is a generalized tilting object.

(7) Compute the quiver q¢ and the abstraction k-algebroid As of &.

(8) Compute the isomorphism & ~ A s and the equivalences

KP(6%) ~ KP(AZ) ~ KP(As-proj) ~ D'(As).

LAnother widely used notation for mod-A is reps;(q, p) which stands for the p-bounded finite-
dimensional quiver k-representations of q.

2The notation is justified by the equivalence mod-A ~ fdmod-A where A is the quotient k-algebra of
the path algebra kq subject to (p) (cf. Theorem 2.70) and fdmod-A is the category of finite-dimensional
right A-modules.

245
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where A g-proj is the full subcategory generated by projective objects of Ae-mod and
Db(Ag) = D’(As-mod).
(9) Construct the adjoint functors

—®Ts : Ag-mod — mod-A : Hom(Tg, —)
(10) Construct the adjoint derived equivalences
— @Y Te :DY(Ag) = DP(mod-A) : RHom(Ts, —)
and use it to compute an &-replacement of an object D?(mod-A) (cf. Corollary 6.7).
k(&%) ¢—— K'(AD)
S~ b

Y

Hom(Ts,—)

—@LTe

L
\/ ;Cb(AOp,@)

Y

The JuLiA package CapAndHomalg mentioned above provides an interface to various GAP
packages most of which are based on

e homalg project [hom22],
e CAP project [GSP22] and
e HigherHomologicalAlgebra GAP meta-package [Sal21a)].

The GAP package QPA [Qt21] provides the data structure of quivers and their associated
algebras and representations. In particular, it can be used to check equality of morphisms in A
via performing non-commutative Grobner bases computations.

We start by loading CapAndHomalg and the GAP package DerivedCategories [Sal21c]:

julia> using CapAndHomalg

CapAndHomalg v1.1.8

Imported OSCAR's components GAP and Singular_jll
Type: 7CapAndHomalg for more information

julia> LoadPackage( "DerivedCategories" )

(1) Create a quiver g, the free category F;, the k-linear closure kF; and a
k-linear finitely presented category defined by ¢ subject to an admissible set
of relations p C kF.
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Let ¢ be the right quiver:

V2
/ \
U1 Vg
: pre
v3

and let A = kF,/(p) be the k-linear finitely presented category defined by ¢ subject to the set
of relations p = {ab — cd}. The set p is admissible because q is acyclic and every relation in p is
a linear combination of paths of length at least 2.

We start by creating the quiver g:

julia> q = RightQuiver( "q(v1,v2,v3,v4) [a:v1i->v2,b:v2->v4,c:v1->v3,d:v3->v4]" )
GAP: q(v1,v2,v3,v4) [a:v1->v2,b:v2->v4,c:v1->v3,d:v3->v4]

Next, we assign IXTEX strings to the vertices and arrows of q and q°P:

julia> SetLabelsAsLaTeXStrings( q,
[ "v_i", "v_2", "v_3", "v_4" ],
[ "a", "b", "c", "d" ]
)3
julia> q_op = OppositeQuiver( ¢ )
GAP: q_op(vl,v2,v3,v4) [a:v2->v1l,b:v4->v2,c:v3->vl,d:v4->v3]
julia> SetLabelsAsLaTeXStrings( q_op,
[ "v_i", "v_2", "v_3", "v_4" ],
[ "a", "b", "c", "d" ]
)3

julia> F_q = FreeCategory( q )
GAP: Category freely generated by the right quiver q(vil,v2,v3,v4) [a:v1->v2,b:v2->v4,c:
v1->v3,d:v3->v4]

julia> Q = HomalgFieldOfRationals( )
GAP: Q

julia> k = Q

GAP: Q

julia> kF_q = k[ F_q ]
GAP: Algebroid( Q * q )

julia> p = [ PreCompose( kF_gq."a", kF_g."b" ) - PreCompose( kF_q."c", kF_q."d" ) ]
1-element Array{GapObj,1}:
GAP: (v1)-[-1*(cxd) + 1*(a*b)]1->(v4)

julia> A = kF_q / p
GAP: Algebroid( (Q * q) / [ -1x(cxd) + 1x(axb) ] )

julia> InfoOfInstalledOperationsOfCategory( A )
23 primitive operations were used to derive 63 operations for this category which
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* IsEquippedWithHomomorphismStructure
* IsLinearCategoryOverCommutativeRing

We can construct the objects of A by using their labels as vertices in q:

julia> v1 = A."v1"

GAP: <(v1)>
julia> v2 = A."v2"
GAP: <(v2)>
julia> v3 = A."v3"
GAP: <(v3)>
julia> v4 = A."v4"
GAP: <(v4)>

The list of all objects of A:

julia> SetOf0Objects( A )
GAP: [ <(v1)>, <(v2)>, <(v3)>, <(v4)> ]

The category A is equipped with a homomorphism structure over k-mat (cp. Example 4.13):

julia> RangeCategoryOfHomomorphismStructure( A )
GAP: Category of matrices over Q

julia> HomomorphismStructureOnObjects( v1, v4 )
GAP: <A vector space object over Q of dimension 1>

So, Homa (v1,v4) is a 1 dimensional k-vector space. Its basis is given by:

julia> B_vl_v4 = BasisOfExternalHom( vi1, v4 )
GAP: [ (v1)-[{ 1x(a*b) }]1->(v4) ]

Morphisms can also be created by their labels as arrows in q:

julia> b = A."b"
GAP: (v2)-[{ 1*(b) }]->(v4)
julia> Show( b )

vy — (b) = vy

The list of all generating morphisms?® of A:

julia> SetOfGeneratingMorphisms( A )
GAP: [ (vD-[{ 1x(a) }]->(w2), (v2)-[{ 1x(b) }]->(v4), (v1)-[{ 1*(c) }->(v3), (v3)-[{
1x(d) }->w4) ]

3Le., the morphisms that are represented by the arrows of .
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(2) Construct the category mod-A ]

julia> k_vec = MatrixCategory( k )
GAP: Category of matrices over Q

The category mod-A can be constructed by using the GAP package FunctorCategories
[BS21a]:

julia> mod_A = Hom( A, k_vec )

GAP: The category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1x(axb) ] ) ->
Category of matrices over Q

julia> InfoOfInstalledOperationsOfCategory( mod_A )

120 primitive operations were used to derive 312 operations for this category which

* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAbelianCategoryWithEnoughInjectives

* IsAbelianCategoryWithEnoughProjectives

Let us create the following morphism ¢: F — G:

];:1 (1
A
(-1-4) \\\\\\\\\\\\\\\\ 0
4x0
5 o kl / \)s
/‘
(1) ()2x0

N

As mentioned above, the data structure of an object in mod-A is a pair of lists: list of
k-vectors spaces and a list of k-linear maps:

julia> Fvl = 4 / k_vec;
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julia> Fv2 = 2 / k_vec;

julia> Fv3 1 / k_vec;

julia> Fv4 = 2 / k_vec

GAP: <A vector space object over Q of dimension 2>
julia> Fa = HomalgMatrix(

"ffo,01, 1,01, [0, 11, [0,011", 4, 2, k) / k_vec;
julia> Fb = HomalgMatrix( "[ [ O, 1], [ 0o, 011", 2,2, k) / k_vec;
julia> Fc = HomalgMatrix( "[ [ 01, [ 11, L 01, [011", 4,1, k) / k_vec;
julia> Fd = HomalgMatrix( "[ [ O, 1 ] 1", 1, 2, k) / k_vec

GAP: <A morphism in Category of matrices over Q>

julia> F = AsObjectInFunctorCategory( A, [ Fvl, Fv2, Fv3, Fvd ], [ Fa, Fb, Fc, Fd ] )
GAP: <(v1)->4, (v2)->2, (v3)->1, (v4)->2; (a)—->4x2, (b)->2x2, (c)->4x1, (d)->1x2>
julia> Show( F )

V1 ]ﬂlX4

vy leQ

vy ]ClXI

vy > k1><2

a L
1

b — ( 1 )

1
c

julia> IsWellDefined( F )
true

The object F' is a functor, so we can apply it to morphisms of A:

julia> m = PreCompose( A."a", A."b" )
GAP: (v1)-[{ 1x(axb) }]->(v4)
julia> Show( m )

v; — (ab) — vy
julia> F.m = F( m )

GAP: <A morphism in Category of matrices over Q>
julia> Show( F_m )



julia>
julia>
julia>
julia>

julia>
julia>
julia>
julia>

GAP: <(v1)->1,

Gvl
Gv2
Gv3
Gv4

Ga =
Gb =
Gc =
Gd =

The data

julia>
julia>
julia>
julia>

P_vil
P_v2
P_v3
P_vé
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k1X4

1/ k_vec;
4 / k_vec;
2 / k_vec;
0 / k_vec
GAP: <A vector space object over Q of dimension 0>
HomalgMatrix( "[ [ 0, 1, 0, 01 1", 1, 4, k) / k_vec;
HomalgZeroMatrix( 4, 0, k ) / k_vec;
HomalgMatrix( "[ [ 1, 01 1", 1, 2, k) / k_vec;
HomalgZeroMatrix( 2, 0, k ) / k_vec
GAP: <A morphism in Category of matrices over Q>
julia> G = AsObjectInFunctorCategory( A, [ Gvl, Gv2, Gv3, Gv4 ], [ Ga, Gb, Gc, Gd ] )
(v2)—>4, (v3)->2, (v4)->0; (a)->1x4,
julia> Show( G )

kle

(b)->4x0, (c)->1x2, (d)->2x0>

v klxl

vy k1X4

vy leZ

vy leO

a — (-1 )
b ()axo

c (1 )
d — ()2x0

structure of a morphism in mod-A is a list of k-linear maps:

HomalgMatrix( "[ [ 01, [ 11,

(ol,

Lol 1", 4, 1, k) / k_vec;

HomalgMatrix( "[ [ 0, 1, 0, 01, [0, 0, 0, 01 1", 2, 4, k) / k_vec;
HomalgMatrix( "[ [ 1, 01 1", 1, 2, k ) / k_vec;

HomalgZeroMatrix( 2, 0, k ) /

k_vec

GAP: <A morphism in Category of matrices over Q>
julia> v = AsMorphismInFunctorCategory (

)

F

[’w_vl, Y_v2, Y_v3, _va ]
G

>

GAP: <(v1)->4x1, (v2)->2x4, (v3)->1x2, (v4)->2x0>

251
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julia> Show( % )

vy

wos (000
v (1 )
vy ()2x0

julia> IsMonomorphism( ¥ )
false
julia> IsEpimorphism( v )
false

Since q is acyclic and A is admissible, the category mod-A is Abelian with enough injectives
and projectives and its global dimension is bounded by the number of vertices of ¢. Let us
compute the kernel object and kernel embedding of :

julia> K_1) = KernelObject( % )

GAP: <(v1)->3, (v2)->1, (v3)->0, (v4)->2; (a)->3x1, (b)->1x2, (c)->3x0, (d)->0x2>
julia> Show( X_% )

1
v |1
1
vy (1)
V3 (Jox1

w0

Furthermore, mod-A is has homomorphism structure over k-mat:

julia> RangeCategoryOfHomomorphismStructure( mod_A )
GAP: Category of matrices over Q

julia> HomStructure( F, G )

GAP: <A vector space object over Q of dimension 1>
julia> HomStructure( G, F )
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GAP: <A vector space object over Q of dimension 6>

julia> Hom_GF = BasisOfExternalHom( G, F );

julia> 7 = -5 * Hom_GF[3] + 2 * Hom_GF[5] + 15 * Hom_GF[6]
GAP: <(v1)->1x4, (v2)->4x2, (v3)->2x1, (v4)->0x2>

julia> Show( 7 )

-5
(o 2
15
vy ()
vy (Jox2

julia> P_F = SomeProjectiveObject( F )

GAP: <(v1)->4, (v2)—>4, (v3)—>4, (v4)->5; (a)—>4x4, (b)->4x5, (c)—->4x4, (d)->4x5>
julia> IsProjective( P_F )

true

julia> Show( P_F )
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v ]€1X4
vy > k1X4
vy > ]CIX4
vy k1X5
1 -
— L
a 1 .
1
1 -
1 -
b — ..
1
1 -
> L
c 1 .
1
1 .
1 .
d — 1.
1

julia> 7_F = EpimorphismFromSomeProjectiveObject( F )
GAP: <(v1)-—>4x4, (v2)->4x2, (v3)->4x1, (v4)->5x2>
julia> Show( 7_F )
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1 .
1 .
V1 1 .
1
1 .
vy > 1
1
vy
1
V4
1

julia> I_F = SomelInjectiveObject( F )

GAP: <(v1)->5, (v2)->3, (v3)->2, (v4)->2; (a)->5x3, (b)->3x2, (c)->b6x2, (d)->2x2>
julia> IsInjective( I_F )

true

julia> Show( I_F )
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v leS
vy k1><3
vy k1><2
vy k1X2
a 1 -
1 .
1
b — 1 -
1
c :
1 -
1

julia> (_F = MonomorphismIntoSomeInjectiveObject( F )
GAP: <(v1)->4x5, (v2)->2x3, (v3)->1x2, (v4)->2x2>
julia> Show( ¢_F )
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V1 ]€1><5
vy leB
vy > k1><2
vy k1><2
a +— 1 -
1 .
1
b — 1 -
1
c .
1 .
1

(3) Construct the Yoneda embedding Y : A°® < mod-A and the induced
Yoneda equivalence Y : A°®»® = proj-A.

The Yoneda embedding Y : A°? — mod-A maps an object v € A°P to the functor P, :=
Y (v) = Homa (v,-) : A — k-mat. It is well known that the images of the Yoneda embedding
are projective objects in mod-A. We start by creating the opposite algebroid A°P:

julia> A_op = OppositeAlgebroid( A )

GAP: Algebroid( (Q * q_op) / [ -1x(d*c) + 1x(b*a) 1 )
julia> Y = YonedaEmbedding( A_op )

GAP: Yoneda embedding functor

julia> Display( Y )

Yoneda embedding functor:

Algebroid( (Q * gq_op) / [ -1x(d*c) + 1x(b*a) 1 )
|
v
The category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1*x(a*b) ] ) -> Category of
matrices over Q
julia> IsIdenticalObj( RangeOfFunctor( Y ), mod_A )
true
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Since A is admissible, the images of the Y are, up to isomorphism, the indecomposable
projective objects of mod-A.

V2 P2
/ \ / \
V4 Y P4
c %
V3

\ — h -

Py
julia> P1 = Y( A_op."vl" )
GAP: <(v1)->1, (v2)->1, (v3)—>1, (v4)->1; (a)->1x1, (b)->1x1, (c)->1x1, (d)->1x1>
julia> Show( P1 )

U1
A°P

mod-A

v kZIXI
V2 = k1X1
vy klxl
V4 k’lX1
a — (1)
b — (1)
c — (1)
d — (1)

julia> P2 = Y( A_op."v2" )
GAP: <(v1)->0, (v2)->1, (v3)->0, (v4)->1; (a)->0x1, (b)->1x1, (c)->0x0, (d)->0x1>
julia> Show( P2 )

(S leO
(o k1X1
vy k1><0
vy lel
a ()0><1
b — (1)

c = (Joxo

d — ()0><1
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julia> P3 = Y( A_op."v3" )
julia> Show( P3 )

julia> P4 = Y( A_op."v4" )
julia> Show( P4 )

In the following we apply Y to the morphism A°P? > a = ba : v4 — V1
julia> o = PreCompose( A_op."b", A_op."a" )

V1 ]CIXO
(O k1><0
vy ]ﬁbd
vy lel
a = (Joxo
b — ()0><1
c = ()0><1
d — (1)
(S ]CIXO
(= k1><0
vy k1><0
vy lel
a = (Joxo
b — ()0><1
c — (Joxo
d ()0><1

GAP: (v4)-[{ 1x(b*xa) }]1->(v1)

julia> Show( « )

julia> P_a = Y( a )
GAP: <(v1)->0x1, (v2)->0x1,
julia> Show( P_a )

vg — (ba) — vy

(v3)->0x1, (v4)->1x1>

259
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v = (Jox1
va = (Jox1
v3 = (Jox1

V4 (1)

If we restrict the Yoneda embedding Y : A°P? — mod-A to its image, we get an isomorphism
Y: A°? = indy(proj-A)

where indg(proj-A) is the skeletal of the full subcategory generated by the indecomposable
projective objects in mod-A. In the following we construct this isomorphism:

julia> indO_proj_A = FullSubcategoryGeneratedByIndecProjectiveObjects( mod_A )

GAP: Full subcategory generated by the 4 indecomposable projective objects( The
category of functors: Algebroid( (Q * q) / [ -1x(c*d) + 1x(axb) ] ) -> Category of
matrices over Q )

julia> indO_proj_ Al 1 ]

GAP: An object in full subcategory given by: <(vi)->1, (v2)->1, (v3)->1, (v4)->1; (a
)—>1x1, (b)—>1x1, (c)->1x1, (d)->1x1>

julia> IsEqualForObjects( P1, UnderlyingCell( indO_proj_A[ 1 1 ) )

true

julia> KnownFunctors( A_op, indO_proj_A )

1: Yoneda isomorphism

julia> Y = Functor( A_op, indO_proj_A, 1)

GAP: Isomorphism functor from Algebroid onto full subcategory generated by
indecomposable projective objects

julia> Display( Y )

Isomorphism functor from Algebroid onto full subcategory generated by indecomposable
projective objects:

Algebroid( (Q * q_op) / [ -1x(d*c) + 1x(b*xa) ] )
|
v
Full subcategory generated by the 4 indecomposable projective objects( The category of
functors: Algebroid( (Q * q) / [ -1x(c*d) + 1*(axb) ] ) -> Category of matrices
over Q )
julia> Y( A_op."v1" )
GAP: An object in full subcategory given by: <(vi)->1, (v2)->1, (v3)->1, (v4)->1; (a
)->1x1, (b)—>1x1, (c)->1x1, (d)->1x1>

If we extend the functor Y to the additive closures, we get an equivalence
A°P® ~ indf (proj-A) ~ proj-A.

The forward equivalence is the extension of Yoneda isomorphism to additive closures and the
backward equivalence is the direct sum decomposition functor of projective objects.
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julia> A_op_plus = AdditiveClosure( A_op )

GAP: Additive closure( Algebroid( (Q * g_op) / [ -1*(d*c) + 1x(b*a) ] ) )

julia> InfoOfInstalledOperationsOfCategory( A_op_plus )

23 primitive operations were used to derive 113 operations for this category which

* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAdditiveCategory

julia> proj_A = FullSubcategoryGeneratedByProjectiveObjects( mod_A )

GAP: Full additive subcategory generated by projective objects( The category of
functors: Algebroid( (Q * q) / [ -1x(c*d) + 1*(axb) ] ) -> Category of matrices
over Q )

julia> InfoOfInstalledOperationsOfCategory( proj_A )

53 primitive operations were used to derive 119 operations for this category which

* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAdditiveCategory

The above categories are also equipped with k-mat-homomorphism structures:

julia> RangeCategoryOfHomomorphismStructure( A_op_plus )
GAP: Category of matrices over Q

julia> RangeCategoryOfHomomorphismStructure( proj_A )
GAP: Category of matrices over Q

In the following we create the equivalences between A°P® ~ proj-A

julia> KnownFunctors( A_op_plus, proj_A )
1: Yoneda embedding

julia> Y = Functor( A_op_plus, proj_A, 1)
GAP: Yoneda embedding

julia> Display( Y )

Yoneda embedding:

Additive closure( Algebroid( (Q * g_op) / [ -1x(d*c) + 1x(bxa) 1 ) )
|
V)

Full additive subcategory generated by projective objects( The category of functors:

Algebroid( (Q * q) / [ -1x(cxd) + 1x(axb) ] ) -> Category of matrices over Q )
julia> KnownFunctors( proj_A, A_op_plus )
1: Decomposition of projective objects
julia> D = Functor( proj_A, A_op_plus, 1)
GAP: Decomposition of projective objects
julia> Display( D )
Decomposition of projective objects:

Full additive subcategory generated by projective objects( The category of functors:

Algebroid( (Q * q) / [ -1*(c*d) + 1x(axb) ] ) -> Category of matrices over Q )
|

261
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V)
Additive closure( Algebroid( (Q * q_op) / [ -1x(d*c) + 1x(bxa) 1 ) )

In the following we use D : proj-A = A°P® to decompose a projective object P € proj-A:

julia> K = DirectSum( KernelObject( i ), CokernelObject( ¥ ) )

GAP: <(v1)->3, (v2)->4, (v3)—>1, (v4)->2; (a)->3x4, (b)->4x2, (c)->3x1, (d)->1x2>
julia> IsProjective( K )

false

julia> P = SomeProjectiveObject( K )

GAP: <(v1)->3, (v2)->6, (v3)->4, (v4)->9; (a)->3x6, (b)->6x9, (c)->3x4, (d)->4x9>
julia> Show( P )

v leB
vy k1X6
v3 le4
vy k1X9
1
a +— 1 -
1
1 -
1 -
1 -
b — 1.
1 -
1
1
c +— 1 -
1
1 -
1 -
d 1

julia> P = P / proj_A

GAP: An object in full subcategory given by: <(v1)->3, (v2)->6, (v3)->4, (v4)->9; (a
)->3x6, (b)->6x9, (c)->3x4, (d)->4x9>

julia> DP = D( P )

GAP: <An object in Additive closure( Algebroid( (Q * g_op) / [ —-1x(d*c) + 1x(bxa) 1 ) )
defined by 9 underlying objects>

julia> Show( DP )

1P @ 0P @ vz @ v,
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In the following, we apply the Yoneda isomorphism to a morphism ¢ : D(P) — D(P):

julia> HomStructure( DP, DP )

GAP: <A vector space object over Q of dimension 49>

julia> ¢ = Sum( BasisOfExternalHom( DP, DP ) )

GAP: <A morphism in Additive closure( Algebroid( (Q * g_op) / [ -1x(dxc) + 1x(b*xa) ] )
) defined by a 9 x 9 matrix of underlying morphisms>

julia> Show( ¢ )

vi, v1 vi 0 0 O
v, v1 vi 0 0 O
v, v1 v1 0 0 O

S
S
S
<
I\
<
I\
<
I\
S o oo OO

S
S
S
<
I\
<
I\
<
I\

c ¢ ¢ 0 0 0 ws
ba ba ba b b b d wvg4 v
ba ba ba b b b d wvg v

0193 @ 0% @ w3 B 0y ®? 0193 @ 2% @ vz © v

julia> Yo = Y( ¢ )

GAP: A morphism in full subcategory given by: <(v1)->3x3, (v2)->6x6, (v3)->4x4, (v4)->9
x9>

julia> Show( Yp )
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1 11
v 1 11
1 11

1 11
1 11
1 11
vz 111111
111111
111111
1 11
vs 1 11
111 -
1 111
1 11
1 11
1 11 .
111111
vy 111111
111111 -
T 11 - - -1
111111111
111111111
julia> D( Yy ) == ¢
true
(4) Construct the equivalences K°(A°P®) ~ K*(proj-A) ~ D’(mod-A) ]

The equivalence A°P»® ~ proj-A can be lifted to an equivalence between the (bounded)
complexes categories: Ch’(A°P®) ~ Ch’(proj-A) and the (bounded) homotopy categories:
ICb(A°P®) ~ KP(proj-A).

Since q is acyclic, the global dimension of mod-A is finite and bounded above by the number
of vertices in q. In this example the global dimension of A is 2. Hence, we obtain an equivalence:
Kb(proj-A) ~ D’(mod-A).

To sum up, we have the following equivalences:
K (A°P®) ~ Kb (proj-A) ~ D’(mod-A).

The GAP package QPA can be used to compute the global dimension of mod-A. We compute
the endomorphism k-algebra A := Endi A = End, & = Endy T as a quotient of the path algebra
kq and compute the global dimension of A:

julia> A = UnderlyingQuiverAlgebra( A )
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GAP: (Q * q) / [ -1%(c*d) + 1x(axb) ]
julia> Dimension( A )

9

julia> GlobalDimensionOfAlgebra( A, 1 )
false

julia> GlobalDimensionOfAlgebra( A, 2 )
2

We start by creating the homotopy categories K?(A°P®) and K®(proj-A):

julia> KA _op_plus = HomotopyCategoryByCochains( A_op_plus )

GAP: Homotopy category( Additive closure( Algebroid( (Q * g_op) / [ -1x(d*c) + 1x(bxa)
1))

julia> Kproj_A = HomotopyCategoryByCochains( proj_A )

GAP: Homotopy category( Full additive subcategory generated by projective objects( The
category of functors: Algebroid( (Q * q) / [ -1x(c*d) + 1*x(axb) ] ) -> Category of
matrices over Q ) )

Of course both categories are equipped with Q-mat-equipped with a homomorphism struc-
tures:

julia> RangeCategoryOfHomomorphismStructure( KA _op_plus )
GAP: Category of matrices over Q

julia> RangeCategoryOfHomomorphismStructure( Kproj_A )

GAP: Category of matrices over Q

julia> Y = ExtendFunctorToHomotopyCategoriesByCochains( Y )
GAP: Extension of ( Yoneda embedding ) to homotopy categories
julia> Display( Y )

GAP: Extension of ( Yoneda embedding ) to homotopy categories:

Homotopy category( Additive closure( Algebroid( (Q * q_op) / [ -1x(d*c) + 1x(bxa) 1 ) )
)
I
v
Homotopy category( Full additive subcategory generated by projective objects( The
category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1x(axb) ] ) -> Category of
matrices over Q ) )
julia> IsIdenticalObj( SourceOfFunctor( Y ), KA_op_plus )
&& IsIdenticalObj( Kproj_A, RangeOfFunctor( Y ) )
true
julia> D = ExtendFunctorToHomotopyCategoriesByCochains( D )
GAP: Extension of ( Decomposition of projective objects ) to homotopy categories
julia> Display( D )
GAP: Extension of ( Decomposition of projective objects ) to homotopy categories

Homotopy category( Full additive subcategory generated by projective objects( The
category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1x(axb) ] ) -> Category of
matrices over Q ) )
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v
Homotopy category( Additive closure( Algebroid( (Q * q_op) / [ -1x(d*c) + 1x(b*a) ] ) )
)
julia> IsIdenticalObj( SourceOfFunctor( D ), Kproj_A )
&& IsIdenticalObj( KA_op_plus, RangeOfFunctor( D ) )
true

The equivalence K?(proj-A) ~ D?(mod-A) is the composition:

K’ (proj-A) < K’(mod-A) EN D’(mod-A)
where L is the natural localization functor. That is, L maps a morphism g : B — C in
K®(mod-A) to the morphism in D?(mod-A)) represented by the roof*

B2 Bl oy B

julia> Cmod_A = CochainComplexCategory( mod_A )

GAP: Cochain complexes( The category of functors: Algebroid( (Q * q) / [ -1*x(c*xd) + 1x(
axb) ] ) -> Category of matrices over Q )

julia> Kmod_A = HomotopyCategoryByCochains( mod_A )

GAP: Homotopy category( The category of functors: Algebroid( (Q * q) / [ -1*x(c*d) + 1x(
a*b) ] ) —-> Category of matrices over Q )

julia> Dmod_A = DerivedCategoryByCochains( mod_A )

GAP: Derived category( The category of functors: Algebroid( (Q * q) / [ -1x(cxd) + 1x(a
xb) ] ) -> Category of matrices over Q )

julia> IsIdenticalObj( mod_A, AmbientCategory( proj_A ) )

true

julia> I = InclusionFunctor( proj_A );

julia> I = ExtendFunctorToHomotopyCategoriesByCochains( I )

GAP: Extension of a functor to homotopy categories

julia> Display( I )

Extension of a functor to homotopy categories:

Homotopy category( Full additive subcategory generated by projective objects( The
category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1x(axb) ] ) -> Category of
matrices over Q ) )

|
\

Homotopy category( The category of functors: Algebroid( (Q * q) / [ -1x(c*d) + 1x(axb)
1 ) -> Category of matrices over Q )

julia> IsIdenticalObj( Kmod_A, RangeOfFunctor( I ) )

true

julia> L = LocalizationFunctor( Kmod_A )

GAP: Localization functor in derived category

julia> Display( L )

Localization functor in derived category:

4A roof in K’(mod-A)) is by definition a pair of morphisms (4 <~ B LR C) where « is a quasi-
isomorphism. Morphisms in the derived categories are equivalence classes of roofs Definition 3.41.
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Homotopy category( The category of functors: Algebroid( (Q * q) / [ -1x(c*xd) + 1x(axb)
1 ) -> Category of matrices over Q )

|
V)
Derived category( The category of functors: Algebroid( (Q * q) / [ -1x(cxd) + 1x(axb) ]
) -> Category of matrices over Q )
julia> IsIdenticalObj( Dmod_A, RangeOfFunctor( L ) )
true

On the other hand, the equivalence
D’(mod-A) Y, K°(proj-A)

can be computed by the universal property of derived categories. More precisely, the functor

Kb (mod-A) Lorol, K°(proj-A)

which maps cells in K?(mod-A) to their projective replacements in K°(proj-A) is a localization
functor with respects to quasi-isomorphisms, hence factors uniquely along L via the desired

functor U which maps a morphism in Db(mod—A) represented by a roof A <~ B ﬁ) C to
(Lproj (@) ™1+ Lproj(B) ¢+ Lproj(A) — Lproj(C) in Kb(proj-A). Note that o : B — A is by
definition a quasi-isomorphism in X’(mod-A), hence its projective replacement is an isomorphism
in Kb(proj-A).

julia> L_proj = LocalizationFunctorByProjectiveObjects( Kmod_A )
GAP: Localization functor by projective objects

julia> Display( L_proj )

Localization functor by projective objects:

Homotopy category( The category of functors: Algebroid( (Q * q) / [ -1x(c*xd) + 1x(a*b)
1 ) -> Category of matrices over Q )
I
v
Homotopy category( Full additive subcategory generated by projective objects( The
category of functors: Algebroid( (Q * q) / [ -1x(c*d) + 1x(a*b) ] ) -> Category of
matrices over Q ) )
julia> U = UniversalFunctorFromDerivedCategory( L_proj )
GAP: Universal functor from derived category onto a localization category
julia> Display( U )
Universal functor from derived category onto a localization category:

Derived category( The category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1x(axb) ]
) —-> Category of matrices over Q )
|
v
Homotopy category( Full additive subcategory generated by projective objects( The
category of functors: Algebroid( (Q * q) / [ -1x(c*d) + 1*x(axb) ] ) -> Category of
matrices over Q ) )
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Now we can compute the composition
D’(mod-A) & Kb (proj-A) 22 kb (AP)

julia> UD = PreCompose( U, D );

julia> Display( UD )

Composition of Universal functor from derived category onto a localization category and
Extension of a functor to homotopy categories:

Derived category( The category of functors: Algebroid( (Q * q) / [ -1*(cxd) + 1x(axb) ]
) —-> Category of matrices over Q )

I
v

Homotopy category( Additive closure( Algebroid( (Q * g_op) / [ -1*x(d*c) + 1x(b*a) 1 ) )
)

and the other way around
K (A*®) X5 K (proj-A) — K’(mod-A) £ D’(mod-A)

julia> YIL = PreCompose( [ Y, I, L ] );

julia> Display( YIL )

Composition of Composition of Extension of a functor to homotopy categories and
Extension of a functor to homotopy categories and Localization functor in derived
category:

Homotopy category( Additive closure( Algebroid( (Q * q_op) / [ -1x(d*c) + 1x(bxa) 1 ) )
)
|
v
Derived category( The category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1x(axb) ]
) -> Category of matrices over Q )

(5) Create an object in K’(A°?®) and compute its image in D’(mod-A).

In the following we want to apply the functor Y «I+L to the object C in K?(A°P®) defined
by

C = 0 V4 ¢ 4 v9 ®vy —— 0

where v, is concentrated in the cohomological index —1.

julia> C_ml = [ A_op."v4" 1 / A_op_plus

julia> C_O0 = [ A_op."v2", A_op."v3" ] / A_op_plus

GAP: <An object in Additive closure( Algebroid( (Q * g_op) / [ -1x(d*c) + 1*x(bxa) ] ) )
defined by 2 underlying objects>

julia> J_ml = AdditiveClosureMorphism( C_mi, [ [ A_op."b", A_op."d" 1 1, C_0)

GAP: <A morphism in Additive closure( Algebroid( (Q * g_op) / [ -1x(d*c) + 1x(b*a) 1 )
) defined by a 1 x 2 matrix of underlying morphisms>

julia> Show( O_ml )
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v = (Joxo
vy = (Jox1
v3 = (Jox1

U4'—>(1 1)

julia> C = [ [ O0.m1 ], -1 ] / KA_op_plus

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_op) / [ -1x(d
xc) + 1x(b*a) ] ) ) ) with active lower bound -1 and active upper bound 0>

julia> Show( C )

Vo D U3

(b d)
-1

julia> IsWellDefined( C )

true

julia> W = YIL( C )

GAP: <An object in Derived category( The category of functors: Algebroid( (Q * q) / [
-1x(cxd) + 1*x(a*b) ] ) -> Category of matrices over Q ) with active lower bound -1
and active upper bound 0>

julia> IsWellDefined( W )

true

W-t=P,and WO = P, ® P;.

julia> ObjectAt( W, -1 )

GAP: <(v1)->0, (v2)->0, (v3)->0, (v4)->1; (a)—->0x0, (b)->0x1, (c)->0x0, (d)->0x1>
julia> ObjectAt( W, 0 )

GAP: <(v1)->0, (v2)->1, (v3)—>1, (v4)->2; (a)—->0x1, (b)—>1x2, (c)->0x1, (d)->1x2>
julia> O_ml = DifferentialAt( W, -1 )

GAP: <(v1)->0x0, (v2)->0x1, (v3)->0x1, (v4)->1x2>

julia> Show( 0_ml )

v ()0><0
v ()0><1
vz = (Jox1

’U4’—>(1 1)
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julia> CohomologySupport( W )
GAP: [ 0]

Since 0 is an upper bound of W and its cohomology support? is [0], we can create the following
acyclic complex

CokernelProjection(9~!
s 0 o)

B= 0wt » CokernelObject(9™1) ~ HO(W) — 0

julia> H_O = CohomologyAt( W, 0 )
GAP: <(v1)->0, (v2)->1, (v3)-—>1, (v4)->1; (a)->0x1, (b)->1x1, (c)—>0x1, (d)->1x1>
julia> Show( H_O )

V1 leO
Vo > leI
vy k:le
V4 kZIXI
a ()Oxl
b — (-1)

c = (ox1
d — (1)
julia> J_0 = CokernelProjection( J_ml )

GAP: <(v1)->0x0, (v2)->1x1, (v3)->1x1, (v4)->2x1>
julia> Show( 9_0 )

v ()0><0

vg — (1)
oo ()

julia> IsEqualForObjects( H_O, Range( 0_0 ) )
true
julia> B = DerivedCategoryObject( Dmod_A, [ O_mi, 0_.0 1, -1)

Le., the cohomological indices where the cohomology object is not zero.
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GAP: <An object in Derived category( The category of functors: Algebroid( (Q * q) / [
-1x(c*xd) + 1*x(a*b) ] ) -> Category of matrices over Q ) with active lower bound -1
and active upper bound 1>

julia> IsWellDefined( B )

true
julia> CohomologySupport( B )
GAP: [ ]

Since B is an acyclic complex, it vanishes in the derived category. In the following, we check
that applying the equivalence U+ D on B returns an object which also vanishes in K?(A°P®)

julia> IsZero( B )

true

julia> UD_B = UD( B )

GAP: <An object in Homotopy category( Additive closure( Algebroid( (Q * q_op) / [ -1x(d
xc) + 1x(b*a) ] ) ) ) with active lower bound -1 and active upper bound 1>

julia> Show( UD_B )

Vg D U3
/]\
() 0
0 V3
-b —d
lo
Vg B v3 D vy
T
(b d U4)
|—1
(%

julia> IsZero( UD_B )
true

(6) Construct a complete strong exceptional sequence & = (E, Es, E3, F4) in
mod-A ~ mod-A

Consider the following objects By = Py, Ey == P35, E3 :== H(W), E4 = P; and let Ty =
E1@© By ® B3 @ Ey:

julia> E1 = P2;

julia> E2 = P3;

julia> E3 = CohomologyAt( W, 0 );

julia> E4 = P1

GAP: <(v1)->1, (v2)->1, (v3)->1, (v4)->1; (a)->1x1, (b)->1x1, (c)->1x1, (d)->1x1>

Using the new notation, we can rewrite the acyclic complex B as follows:
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CokernelProjection(9~1)

B= 0-PY5pen » B3 — 0
The above acyclic complex says that we can coresolve P, in terms of direct sums of Eq, Fo, E3.
That is, the object Py @ P, @ P3 @ Py (which correspondes to A as an object in mod-A) can also
be coresolved by direct sums of E1, Fo, 3 and Ej.

julia> T = DirectSum( E1, E2, E3, E4 )
GAP: <(v1)->1, (v2)->3, (v3)->3, (v4)->4; (a)->1x3, (b)->3x4, (c)->1x3, (d)->3x4>

V1 k:bd

V2 = ]{leg

vy /€1X3

vy ]€1X4

a (- 1)

1

b — -1 -
1

c = (- 1)

1

d — 1 -

1

julia> HomStructure( T, T )
GAP: <A vector space object over Q of dimension 9>

That is dim Endy Ty = 9. Next, we want to prove that Ext" (T, Te) = 0 for all n > 1. Since
the global dimension of mod-A is 2, we have Ext"(Ts,Ts) = 0 for all n > 3. It remains to verify
that Ext!(T, Ts) = 0 and Ext?(T,e, Ts) = 0.

It is well known that

Ext™(Te, Ts) ~ Home(mod-A) (Te,X"Tyg)
where ¥ : D’(mod-A) = D’(mod-A) is the shift autoequivalence on D°(mod-A).

julia> T = T / Cmod_A / Kmod_A / Dmod_A

GAP: <An object in Derived category( The category of functors: Algebroid( (Q * q) / [
-1x(c*xd) + 1*x(a*b) ] ) -> Category of matrices over Q ) with active lower bound O
and active upper bound 0>

julia> Shift( T, 1)

GAP: <An object in Derived category( The category of functors: Algebroid( (Q * q) / [
-1x(c*xd) + 1*x(a*b) ] ) -> Category of matrices over Q ) with active lower bound -1
and active upper bound -1>

julia> HomStructure( T, Shift( T, 0 ) )

GAP: <A vector space object over Q of dimension 9>
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julia> HomStructure( T, Shift( T, 1 ) )
GAP: <A vector space object over Q of dimension 0>
julia> HomStructure( T, Shift( T, 2 ) )
GAP: <A vector space object over Q of dimension 0>

To sum up,

e T admits a finite projective resolution,

e T, has no higher extensions, i.e., Ext"(Tg,Tg) ~ 0 for all n > 1 and

e P ® P, ® P3® Py can be coresolved by direct summands of direct sums of Tg.
Hence, the object Ty = FE1® Es® E3® Fy is a generalized tilting object in mod-A ~ mod-A.
HAPPEL’s theorem states that the derived functors

— @ Te : D°(Ag) = DP(mod-A) : RHom(Ts, —)

induce an adjoint equivalences where As is the abstraction k-algebroid of & and DP(Ag) =
DY(Ag) = D’(mod-A%).

In the following we create &. For a better readability, we label each object in & by its
dimension vector:

julia> & = CreateStrongExceptionalCollection(
[ E1, E2, E3, E4 1,
( "fot01]", "[0O11]", "([O111]", "[1111]" ]
)
GAP: <A strong exceptional sequence defined by the objects of the Full subcategory
generated by 4 objects in The category of functors: Algebroid( (Q * q) / [ -1x(c*d)
+ 1x(a*b) ] ) -> Category of matrices over Q>

(7) Compute the quiver qs and the abstraction k-algebroid Ag.

The abstraction k-algebroid A of & can be computed as follows:

julia> A_& = Algebroid( & )

GAP: Algebroid( End( [0101] & [0011] & [0111] & [1111] ) )

julia> q_& = UnderlyingQuiver( A_& )

GAP: quiver([0101],[0011],[0111],[1111]) [m1_3_1:[0101]1->[0111], m2_3_1:[0011]->[0111],
m3_4_1:[0111]->[1111]]

julia> relationsOfAlgebroid( A_& )

GAP: [ 1]

julia> EndT = UnderlyingQuiverAlgebra( A_& )

GAP: End( [0101] & [0011] & [0111] & [1111] )

julia> Dimension( EndT )

9

julia> IsAdmissibleQuiverAlgebra( EndT )

true

That is, the quiver q¢ of & consists of 4 vertices and 3 arrows:
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(0101]
\m%,:’,
ke mé 4
(0111] ——>*— [1111]
m%,s )
[0011]

The vertices are labeled by the strings we assigned to the objects of & and the arrows are
labeled by mf ; which means that the arrow is the k’th arrow from the vertex indexed by i to the
vertex indexed by j.

julia> ul = Vertex( q_&, 1)
GAP: ([0101])

julia> ul == q_&."[0101]"
true

julia> m1_3 1 = q_&."m1_3_1"
GAP: (ml_3_1)

(8) Compute the isomorphism & ~ A, and the equivalences

K (&%) ~ K'(AZ) ~ K(As-proj) ~ D'(As).

We call the isomorphism functors between & and A s the abstraction functor abs resp. the
realization functor rel

abs : & = Ag: rel

julia> abs = IsomorphismOntoAlgebroid( & )

GAP: Isomorphism functor from exceptional collection onto Algebroid

julia> abs( &L 1 1)

GAP: <([0101]1)>

julia> rel = IsomorphismFromAlgebroid( & )

GAP: Isomorphism functor from Algebroid onto exceptional collection

julia> rel( A_&."[1111]" )

GAP: An object in full subcategory given by: <(v1)->1, (v2)->1, (v3)->1, (v4)->1; (a
)->1x1, (b)->1x1, (c)->1x1, (d)->1x1>

julia> rel( A_&."[1111]" ) == &[ 4 ]

true

julia> m = rel( A_&."m3_4_1" )

GAP: A morphism in full subcategory given by: <(v1)->0x1, (v2)->1x1, (v3)->1xl, (v4)->1
x1>

julia> Source( m ) == &[ 3 ] & Range( m ) == &[ 4]

true

julia> Show( UnderlyingCell( m ) )
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v+ (Joxo
v — (—1)
v3 = (Jox1

V4 ( 1 )

julia> m = rel( A_&."m2_3_1" )

GAP: A morphism in full subcategory given by: <(v1)->0x0, (v2)->0x1, (v3)->1x1, (v4)->1
x1>

julia> Source( m ) == &[ 2 ] & Range( m ) == &[ 3]

true

julia> Show( m )

v = (oxo

vy ( 1 )

V4 ( 1 )

julia>m = rel( A_&."m1_3_1" )

GAP: A morphism in full subcategory given by: <(v1)->0x0, (v2)->1x1, (v3)->0x1, (v4)->1
x1>

julia> Source( m ) == &[ 1 ] &% Range( m ) == &[ 3 1]

true

julia> Show( m )

v = (oxo
Vg > ( -1 )
v3 = (Jox1

V4 ( 1 )

The above isomorphisms together with the Yoneda embedding induces equivalences:
&% ~ AD ~ A s-proj.
julia> abs = ExtendFunctorToAdditiveClosures( abs )

GAP: Extension of Abstraction isomorphism to additive closures
julia> rel = ExtendFunctorToAdditiveClosures( rel )
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GAP: Extension of Realization isomorphism to additive closures

julia> A_&_op = OppositeAlgebroid( A_& )

GAP: Algebroid( End( [0101] ¢ [0011] & [0111] & [1111] )~op )

julia> A_&_mod = Hom( A_&_op, k_vec )

GAP: The category of functors: Algebroid( End( [0101] ¢ [0011] ¢ [0111] & [1111] )~op
) —> Category of matrices over Q

julia> InfoOfInstalledOperationsOfCategory( A_& _mod )

120 primitive operations were used to derive 312 operations for this category which

* IsEquippedWithHomomorphismStructure

* IsLinearCategoryOverCommutativeRing

* IsAbelianCategoryWithEnoughInjectives

* IsAbelianCategoryWithEnoughProjectives

julia> A_&_proj = FullSubcategoryGeneratedByProjectiveObjects( A_&_mod )

GAP: Full additive subcategory generated by projective objects( The category of
functors: Algebroid( End( [0101] & [0011] & [0111] ¢ [1111] )~op ) -> Category of
matrices over Q )

julia> A_&_plus = AdditiveClosure( A_& )

GAP: Additive closure( Algebroid( End( [0101] & [0011] @ [0111] & [1111]1 ) ) )

julia> KnownFunctors( A_& _plus, A_&_proj )

1: Yoneda embedding

julia> KnownFunctors( A_& _proj, A_&_plus )

1: Decomposition of projective objects

The above isomorphisms can also be extended to equivalences of categories:
KP(6%) ~ KP(AF) ~ K'(As-proj) ~ D(As).

julia> abs = ExtendFunctorToHomotopyCategoriesByCochains( abs )
GAP: Extension of a functor to homotopy categories
julia> rel = ExtendFunctorToHomotopyCategoriesByCochains( rel )
GAP: Extension of a functor to homotopy categories

On the other hand, we have a natural embedding functor K?(6®) < K°(mod-A):

julia> I = EmbeddingFunctorFromAdditiveClosure( & );
julia> I = ExtendFunctorToHomotopyCategoriesByCochains( I )
GAP: Extension of a functor to homotopy categories

julia> Display( I )

Embedding functor

Additive closure( Full subcategory generated by 4 objects in The category of functors:
AMlgebroid( (Q * q) / [ -1x(cxd) + 1x(a*b) ] ) -> Category of matrices over Q )
|
v
The category of functors: Algebroid( (Q * q) / [ -1*(cxd) + 1*(a*b) ] ) -> Category of
matrices over Q
julia> N = RandomObject( SourceOfFunctor( rel ), ConvertJuliaToGAP( [ -1, 1, 21 ) )
GAP: <An object in Homotopy category( Additive closure( Algebroid( End( [0101] & [0011]
@ [0111] @ [1111] ) ) ) ) with active lower bound -1 and active upper bound 1>
julia> Show( N )
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[0101] & [1111]
T
0 3[1111]
0 3m3i,
lo
[1111] @ [0111]
/I\
—Bm%,3m§74 3m%,3
—3my,  3[0111]

[0101]’591[0111]

julia> N = I( rel( N ) )

GAP: <An object in Homotopy category( The category of functors: Algebroid( (Q * q) / [
-1x(c*xd) + 1*x(a*b) ] ) -> Category of matrices over Q ) with active lower bound -1
and active upper bound 1>

julia> N[-1]

GAP: <(v1)->0, (v2)->2, (v3)—>1, (v4)->2; (a)->0x2, (b)->2x2, (c)->0x1, (d)->1x2>

julia> N[O]

GAP: <(v1)-—>1, (v2)->2, (v3)—>2, (v4)->2; (a)—>1x2, (b)->2x2, (c)->1x2, (d)->2x2>

julia> N[1]

GAP: <(v1)—>1, (v2)->2, (v3)—>1, (v4)->2; (a)->1x2, (b)->2x2, (c)->1x1, (d)->1x2>

(9) Construct the adjoint functors
—®Ts : Ag-mod — mod-A : Hom(Ts, —)

For every object F' in mod-A we have Hompyoq.a (T, F') ~ ?:1 Hompmod.A (Ei, F). This
enables us to interpret Hompeda-a (T, F) as an object in A g-mod. The images of E; € & under
Hom (7, —) are, up to isomorphism, the indecomposable projective objects in Ag-mod. Its
left adjoint — ® Ts is right exact and translates back the indecomposable projective objects to
corresponding FE;’s.

julia> mod_A

GAP: The category of functors: Algebroid( (Q * q) / [ -1x(c*d) + 1x(axb) 1 ) —>
Category of matrices over Q

julia> A_&_mod

GAP: The category of functors: Algebroid( End( [0101] ¢ [0011] ¢ [0111] ¢ [1111] )~op
) —> Category of matrices over Q

julia> HomT = HomFunctorToCategoryOfFunctors( & )

GAP: Hom(T,-) functor

julia> Display( HomT )

Hom(T,-) functor:

The category of functors: Algebroid( (Q * q) / [ -1x(cxd) + 1x(a*b) ] ) -> Category of
matrices over Q

I
v
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The category of functors: Algebroid( End( [0101] & [0011] & [0111] & [1111] )"op ) ->
Category of matrices over Q

julia> tensorT = TensorFunctorFromCategoryOfFunctors( & )

GAP: -Q®T functor

julia> Display( tensorT )

-®T functor:

The category of functors: Algebroid( End( [0101] ¢ [0011] ¢ [0111] & [1111] )"op ) ->
Category of matrices over Q
I
v
The category of functors: Algebroid( (Q * q) / [ -1*(c*d) + 1*x(a*b) ] ) -> Category of
matrices over Q
julia> € = CounitOfTensorHomAdjunction( E, tensorT, HomT )
GAP: Hom(T,-) ® T = Id
julia> 7 = UnitOfTensorHomAdjunction( E, tensorT, HomT )
GAP: Id = Hom( T, -®T )

Let us compute the component of ep: Hom(Tg, F) @ Tg — F:

julia> F

GAP: <(v1)->4, (wv2)->2, (v3)->1, (v4)->2; (a)—->4x2, (b)->2x2, (c)->4x1, (d)->1x2>
julia> tensorT_HomT_F = tensorT( HomT( F ) )

GAP: <(v1)->4, (v2)->2, (v3)—>1, (v4)->1; (a)->4x2, (b)->2x1, (c)->4x1, (d)->1x1>
julia> Show( tensorT_HomT_F )

V1 kZIX4
(e k1><2
v3 k?bd
V4 k’bd
a +— 1 .

1

d (1)

julia> ¢_F = e( F )
GAP: <(v1)->4x4, (v2)->2x2, (v3)->1x1, (v4)->1x2>
julia> Source( e_F ) == tensorT_HomT_F && Range( e_F ) ==
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true
julia> Show( €_F )

1 .
|
V1 > o1
1
(1 ")
Vg > 1 .
vy (1)
V4 (1)

Since € is a natural transformation, the following diagram commutes:

Hom(Tg,)®Te

HOm(Tg, F) R Tg HOm(Tg, G) R Ty

e(F) (@)

F m G

julia> PreCompose( e¢( F ), @ ) == PreCompose( tensorT( HomT( % ) ), e( G ) )
true

(10) Construct the adjoint derived equivalences
—- T, :D’(Ag) = D°(mod-A) : RHom(Ty, —)

and use them to compute an &-replacement of an object D’(mod-A)

The right and left derived functors R Hom(T), —) and — ®"“ T} can be computed by extending
Hom(Tg,—) and — ® T to the homotopy categories

—®Ts : KY(Ag) = KP(mod-A) : Hom(Ty, —)

then applying them to injective resp. projective replacements (cf. Examples 3.67 and 3.71). To
demonstrate this, we will do all computations in the homotopy categories. Let N be an object
in K?(mod-A) and 1y : N — Iy a quasi-isomorphism to the injective replacement Zy of N.
SUppose THom (7, ,Zy)* PHom(Ts,Zy) — Hom(Tg, Iy) is a quasi-isomorphism to Hom(7s,Zy) from
its projective replacement. The &-replacement of N is defined by Phom (7, 7y) ® Te which lives
in the image of the full embedding of (&%) < K’(mod-A). In particular, the cospan formed
by the quasi-isomorphisms

TN = (FHOm(Té%IN) ® T@@) “e(In): PHOm(Tg,IN) ®Ts — In

and ty: N — Iy gives rise to an isomorphism N = Pyon (1, 74) © T In Db(mod-A).
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julia> HomT = ExtendFunctorToHomotopyCategoriesByCochains( HomT )

GAP: Extension of a functor to homotopy categories

julia> tensorT = ExtendFunctorToHomotopyCategoriesByCochains( tensorT )

GAP: Extension of a functor to homotopy categories

julia> ¢ = ExtendNaturalTransformationToHomotopyCategoriesByCochains( € )

GAP: Extention of the natural transformation ( Hom(T,-) ® T = Id ) to homotopy
categories

julia> N = P4 / Cmod_A / Kmod_A

GAP: <An object in Homotopy category( The category of functors: Algebroid( (Q * q) / [
-1*x(cxd) + 1x(axb) ] ) -> Category of matrices over Q ) with active lower bound O
and active upper bound 0>

julia> IN = InjectiveResolution( N, true )

GAP: <An object in Homotopy category( The category of functors: Algebroid( (Q * q) / [
-1*x(cxd) + 1x(a*b) ] ) -> Category of matrices over Q ) with active lower bound O
and active upper bound 2>

julia> ForAll( ConvertJuliaToGAP( [ O, 1, 2 ] ), i -> IsInjective( IN[ i ] ) )

true

julia> HomT_IN = HomT( IN )

GAP: <An object in Homotopy category( The category of functors: Algebroid( End( [0101]
@ [0011] & [0111] @ [1111] )~op ) -> Category of matrices over Q ) with active
lower bound O and active upper bound 2>

julia> PHomT_IN = ProjectiveResolution( HomT_IN, true )

GAP: <An object in Homotopy category( The category of functors: Algebroid( End( [0101]
@ [0011] @ [0111] ¢ [1111] )~op ) -> Category of matrices over Q ) with active
lower bound O and active upper bound 2>

julia> qHomT_IN = QuasilsomorphismFromProjectiveResolution( HomT_IN, true )

GAP: <A morphism in Homotopy category( The category of functors: Algebroid( End( [0101]

@ [0011] @ [0111] & [1111] )~op ) -> Category of matrices over Q ) with active
lower bound O and active upper bound 2>

julia> IsWellDefined( gHomT_IN ) && IsQuasiIsomorphism( gHomT_IN )

true

julia> &_rep_N = tensorT( PHomT_IN )

GAP: <An object in Homotopy category( The category of functors: Algebroid( (Q * q) / [
-1x(c*xd) + 1*x(a*b) ] ) -> Category of matrices over Q ) with active lower bound O
and active upper bound 2>

julia> &_rep_N[O]

GAP: <(v1)->1, (v2)->2, (v3)—>2, (v4)->3; (a)—>1x2, (b)->2x3, (c)->1x2, (d)->2x3>

julia> &_rep_N[0] == DirectSum( E1, E2, E4 )

true

julia> & _rep_N[1]

GAP: <(v1)->2, (v2)->3, (v3)->3, (v4)->3; (a)->2x3, (b)->3x3, (c)—>2x3, (d)->3x3>

julia> &_rep_N[1] == DirectSum( E3, E4, E4 )

true

julia> &_rep_N[2]

GAP: <(v1)->1, (v2)->1, (v3)->1, (v4)->1; (a)->1x1, (b)->1x1, (c)->1x1, (d)->1x1>

julia> &_rep_N[2] == E4

true

julia> 7N = PreCompose( tensorT( gqHomT_IN ), e( IN ) )
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GAP: <A morphism in Homotopy category( The category of functors: Algebroid( (Q * q) / [
-1x(c*d) + 1*(a*b) ] ) -> Category of matrices over Q ) with active lower bound O
and active upper bound 2>

julia> ( Source( 7N ) == &_rep_N ) && ( Range( 7N ) == IN )

true

julia> IsWellDefined( 7N )

true

julia> IsQuasiIsomorphism( 7N )

true

In the following we compute the &-replacement of N := P, as an object in A (A?):

julia> A_&_plus

GAP: Additive closure( Algebroid( End( [0101] & [0011] & [0111] & [1111] ) ) )

julia> KA_&_plus = HomotopyCategoryByCochains( A_&_plus )

GAP: Homotopy category( Additive closure( Algebroid( End( [0101] ¢ [0011] & [0111] &
(11111 ) ) ) )

julia> A_&_mod

GAP: The category of functors: Algebroid( End( [0101] ¢ [0011] @ [0111] & [1111] )~op
) —-> Category of matrices over Q

julia> KA_&_mod = HomotopyCategoryByCochains( A_& _mod )

GAP: Homotopy category( The category of functors: Algebroid( End( [0101] ¢ [0011] &
[0111] & [1111] )~op ) -> Category of matrices over Q )

julia> L = LocalizationFunctorByProjectiveObjects( KA _& _mod )

GAP: Localization functor by projective objects

julia> KA_&_proj = RangeOfFunctor( L )

GAP: Homotopy category( Full additive subcategory generated by projective objects( The
category of functors: Algebroid( End( [0101] & [0011] ¢ [0111] & [1111] )~op ) ->
Category of matrices over Q ) )

julia> KnownFunctors( KA_& _proj, KA_&_plus )

1: Apply ExtendFunctorToHomotopyCategoriesByCochains on ( Decomposition of projective
objects )

julia> D = Functor( KA_&_proj, KA_& _plus, 1)

GAP: Extension of a functor to homotopy categories

julia> R = PreCompose( [ HomT, L, D] );

julia> Display( R )

Composition of Composition of Extension of a functor to homotopy categories and
Localization functor by projective objects and Extension of a functor to homotopy
categories:

Homotopy category( The category of functors: Algebroid( (Q * q) / [ -1x(c*d) + 1x(axb)
] ) -> Category of matrices over Q )
|
v
Homotopy category( Additive closure( Algebroid( End( [0101] & [0011] & [0111] & [1111]
) D)) )
julia> R_IN = R( IN )
GAP: <An object in Homotopy category( Additive closure( Algebroid( End( [0101] ¢ [0011]
@ [0111] ¢ [1111] ) ) ) ) with active lower bound O and active upper bound 2>
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julia> Show( R_IN )

[1111]
T
—m§74
—[1111]
[1111]
1
(0111] @ [1111]%
/I\
—mis 0 —m%,3m§,4
m%,s —m§73m§74 0
0 [1111] [1111]

0101] & [0(‘)011] & [1111]

julia> sR_IN = SimplifyObject( R_IN, infinity )

GAP: <An object in Homotopy category( Additive closure( Algebroid( End( [0101] ¢ [0011]
@ [0111] ¢ [1111] ) ) ) ) with active lower bound O and active upper bound 2>

julia> Show( sR_IN )

(0101] & [0011]

julia> m = SimplifyObject_IsoToInputObject( R_IN, infinity )

GAP: <A morphism in Homotopy category( Additive closure( Algebroid( End( [0101] &
[0011] ¢ [0111] & [1111] ) ) ) ) with active lower bound O and active upper bound
2>

julia> IsWellDefined( m ) && IsIsomorphism( m )

julia> Show( m )
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0 -0 — [1111]
) Tl
—Mm3 4
() —[1111]
[1111]
1 1
[0111] = (fo111] —mi, 0) - (0111] & [1111]%2
T 1 T 1 1
ml —Mmis 0 My 3M3 4
< 1,3 > 7n1 —Wnl 7n1 0
—mi 2,3 2,334
23 0 [1111] [1111]
lo L lo
(0101] & [0011] — (_{%;01] —{5%11} ‘_’”187”&4> — (0101] & [0011] & [1111]

julia> I_rel m = I( rel( m ) )

GAP: <A morphism in Homotopy category( The category of functors: Algebroid( (Q * q) / [
-1%x(cxd) + 1x(a*b) ] ) -> Category of matrices over Q ) with active lower bound O
and active upper bound 2>

julia> IsIsomorphism( I_rel m )

julia> Range( I_rel m ) == & _rep N

true

julia> im = InverseForMorphisms( m )

julia> Show( im )

[1111] O 0
T T
1
M3
(i) )
[1111]
1 1
[0111]
(0111] @ [1111]%? — ( 0 ) - [0111]
0
T T
_m%,s 0 —migm%,/l ml
mby mbgmh, 0 (i)
0 [1111] [1111] 23
lo lo

—[0101] 0
(0101] & [0011] & [1111] -—( 0 4mm) — [0101] @ [0011]
0 0






APPENDIX F

A Demo for Computing a Standard Postnikov System

Let k be a field and q be the following quiver

¢ T3 T3 T}

1 h? h3 1 1
81 a3 84
Tl 2 3 1 T4

\ N Qa3
~
hi
o o \ o
0 0 0
Tl a0 T3 a0 T4
1 3

Let Aq the k-linear finitely presented category defined by q subject to the relations
{09-0} |1<j<4}yu{di-aft —al-0i,, |0<i<1,1<j<3}

U{@? : hjl- — o

oo 1< <2bUudhf-0jp—af-aj, 1< <2}

J

U{0} - h2 +hl- 80, —al-ab, |1<j <2}

U{of -t +hi-af —af - W3} u{ad R +13-0) — b3 - al}.
For every j with 1 < j < 4, define T} by the object of K° (Aae) whose differential at index

0<4i<1is 8]’ For every j with 1 < j < 3, define a;: T; — Tj41 by the morphism whose

component at index ¢ is o].

Let T be the object in C° (le (A?)) defined by the sequence

0T 25T 2 Ty BTy =0

where T; is concentrated at index 1. In this demonstration, we want to use Algorithm 4 to
compute an extension of 7" to a standard Postnikov system.

We start by loading the CapAndHomalg and loading QPA2 and HomotopyCategories:

julia> using CapAndHomalg

CapAndHomalg v1.1.8

Imported OSCAR's components GAP and Singular_jll
Type: 7CapAndHomalg for more information

julia> LoadPackage( "QPA" )

285
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julia> LoadPackage( "HomotopyCategories" )

Next, we define the right quiver q:

julia> q = RightQuiver(
"q(T10,T11,T12,T20,T21,T22,T30,T31,T32,T40,T41,T42) [ *
"d10:T10->T11,d11:T11->T12,d20:T20->T21,d21:T21->T22,d30:T30->T31,d31:T31->T32," *
"d40:T40->T41,d41:T41->T42,alphal0:T10->T20,alphall1:T11->T21,alphal2:T12->T22," *
"alpha20:T20->T30,alpha21:T21->T31,alpha22:T22->T32,alpha30:T30->T40," *
"alpha31:T31->T41,alpha32:T32->T42,h11:T11->T30,h12:T12->T31,h21:T21->T40," *
"h22:T22->T41,t12:T12->T40]" );

julia> SetLabelsAsLaTeXStrings( ¢,

["T_170", "T_171", "T_172", "T_2°0", "T_2~1", "T_272",
"T_3~0", "T_3~1", "T_372", "T_4~0", "T_4~1", "T_4"2" ],

[ "\\partial_ 170", "\\partial_ 171", "\\partial_270", "\\partial 271",
"\\partial_370", "\\partial_3~1", "\\partial 470", "\\partial_ 471",
"\\alpha_170", "\\alpha_1~1", "\\alpha_172", "\\alpha_270", "\\alpha_271",
"\\alpha_2"2", "\\alpha_3"0", "\\alpha_3"1", "\\alpha_3"2",

"h_171", "h_172", "h_271", "h_272", "t_172" ] );

The next task is to construct the category of bounded complexes C? (ICb (A?)) This can be

done in six steps:
onstruct the free categor enerate uiver (.
1) C he fi gory Fy g d by quiver q
(2) Construct the k-linear closure category k[Fg] of Fy.
(3) Construct the quotient category A4 of k[F;] modulo the two-sided ideal generated by
the relations p.
(4) Construct the additive closure category Ay of A,.

(5) Construct the bounded homotopy category K° (A?) as a quotient category of C° (A?)
modulo the two-sided ideal generated by all null-homotopic morphisms.
(6) Construct the category of bounded complexes C® (le (Aae))

julia> Fq = FreeCategory( q )
GAP: Category freely generated by the right quiver ...

julia> Q = HomalgFieldOfRationals( )
GAP: Q

julia> k = Q

GAP: Q

julia> kFq = k[ Fq ]
GAP: Algebroid( Q * q )

julia> p =

[ PreCompose( kFq."d10", kFq."d11" ), PreCompose( kFq."d20", kFq."d21" ),
PreCompose( kFq."d30", kFq."d31" ), PreCompose( kFq."d40", kFq."d41" ),
PreCompose( kFq."d10", kFq."alphall" ) - PreCompose( kFq."alphalO", kFq."d20" ),
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PreCompose( kFgq."d11", kFq."alphal2"
PreCompose( kFq."d20", kFq."alpha21"
PreCompose( kFq."d21", kFq."alpha22"

- PreCompose( kFq."alphall", kFgq."d21"
PreCompose( kFq."alpha20", kFgq."d30"
- PreCompose( kFq."alpha21", kFgq."d31"
PreCompose( kFq."d30", kFq."alpha31l" ) - PreCompose( kFq."alpha30", kFq."d40"
PreCompose( kFgq."d31", kFq."alpha32" ) - PreCompose( kFq."alpha31", kFq."d41"
PreCompose( kFq."d10", kFq."h11" ) - PreCompose( kFq."alphal0", kFq."alpha20"
PreCompose ( kFq."d20", kFq."h21" ) - PreCompose( kFq."alpha20", kFq."alpha30"
PreCompose( kFq."h12", kFq."d31" ) - PreCompose( kFq."alphal2", kFq."alpha22"
PreCompose( kFq."h22", kFq."d41" ) - PreCompose( kFq."alpha22", kFq."alpha32"
PreCompose( kFq."d11", kFq."h12" ) + PreCompose( kFq."h11", kFq."d30" )

- PreCompose( kFq."alphall", kFq."alpha21" ),
PreCompose ( kFq."d21", kFq."h22" ) + PreCompose( kFq."h21", kFq."d40" )

- PreCompose( kFq."alpha21", kFq."alpha31" ),
PreCompose( kFq."d11", kFq."t12" ) + PreCompose( kFq."h11", kFgq."alpha30" )

- PreCompose( kFq."alphall", kFq."h21" ),
PreCompose( kFq."alphal2", kFgq."h22" ) + PreCompose( kFq."t12", kFq."d40" )

- PreCompose( kFgq."h12", kFq."alpha31i" ) ];

PN NG NN
|
. v . v v v

NN N S U S O
-

-

julia> Aq = kFq / p;

GAP: Algebroid generated by the right quiver q(T10,T11,T12,T20,T21,T22,T30,T31,T32,T40,
T41,T42) [d10:T10->T11,d11:T11->T12,d20:T20->T21,d21:T21->T22,d30:T30->T31,d31:T31->
T32,d40:T40->T41,d41:T41->T42,alphal0:T10->T20,alphal1:T11->T21,alphal2:T12->T22,
alpha20:T20->T30,alpha21:T21->T31,alpha22:T22->T32,alpha30:T30->T40,alpha31:T31->
T41,alpha32:T32->T42,h11:T11->T30,h12:T12->T31,h21:T21->T40,h22:T22->T41,t12: T12->
T40]

julia> SetUnderlyingNameForCapCategory( Agq,
g"Algebroid defined by the right quiver q subject to 18 relations" )

julia> Ag
GAP: Algebroid defined by the right quiver q subject to 18 relations

julia> Aq_add = AdditiveClosure( Agq )
GAP: Additive closure( Algebroid defined by the right quiver q subject to 18 relations
)

julia> KAgq_add = HomotopyCategoryByCochains( Aq_add )
GAP: Homotopy category( Additive closure( Algebroid defined by the right quiver q
subject to 18 relations ) )

julia> InfoOfInstalledOperationsOfCategory( KAq_add )
61 primitive operations were used to derive 152 operations for this category which
* IsEquippedWithHomomorphismStructure
* IsLinearCategoryOverCommutativeRing
* IsAdditiveCategory
* IsTriangulatedCategory

julia> CKAq_add = CochainComplexCategory( KAq_add )
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GAP: Cochain complexes( Homotopy category( Additive closure( Algebroid defined by the
right quiver q subject to 18 relations ) ) )

Now we can construct the objects T7,75,7T5 and T4 in Kb (Aée):

julia> T1 = HomotopyCategoryObject(
KAg_add, [ Ag."d10" / Aq_add, Aq."d11" / Aq_add 1, 0 );

julia> T2 = HomotopyCategoryObject(
KAgq_add, [ Agq."d20" / Aq_add, Aq."d21" / Aqg_add 1, 0 );

julia> T3

HomotopyCategoryObject(
KAq_add, [ Aq."d30" / Aq_add, Aq."d31" / Aqg_add 1, 0 );

julia> T4 = HomotopyCategoryObject(
KAq_add, [ Agq."d40" / Ag_add, Agq."d41" / Ag_add 1, 0 )
GAP: <An object in Homotopy category( Additive closure( Algebroid defined by the right
quiver q subject to 18 relations ) ) with active lower bound O and active upper
bound 2>

Similarly, we can construct the morphisms a;: 77 — 15, ag: 1o — T35 and ag: T3 — Ty:

julia> a1l = HomotopyCategoryMorphism(
T1,
[ Aq."alphalO" / Aq_add,
Agq."alphall" / Agq_add,
Aq."alphal2" / Aq_add 1,
0,
T2 )

julia> @2 = HomotopyCategoryMorphism(
T2,
[ Ag."alpha20" / Agq_add,
Aq."alpha21" / Agq_add,
Aq."alpha22" / Aq_add ],
0,
T3 )

julia> a2 = HomotopyCategoryMorphism(
T3,
[ Agq."alpha30" / Aq_add,
Agq."alpha31" / Aq_add,
Ag."alpha32" / Ag_add ],
0,
T4 )
GAP: <A morphism in Homotopy category( Additive closure( Algebroid defined by the right
quiver q subject to 18 relations ) ) with active lower bound O and active upper
bound 2>
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julia> T = CochainComplex( [ a1, az, as 1, 1)
GAP: <An object in Cochain complexes( Homotopy category( Additive closure( Algebroid
defined by the right quiver g subject to 18 relations ) ) ) with active lower bound
1 and active upper bound 4>

julia> IsEqualForMorphisms( DifferentialAt( T, 1 ), aj )
true

The object T' is bounded above by 4. Hence, in any extension Py of T' to a standard Postnikov
system, we should have C% =T% and ,u:} 2 T35 — C’% is equal to 8%. In other words the truncation
<4
P =T.
julia> P4 = PostnikovSystemAt( T, 4 )
GAP: <An object in Cochain complexes( Homotopy category( Additive closure( Algebroid

defined by the right quiver q subject to 18 relations ) ) ) with active lower bound
1 and active upper bound 4>

julia> IsEqualForObjects( P4, T )
true

The next iteration computes C3 = Cocone® (i) and p2 : Tp — C3. We get the truncation
2
PP = 0T 5150l o0

julia> P3 = PostnikovSystemAt( T, 3 )
GAP: <An object in Cochain complexes( Homotopy category( Additive closure( Algebroid
defined by the right quiver q subject to 18 relations ) ) ) with active lower bound
1 and active upper bound 3>

julia> C3 = ObjectAt( P3, 3 )

GAP: <An object in Homotopy category( Additive closure( Algebroid defined by the right
quiver q subject to 18 relations ) ) with active lower bound O and active upper
bound 3>

julia> pu2 = DifferentialAt( P3, 2 );

julia> Show( u2 )
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0 — 0 = T2
) T2
a2
0 ()
|2 |2
T3 — (a3 —hd) — TioT)
T 1 T 1
@ (¢ =5)
1 1
T35 - (o —hd) — TioTy
) )
(99) (05 —a)
lo lo
Ty - () — Ty

The next iteration computes C2 = Cocone® (u2.) and pt. : Ty — CZ. We get the truncation:
1
P2= 0T 25030

julia> P2 = PostnikovSystemAt( T, 2 )
GAP: <An object in Cochain complexes( Homotopy category( Additive closure( Algebroid

defined by the right quiver q subject to 18 relations ) ) ) with active lower bound
1 and active upper bound 2>

julia> C2 = ObjectAt( P2, 2 )
GAP: <An object in Homotopy category( Additive closure( Algebroid defined by the right

quiver q subject to 18 relations ) ) with active lower bound O and active upper
bound 4>

julia> pul = DifferentialAt( P2, 1 );

julia> Show( pul )
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0 -0 - 17
) T2
(6%
0 (51)
B B
0 -0 — T T}
) 1)
—a3 I
() —05 a3
0 0
|2 |2
T2 — (&} -h} t}) — TioTioT)
Tl 93 —Toe% hs
(81) (0 —8;9 043)
1 1
- (af —Ri) = T, eTy
) )
(A7) (09 —a9)
lo lo
- () - 7

The next iteration computes C4 = Cocone®™ (u}) and p : 0 — C% and the algorithm returns
the truncation
PEl= 05 Ch—0
and terminates.

julia> P1 = PostnikovSystemAt( T, 1 )
GAP: <An object in Cochain complexes( Homotopy category( Additive closure( Algebroid
defined by the right quiver q subject to 18 relations ) ) ) with active lower bound

1 and active upper bound 1>

julia> Cl1 = ObjectAt( P1, 1)
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The convolution of T is given by £7(C}):

julia> conv_T = Shift( C1, -1 )

GAP: <An object in Homotopy category( Additive closure( Algebroid defined by the right
quiver q subject to 18 relations ) ) with active lower bound 1 and active upper
bound 6>

julia> Show( conv_T )
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julia> IsEqualForObjects( conv_T, Convolution( T ) )
true
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